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Abstract

We describe a procedure which finds a hierarchical clustering by hill-
climbing. The cost function we use is a hierarchical extension of the
k-means cost; our local moves are tree restructurings and node reorder-
ings. We show these can be accomplished efficiently, by exploiting spe-
cial properties of squared Euclidean distances and by usingtechniques
from scheduling and VLSI algorithms.

1 Introduction

A hierarchical clusteringof n data points is a recursive partitioning of the data into
2, 3, 4, . . . and finallyn clusters. Each intermediate clustering is made more fine-grained
by splitting one of its clusters. It is natural to depict thisprocess as a tree whose leaves are
the data points and whose interior nodes represent intermediate clusters. Such hierarchical
representations are very popular – they depict a data set at multiple levels of granularity,
simultaneously; they require no prior specification of the number of the clusters; and there
are several simple heuristics for constructing them [2, 3].

Some of these heuristics – in particular,complete-linkageandaverage-linkage– implicitly
try to create clusters of small “radius” (there are different notions of what this means ex-
actly) throughout the hierarchy. However, to the best of ourknowledge, there is so far no
procedure which specifically hillclimbs the space of hierarchical clusterings according to
a precise objective function. Given the heuristic nature ofexisting algorithms, it would be
most helpful to be able to call an iterative improvement procedure on their output. In other
words: we seek an analogue ofk-means for hierarchical clustering.

There are some basic choices to be made: which objective function and what local moves.
One way to make such decisions is to base them upon experiences with a wide range of
data from different application domains. Our approach is a bit simpler: heartened by the
overwhelming success ofk-means, we attempt to emulate it. Taken literally this is possible
only to a certain extent – the basic object we are dealing withis a tree rather than a partition
– butk-means has served as a useful point of comparison throughoutthe development of
our procedure.

We use a canonical tree representation of a hierarchical clustering, in which the leaves are
data points, and the interior nodes are ordered; thus such a clustering is specified completely
by a tree structure and by an ordering of nodes. Our cost function is a hierarchical extension



of thek-means cost function, and is (in a sense to be clarified below)the same cost function
which motivates average-linkage schemes. We define an iterative improvement procedure
which alternates between two simple moves:

1. The ordering of nodes is kept fixed, and one subtree is relocated. This is the
natural generalization of a standard heuristic clusteringmove in which a data point
is transferred from one cluster to another.

2. The tree structure is kept fixed, and its interior nodes arereordered optimally.

We show that these tasks can be performed efficiently. In particular, the second one turns
out to be identical to a problem in VLSI design and in job scheduling calledminimum linear
arrangement. In general this problem is NP-hard, but for our particular case it is known [4]
to be efficiently solvable. In fact, we give a simpleO(n log n) procedure. After motivating
and describing our model and our algorithm, we end with some experimental results.

2 The model

2.1 The space of trees

A hierarchical clustering ofn points containsn different clusterings, nested within each
other. We will use the termk-clustering(and the notationCk) to denote the grouping into
k clusters. One of these clusters is divided in two to yield the(k+1)-clusteringCk+1, and
so on. We will depict the overall structure by a rooted binarytree in which the leaves are
data points and internal nodes have exactly two children (sothere are2n−1 nodes overall).
Each internal node is annotated with a unique “split number”between1 andn− 1. These
satisfy the property that the split number of a parent is lessthan that of its children; so the
root is numbered 1. A split number ofk means that the subtree rooted at that node will
remain intact until the(k + 1)-clustering. In other words, thek-clustering is produced by
removing the internal nodes numbered1, 2, 3, . . . , k−1; each of its clusters consists of (the
leaves in) one of the resulting connected components. For instance, here’s a hierarchical
clustering of five data points{a, b, c, d, e}.
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• 2-clustering:
{a, b, e}, {c, d}

• 3-clustering:
{a, b}, {e}, {c, d}

• 4-clustering:
{a}, {b}, {e}, {c, d}

Henceforth we will use “nodei” to mean “the internal node with split numberi”. The
maximal subtree rooted at this node isTi; the mean of its data points (leaves) is calledµi.

To summarize, a hierarchical clustering is specified by: a binary tree with the data points at
the leaves; and an ordering of the internal nodes.

2.2 Cost function

If the clusters ofCk areS1, S2, . . . , Sk, then thek-means cost function is

cost(Ck) =

k∑

j=1

∑

x∈Sj

‖x− µ(Sj)‖
2,



whereµ(S) is the mean of setS. To evaluate a hierarchical clustering, we need to combine
the costs of alln intermediate clusterings, and we do so in the most obvious way, by a
linear combination. We take the overall cost of the hierarchical clustering to be

n∑

k=1

wk · cost(Ck),

where thewk are non-negative weights which add up to one. A reasonable default choice is
simply to make all thesewk equal to1/n, but in general the specific application will dictate
the choice of weights. A decreasing schedulew1 > w2 > w3 > · · · > wn places more
emphasis upon coarser clusterings (ie. smallk); a settingwk = 1 singles out a particular
intermediate clustering.

Although many features of our cost function are familiar from the simplerk-means setting,
there is one which is worth pointing out. Consider the set of six points shown here:
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Under thek-means cost function, it is clear what the best2-clustering is (three points in
each cluster). It is similarly clear what the best3-clustering is, but this cannot be nested
within the best2-clustering. In other words, the imposition of a hierarchical structure
forces certain tradeoffs between the intermediate clusterings. This particular tension is a
fundamental feature of hierarchical clustering, and in ourcost function it is laid bare. By
adjusting the weightswk, the user can bias this tradeoff according to his or her particular
needs. In the initial stages of this project, we also experimented withprobabilistic (ie.
generative) models for hierarchical clustering. We were unsuccessful: we were only able
to find models geared towards data which are inherently hierarchical, in which the tradeoffs
discussed here do not need to be considered.

It is worth pointing out that cost(Ck) decreases ask increases; as more clusters are allowed,
the data can be modeled with less error. This means that even when all the weightswk are
identical, the smaller values ofk contribute more to the cost function, and therefore, a
procedure for minimizing this function must implicitly focus a little more on smallerk
than on largerk. This is exactly the sort of bias we usually seek. In fact, we imagine that
it would typically be useful to further emphasize small values ofk; a simple way to do
this would be via an exponentially decreasing schedule of weights, ie.wk = c · αk, where
α < 1 and wherec is a normalization constant.

Notice that any given subtreeTj can appear as an individual cluster in many of the clus-
teringsCk. In fact, if π(j) denotes the parent ofj, thenTj first appears as its own cluster
in Cπ(j)+1. It is a cluster in all the successive clusterings upto, and including,Cj . At that
point, it gets split in two.

2.3 Relation to previous work

The most commonly used heuristics for hierarchical clustering areagglomerative. They
work bottom-up, starting with each data point in its own cluster, and then repeatedly merg-
ing the two “closest” clusters until finally all the points are grouped together in one cluster.
The different schemes are distinguished by their measure ofcloseness between clusters.

1. Single linkage– the distance between two clustersS andT is taken to be the
distance between their closest pair of points, ie.minx∈S,y∈T ‖x− y‖.

2. Complete linkageuses the distance between the farthest pair of points, ie.
maxx∈S,y∈T ‖x− y‖.

3. Average linkageseems to have now become a generic term encompassing at least
three different measures of distance between clusters.



(a) (Sokal-Michener)‖µ(S)− µ(T )‖2

(b) (Sokal-Michener) 1
|S|·|T |

∑
x∈S,y∈T ‖x− y‖2

(c) (Ward) |S|·|T |
|S|+|T |‖µ(S)− µ(T )‖2

Average linkage appears to be the most widely used of these; for instance, it is often used in
the analysis of gene expression data [1]. The three average linkage distance functions are
closely related and are all trying to minimize something very much like our cost function.
In particular, Ward’s measure of the distance between two clusters is exactly the increase in
k-means cost occasioned by merging those clusters. For our experimental comparisons, we
have therefore chosen Ward’s method, and henceforth when wetalk about average linkage
we will always be referring specifically to this variant.

3 Local moves

Each element of the search space is a tree structure in which the data points are leaves and
in which the interior nodes are ordered. A quick calculationshows that this space has size
n((n−1)!)2/2n−1. We consider two moves for navigating the space, along the lines of the
standard “alternating optimization” paradigm ofk-means and EM:

1. keep the structure fixed and reorder the internal nodes optimally;

2. keep the ordering of the internal nodes (as well as their centers, or locations) fixed
and restructure the tree optimally.

Thek-means analogues of these are: (1) keep the partition fixed and recompute the means;
(2) keep the means fixed and optimize the partitioning. In thecase ofk-means both prob-
lems can be solved optimally. For us, the first turns out to be ascheduling problem which
can be solved optimally for certain settings of the weightswk (including the uniform set-
ting). The second problem, however, seems a lot harder; it has some of the flavor of NP-
hardSteiner treeproblems. Therefore we adopt a simpler formulation – we define a move
which we call a “graft” in which asubtreeis moved from one location to another, and
the idea is to pick a graft which reduces the cost function. This is the natural hierarchi-
cal extension of moving a single point from one cluster to another; the “flat” analogy is a
modifiedk-means procedure where in each iteration only a single data point is allowed to
change clusters (interestingly enough, this is the only known local search procedure for the
k-means cost function for which approximate optimality guarantees exist!).

A key concern in the design of these local moves isefficiency. A k-means update takes
O(kn) time; in our situation the analogue would beO(n2) time since we are dealing with
all values ofk. Ideally, however, we’d like a faster update. For our first move – reordering
internal nodes – we show that a previously-known schedulingalgorithm [4] can be adapted
to solve this task (in the case of uniform weights) in justO(n log n) time. For the second
move, we show that any given subtree can be relocated optimally in O(n) time, using just
a single pass through the tree. These efficiency results are nontrivial; a crucial step in
obtaining them is to exploit special properties of squared Euclidean distance. In particular,
we write our cost function in three different, but completely equivalent, ways; and we
switch back and forth between these:

1. In the form given above (the definition).

2. We define the cost of a subtreeTi to be cost(Ti) =
∑

x∈Ti
‖x − µi‖

2 (where the
sum is over leaf nodes), that is, the cost of the single cluster rooted at pointi. Then



the overall cost is a linear combination of subtree costs. Specifically, it is

n−1∑

j=1

Wπ(j),j · cost(Tj), (1)

whereπ(j) is the parent of nodej andWij = wi+1 + wi+2 + · · ·+ wj .

3. We annotate each tree edge(i, j) (i is the parent ofj > i) by ‖µi − µj‖
2; the

overall cost is also a linear combination of these edge weights, specifically,
∑

(k,l)∈T

Wk · nl · ‖µk − µl‖
2, (2)

whereWk = w1 + w2 + · · ·+ wk andnl is the number of leaves in subtreeTl.

We will (sadly) omit all proofs in this paper; a technical report [5] can be obtained from the
authors. To give a hint for why these alternative formulations of the cost function are true,
we briefly mention a simple “bias-variance” decomposition of squared Euclidean distance:

SupposeS is a set of points with meanµS . Then for anyµ,
∑

x∈S

‖x− µ‖2 =
∑

x∈S

‖x− µS‖
2 + |S| · ‖µ− µS‖

2.

3.1 The graft

In a graft move, an entire subtree is moved to a different location, as shown below. The
lettersa, b, i, . . . denote split numbers of interior nodes; here the subtreeTj is moved. The
only prerequisite (to ensure a consistent ordering) isa < i < b.
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First of all, a basic sanity check: this move enables us to traverse the entire search space.

Claim. Any two hierarchical clusterings are connected by a sequence ofgraft operations.

It is important to find good graftsefficiently. Suppose we want to move a subtreeTj ; what
is the best place for it? Evaluating the cost of a hierarchical clustering takesO(n) time
(using equation (1) and doing a single, bottom-up pass). Therefore, naively it seems like
there areO(n) options for placingTj , and that each takesO(n) time to evaluate: a total
of O(n2). In fact, the best relocation ofTj can be computed in justO(n) time, in a single
pass over the tree.

To see why this is possible, notice that in the diagram above,the movement ofTj affects
only the subtrees on the path betweena andj. Some of these subtrees get bigger (Tj is



added to them); others shrink (Tj is removed). The precise change in cost of any given
subtreeTl on this path is easy to compute:

Claim. If subtreeTj is merged intoTl, then the cost ofTl goes up by

cost(Tl ∪ Tj)− cost(Tl) = cost(Tj) +
nlnj

nl + nj

· ‖µl − µj‖
2.

Claim. If subtreeTj ⊂ Tl is removed fromTl, then the cost ofTl changes by

cost(Tl \ Tj)− cost(Tl) = −cost(Tl)−
ninl

nl − nj

· ‖µl − µj‖
2.

We do not have space to spell out the algorithm [5] here. But from these equations, a
two-pass algorithm should seem plausible: in the first pass over the tree, for eachTl, the
potential cost change from adding/removingTj can be computed. In the second pass, the
best location is found. In fact, these two phases can be combined into a single pass.

3.2 Reordering internal nodes

First, a little notation. LetVint be the interior nodes of the tree. If there aren data points
(leaves), then|Vint| = n − 1. Since we are renumberingVint, we will no longer be able
to equate nodes with their split numbers. For anyx ∈ V , let Tx be the maximal subtree
rooted atx, which contains all the descendants ofx. (There are other subtrees which are
also rooted atx, but which are missing some of its descendants.) Letnx be the number of
leaves which are descendants ofx. If x has childreny andz, then thegoodness of splitat
x is the reduction in cost obtained by splitting clusterTx,

cost(Tx)− (cost(Ty) + cost(Tz)),

which we henceforth denoteg(x) (for leavesg(x) = 0). Again using properties of Eu-
clidean distance, we can rewrite it thus:

g(x) = ny‖µx − µy‖
2 + nz‖µx − µz‖

2.

We wish to find a numberingσ : Vint → {1, 2, . . . , n− 1} which

– respects the precedence constraints of the tree: ifx is the parent ofy thenσ(x) < σ(y).

– minimizes the overall cost of the hierarchical clustering. Assuming uniform weights
wk = 1/n, this cost can be seen (by manipulating equation (2)) to be

1

n

∑

x∈V

σ(x)g(x).

Notice that this is essentially a scheduling problem. Thereis a task corresponding to each
x ∈ V . We would like to schedule the good tasks (ie. highg(x)) early on; in the language
of clustering, if there are particularly useful splits (ie.splits which lead to well separated
clusters), we would like to perform them early in the hierarchy. And there are precedence
constraints which must be respected: certain splits must precede others.

The naive greedy solution – always pick the node with highestg(x), subject to precedence
constraints – doesn’t work. The reason: it is quite possiblethat a particular split has low
g(x)-value, but that it leads to other splits of very high value. Agreedy algorithm would
schedule this split very late; an algorithm with some “lookahead” capability would realize
the value of this split and schedule it early.
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Figure 1: (a) Five data points. (b)–(f) Iteratively improving the hierarchical clustering.

It turns out that Horn[4] has a scheduling algorithm which obtains the optimal ordering, in
the case where all the weightswk are equal. We have found a particularly simple imple-
mentation of this procedure which runs inO(n log n) time. We believe it can be extended
to exponentially decaying, “memoryless” weights (ie.wk = c · αk, whereα < 1 and
c is some normalization constant). The case of arbitrary weights will, however, require
significantly more work.

We now present an overview of Horn’s algorithm. For each nodex ∈ V , definer(x) to be
the maximum, over all subtreesT rooted atx, of 1

|T |

∑
z∈T g(z) (in words, the average

of g(·) over nodes ofT ). This valuer(x) is a more reliable indicator of the utility of
split x than the immediate returng(x). It turns out that once theser(x) are known, the
optimal numbering is easy to find: pick nodes in decreasing order ofr(·) while respecting
the precedence constraints. So the main goal is to compute the r(x) for all x in the tree.
This can be done in a divide-and-conquer fashion, rather like mergesort. The algorithm [5]
is only a few lines long, but is not given here for want of space.

4 Experiments

In the experiments, we used uniform weightswk = 1/n. In each iteration of our procedure,
we did a reordering of the nodes, and performed one graft – by trying each possible subtree
(all O(n) of them), determining the optimal move for that subtree, andgreedily picking
the best move. We would prefer a more efficient, randomized way to pick which subtree
to relocate – either completely randomly, or biased by a simple criterion like “amount it
deviates from the center of its parent cluster”; this is future work.

A simple example. To give some concrete intuition, Figure 1 shows the sequenceof moves
taken on a toy example involving five data points in the plane.The initial tree (b) is random
and has a cost of 62.25. A single graft (c) reduces the cost to 27. A reordering (d), swapping
2 and 3, reduces the cost to 25.5, and a further graft (e) and reordering (f) result in the final
tree, which is optimal and has cost 21.
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Figure 2: (a) On the left, a comparison with average linkage.(b) On the right, the behavior
of the cost function over the 80 iterations required for convergence.

A larger data set. Average-linkage is often used in the analysis of gene expression data.
We decided to try ours on the yeast data of [1]. We randomly chose clean subsets (ie. no
missing entries) of varying sizes from this data set, and tried the following procedures on it:
average linkage, our method initialized randomly, and our method initialized with average
linkage.

There were two clear trends. First of all: our method, whether initialized randomly or
with average linkage, systematically did better than average linkage, not only for the par-
ticular aggregate cost function we are using, but across thewhole spectrum of values of
k. Figure 2(a), obtained on a 500-point data set, shows for each k, the percent by which
the (induced)k-clustering found in our method (initialized with average linkage) improved
upon that found by average linkage; the metric here is thek-means cost function. This is
a fair comparison because both methods are explicitly trying to minimize this cost. Notice
that an improvement in the aggregate (weighted average) is to be expected, since we are
hillclimbing based on this measure. What was reassuring to uswas the extent of this im-
provement and the fact that it came across atall values ofk (especially the smaller ones),
rather than by negotiating some unexpected tradeoff between different values ofk. This
experiment also indicates that the output of average linkage can, in general, have real scope
for improvement.

Second, our method often took an order of magnitude (ten or more times) longer to con-
verge if initialized randomly than if initialized with average linkage, even though better
solutions were often found with random initialization. We therefore prefer starting with
average linkage. On the scant examples we tried, there was a period of rapid improve-
ment involving grafts of large subtrees, followed by a long series of minor “fixes”; see
Figure 2(b), which refers again to the 500-point data set mentioned earlier.
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