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The Shortest Vector Problem (SVP) is the most famous and widely stud-
ied computational problem on lattices. Given a lattice L (typically repre-
sented by a basis), SVP asks to find the shortest nonzero vector in L. The
problem can be defined with respect to any norm, but the Euclidean norm is
the most common (see the entry lattice for a definition). A variant of SVP
(commonly studied in computational complexity theory) only asks to com-
pute the length (denoted λ(L)) of the shortest nonzero vector in L, without
necessarily finding the vector.

SVP has been studied by mathematicians (in the equivalent language of
quadratic forms) since the 19th century because of its connection to many
problems in number theory. One of the earliest references to SVP in the
computer science literature is [7], where the problem is conjectured to be
NP-hard.

A cornerstone result about SVP is Minkowski’s first theorem, which states
that the shortest nonzero vector in any n-dimentional lattice has length at
most γn det(L)1/n, where γn is an absolute constant (approximately equal to√

n) that depends only of the dimension n, and det(L) is the determinant of
the lattice (see the entry lattice for a definition).

The upper bound provided by Minkowski’s theorem is tight, i.e., there are
lattices such that the shortest nonzero vector has length γn det(L)1/n. How-
ever, general lattices may contain vectors much shorter than that. Moreover,
Minkowski’s theorem only proves that short vectors exist, i.e., it does not
give an efficient algorithmic procedure to find such vectors. An algorithm
to find the shortest nonzero vector in 2-dimensional lattices was already
known to Gauss in the 19th century, but no general methods to efficiently
find (approximately) shortest vectors in n-dimentional lattices were known
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until the early 1980’s. A g-approximation algorithm for SVP is an algo-
rithm that on input a lattice L, outputs a nonzero lattice vector of length
at most g times the length of the shortest vector in the lattice. The LLL
lattice reduction algorithm ([4], see lattice reduction) can be used to approx-
imate SVP within a factor g = O((2/

√
3)n) where n is the dimension of

the lattice. Smaller (slightly subexponential) approximation factors can be
achieved in polynomial time using more complex algorithms like Schnorr’s
Block Korkine-Zolotarev reduction [6].

No efficient (polynomial time) algorithm to compute the length of the
shortest vector in a lattice is known to date (leave alone actually finding
the shortest vector). The NP-hardness of SVP (in the Euclidean norm) was
conjectured by van Emde Boas in 1981 [7]. The conjecture remained wide
open until 1997, when Ajtai proved that SVP is NP-hard to solve exactly
under randomized reductions [1]. The strongest NP-hardness result for SVP
known to date is due to Micciancio [5], who showed that SVP is NP-hard
even to approximate within any factor less than

√
2. Stronger (but still

subpolynomial) inapproximability results are known for SVP in the ℓ
∞

norm
[2]. On the other hand, Goldreich and Goldwasser [3] have shown that (under
standard complexity assumptions) SVP cannot be NP-hard to approximate

within small polynomial factors g = O(
√

n/ log n).
As is the case with the related Closest Vector Problem, finding a good

approximation algorithm (i.e., a polynomial-time algorithm with polynomial
approximation factors) is one of the most important open questions in the
area. Indeed, the hardness of approximating SVP within certain polyno-
mial factors can be used as the basis for the construction of provably secure
cryptographic functions. (See lattice based cryptography.)
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