
CSE 291G: Computational Statistics Winter 2020

Lecture 1: January 7, 2020
Lecturer: Daniel Kane Scribe: Rex Lei

1 Logistics

1.1 Announcements:

• Course Webpage: http://cseweb.ucsd.edu/~dakane/CSE291/

• Course Syllabus: http://cseweb.ucsd.edu/~dakane/CSE291/Syllabus.pdf

• Scribe notes: All students registered for 1 or 4 credits must scribe one lecture.
(Students should not register for 2 or 3 credits.) A sign-up sheet was passed
around in class.

• Projects: All students registered for 4 credits must do a project.

– By February 7th, propose a project idea

– By March 3rd, submit a first draft

– Possible topics for final project: http://cseweb.ucsd.edu/~dakane/CSE291/
ReadingList.htm

1.2 Today:

• Course introduction

• Estimating an unstructured distribution on [n]

• Basics of information theory

1.3 Next time:

• Finish introducing information theory

• Information-theoretic lower bound for estimating an unstructured distribution
on [n]

• Move on to new things
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2 Course Introduction

2.1 High-level Overview

At a high-level, we’d like to solve problems in the following framework: There is some
unknown distribution P from some family. We draw samples from P by some random
process (often i.i.d.). Finally, we make inferences that are true with high probability.
Some common questions include:

1. How many samples are required?

2. Can we find an efficient algorithm for inference?
(For this course, efficiency will typically be easy to see.)

3. What is the probability of failure?

Correspondingly, some standard objectives include:

1. Near-optimal sample complexity
(Roughly O(information-theoretic optimum))

2. Polynomial-time algorithm

3. Probability of error < 1/3
(This typically can be made arbitrarily small by some majority-vote procedure.)

Remark 1. Why “computational” statistics? In computer science contexts, the goal
is typically to achieve sample complexities that are within a constant factor of the
information-theoretic optimum. In statistics, the goal is typically more focused on
asymptotic precision when n→∞. Of course, there is significant overlap.

2.2 Course Topics

As described in the syllabus, the course will first discuss unstructured distributions,
where no assumptions are made on the underlying distribution. We parametrize by
the size of the universe n, where [n] := {1, . . . , n}. Without this parametrization,
many learning tasks can become extremely difficult; for example, without knowing n,
we cannot distinguish between a large finite universe and an infinite one.

Then, the course will cover structured distributions, first where the structure is
one-dimensional, and second under high-dimensional structures. For high-dimensional
structured distributions, the main theme will be “robust statistics.” What if a small
fraction of samples are adversarially corrupted?
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3 Unstructured distributions

We will first consider the problem of learning an unstructured distribution on [n].

Problem 2. Let P be a distribution on [n]. Draw N i.i.d. samples from P . Compute
a Q that is (probably) “close” to P .

What do we mean by close? There are numerous ways to define distance between
two distributions. We’ll focus on the total variation distance (i.e. half the L1-distance).

Definition 3 (dTV ). The total variation distance between two discrete distributions P
and Q on [n] is

dTV (P,Q) :=
1

2

n∑
i=1

|p(i)− q(i)| = sup
A
|p(A)− q(A)|

Remark 4. (Notation) p is the probability distribution function of P , p(i) is the prob-
ability that an element drawn from P is i, and p(A) denotes the probability that an
element drawn from P is in set A.

Let Q be the empirical distribution after drawing N samples.

q(i) :=
number of samples equal to i

N

3.1 Algorithm for Estimating an Unknown Distribution

Consider the following algorithm:

Algorithm 5. Draw N samples from D. Output the empirical distribution Q.

This algorithm is a very natural approach, and it outputs an unbiased estimator of
the true probability. How do we analyze its efficacy?

3.2 Expected Variation Distance

Lemma 6. We can upper bound the expected L1-distance between P and Q as

E

[
n∑

i=1

|p(i)− q(i)|

]
≤
√
n/N
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Before we prove this lemma, let’s better understand the quantity |p(i)− q(i)|.
Let xi be the number of samples that are equal to i. Note that xi is drawn from

the binomial distribution Bin(p(i), N). Recall that q(i) := xi/N .
Let µ(qi) and σ(qi) denote the mean and standard deviation of qi. By the properties

of binomial distributions,

µ(q(i)) = p(i) and σ2(q(i)) =
p(i)(1− p(i))N

N2
=⇒ σ(q(i)) ≤

√
p(i)/N

Let random variable Zi := |p(i) − q(i)|. Zi has mean µ(Zi) = 0 and standard
deviation σ(Zi) ≤

√
p(i)/N .

Now, consider random variable Yi = |p(i) − q(i)|2. Note that E[Yi] = σ(Zi)
2. By

Jensen’s inequality, as f(x) =
√
x is a concave function, E[

√
Yi] ≤

√
E[Yi]. Combining

these facts,

E[|p(i)− q(i)|] = E[
√
Yi] ≤

√
E[Yi] =

√
σ(Zi)2 ≤

√
p(i)/N

Proof of Lemma 6. Now, we compute the L1 distance.

E

[
n∑

i=1

|p(i)− q(i)|

]
=

n∑
i=1

E[|p(i)− q(i)|] ≤
n∑

i=1

√
p(i)/N

By Cauchy-Schwarz,

n∑
i=1

√
p(i) ≤ n1/2

(
n∑

i=1

p(i)

)1/2

= n1/2

Combining,

E

[
n∑

i=1

|p(i)− q(i)|

]
≤
√
n/N

What does this tell us about the number of samples we need?
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3.3 Sample Complexity Upper Bound

Suppose we want our algorithm to output a Q such that dTV (P,Q) < ε with probability
at least 2/3. It is sufficient to get E[dTV (P,Q)] < ε/3 and then apply Markov’s
inequality.

Equivalently, we want 1
2

√
n/N < ε/3. Rearranging, N > 9n/4ε2 is sufficient.

Theorem 7. N � n/ε2 samples from P are sufficient to, which high probability, output
a distribution Q with small variation distance.

Remark 8. This upper bound is tight when P is close to the uniform distribution over
[n]. However, if P has an effective support that is much smaller than [n], then the last
step of the previous argument (Cauchy-Schwarz) is no longer tight. In this case, it is
more precise to stop the analysis at the term before this step. In other words,

N �
|P |1/2
ε2

:=

(∑
i |p(i)|1/2

)2
ε2

samples is sufficient to get small variation distance with high probability.

4 Introduction to Information Theory

As stated in the course introduction, our goal is generally to achieve sample complex-
ities that are at most a constant multiple of the information-theoretic optimum. Does
the algorithm from the previous section satisfy this criteria? In this section, we review
the basic definitions and facts of information theory.

Notation: Let P and Q be random variables (representing probability distribu-
tions). For simplicity, let P and Q have discrete support. Let px := Pr[P = x] and let
qy = Pr[Q = y].

Definition 9 (Entropy). H(P ) =
∑

x px log(1/px)

The entropy of a random variable P is a measure of the “information” or “surprise”
from observing a value from P .

Let PQ denotes the ordered pair of two random variables P and Q. Let rxy =
Pr[P = x,Q = y].

Definition 10 (Joint Entropy). H(PQ) =
∑

xy rxy log(1/rxy)

Fact 11. If P and Q are independent, then H(PQ) = H(P ) +H(Q).
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Proof. By independence, rxy = Pr[P = x,Q = y] = pxqy.

H(PQ) =
∑
x,y

rx,y lg(1/rxy)

=
∑
x,y

pxqy lg(1/rxy)

=
∑
x,y

pxqy lg(1/px) +
∑
x,y

pxqy lg(1/qy)

= H(P ) +H(Q)

Definition 12 (Conditional Entropy). H(P |Q) =
∑

y Pr[Q = y] ·H(P |Q = y)

Fact 13. H(P |Q) = H(PQ)−H(Q).

Proof.

H(P |Q) =
∑
y

Pr[Q = y] ·H(P |Q = y)

=
∑
y

qy
∑
x

rxy
qy
· lg qy

rxy

=
∑
xy

rxy · lg
1

rxy
−
∑
xy

rxy · lg
1

qy

= H(PQ)−H(Q)

In words, the conditional entropy of P given Q measures the “surprise” of P when
we already know Q.

The previous fact can be rearranged into the form H(PQ) = H(Q) +H(P |Q) and
extended to multiple random variables. This is commonly referred to as the chain rule.

Fact 14. H(P1 . . . Pn) = H(P1) +H(P2|P1) +H(P3|P1P2) + · · ·+H(Pn|P1 . . . Pn−1).

Definition 15 (Mutual Information). I(P ;Q) = H(P )−H(P |Q)

The mutual information represents the amount of shared information between two
random variables. The mutual information is also symmetric:
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Fact 16. I(P ;Q) = I(Q;P )

Proof.

I(P ;Q) = H(P )−H(P |Q) = H(P )− (H(PQ)−H(Q))

= H(Q)− (H(PQ)−H(P )) = I(Q;P )

Fact 17. I(P ;Q) ≥ 0.

Proof.

I(P ;Q) = H(P )−H(P |Q) = H(E
y
[P |Q = y])− E

y
[H(P |Q = y)]

Since the entropy operatorH is concave, by Jensen’s inequality this quantity is positive.

Fact 18. If P and Q are independent, then I(P ;Q) = 0.

Proof. I(P ;Q) = H(P )−H(P |Q) = H(P )−(H(PQ)−H(Q)) = H(P )−H(P ) = 0

4.1 An Example

Let P be a fair coin. Let Q be another coin that agrees with P with probability
(1 + ε)/2 for some ε ∈ (0, 1). What is I(P ;Q)?

Let h(p) be the entropy of a p-weighted coin.

h(p) := p lg(1/p) + (1− p) lg(1/(1− p))

Note that h(1/2) = lg 2 = 1, the maximum possible entropy. In the Taylor expan-
sion of h around 1/2, the first-order term vanishes.

h(1/2 + ε) = h(1/2) + (0)ε+ (−2)ε2 +O(ε3)

Therefore,

I(P ;Q) = H(P )−H(P |Q)

= h(1/2)− h((1 + ε)/2)

= h(1/2)− (h(1/2)− 2(ε/2)2 +O(ε3))

= Θ(ε2)
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