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The standard method for adding 2 n-bit natural numbers ¢ = (z,,—1 -+ x0)2,y =
(Yn—1--Yo)2, ripple carry addition (RCA), is not optimal for parallel compu-
tation, at least in the bounded-fanin circuit model, using ©(n) depth and ©(n)
size. Carry lookahead addition (CLAA), to be described shortly, requires less
depth (©(Ign)), but more size (©(n?)).

The computation model used throughout will be fanin 2 circuits with arbi-
trary gates at each node.

1 Ripple carry addition

We can construct a 3-bit adder +3 to compute the sum s and carry bit ¢’ of the
sum of ¢, x,y as follows:
s=chrdy
¢ = majority(c,z,y) = (cAz)V(cAy)V(z Ay).
A circuit of depth 3, size 7 suffices to compute s, ¢’. Similarly, we can construct
a 2-bit adder +5 of depth 1, size 2 as follows:
s=xDy
d=zANy.
To compute the sum s = (s, ---50)2 of T = (Tp—1---20)2,¥ = (Yn—1"""%0)2,
we can use the recursive equations
(s0,¢1) = +2(T0, Yo)
(8iyCit1) = +3(ciy i, y),fori=1,...,n—1
Sp = Cn.

This yields a circuit of depth ©(n), size ©(n).

2 Carry lookahead adder

We could compute s; with a shallow circuit if ¢; were given as an input in
addition to x;,y;. Our goal will be to compute the ¢; in parallel using only log
depth. There are 2 key observations that allow us to do this:



o ¢; = 1iff the (z;,y;) pairs preceding (x;,y;) are of the form (0,1) or (1,0)
and then are followed by a (1,1); i.e.

WN<j<i(Vi<k<ize®yp=1Az;=y; =1).

e both A,V are associative and so a chain of O(n) of them can be computed
by a circuit of O(lgn) depth.

We use the following (nonrecursive) equations to compute s:

zi = x; DY, fori=0,...,n—1
i-1  i—1

ci:\/( /\ zk/\xj/\yj), fori=0,...,n
J=1 k=j+1

Si = 2 B ¢, fori=0,...,n—1

Sp = Cn.

The big AND and the big OR can each be computed in ©(lgn) depth.

To compute the size of the circuit, notice that there are (n?) expressions of
the form /\L_:lj 41 2k, the value of which must appear at some node of the circuit.
Each of these expressions is a distinct function of the inputs and so each must
correspond to a distinct node. So the circuit has size Q(n?). On the other hand,
we can compute the Az_:lj +1 2k expressions using O(n?) nodes; and from these,
we can compute the big OR expressions using only O(n?) more nodes. So the
circuit has size ©(n?).



