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Abstract

I analyzed the behavior of the known phase transitions in two NP-

complete problems, 3-colorability and 3-SAT, when those problems

are translated into one another in different ways. Each of the prob-

lems has a known phase transition, but when 3-SAT is translated into

3-colorability, the phase transition shifts. Different translation meth-

ods result in different shifts; therefore, the translation methods have

varying efficiency. This phenomenon occurs because the translations

result in highly-structured problems; the known general phase tran-

sition applies to the set of all problems, and these highly-structured

problems are a tiny subset that forms an exception.

1 Introduction

In order to gain better understanding of NP-completeness, theoretical com-
puter scientists have studied many different aspects of different problems.
Although it is still unproven that no efficient algorithms exist for these prob-
lems, many characteristics of NP-complete problems have been uncovered.

Even though solving an NP-complete problem is conjectured to always
take exponential time in the worst case, there are many special cases of NP-
complete problems that can be solved relatively efficiently. Researchers were
wondering why some problems were so much easier to solve than others, and
while exploring properties of NP-complete problems, they discovered that
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there is often a parameter characterizing a problem that affects the difficulty
of solving it. The NP-complete Boolean satisfiability (Cook 1971) and graph
coloring (Karp 1972) problems exhibit this phenomenon known as a phase
transition. Each of these problems has a parameter describing it, and when
the parameter is incresaed to a critical value, the problems’ solutions change
dramatically. In the case of Boolean satisfiability, the problems are easy
to solve if the formulas do not have too many clauses, compared with the
number of variables. Graph coloring problems are easy to solve if the graphs
do not have too many edges, compared with the number of vertices. These
easy problems form a subset of all Boolean satisfiability and graph coloring
problems; since they are NP-complete problems, most computer scientists
believe that they are not easy in general.

My research studies phase transitions in two NP-complete problems: 3-
SAT and 3-colorability, special cases of the generalized Boolean satisfiability
and graph coloring problems. Since all NP-complete problems can trans-
late into one another, I study the effects of these translations on the phase
transitions.

2 Phase transitions

A phase transition in a combinatorial structure occurs when a small change
in the parameters of the structure results in a drastic change in the structure
itself. This change occurs when the parameter reaches a certain critical value
known as a threshold. This is analogous to physical phenomena such as ice
melting when the temperature reaches 32°F.

One of the first discovered phase transitions in a mathematical structure
is in the Erdős-Rényi random graph model: G(n, p) (Erdős and Rényi 1960).
G(n, p) is a family of graphs that contain exactly n vertices, and between
each pair of vertices, there is an edge with probability p. Erdős and Rényi
discovered a phase transition in their G(n, p) model: if p < ln n

n
, then almost

surely, the graph is not fully connected, and if p > ln n
n

, then almost surely, the
graph is fully connected. The point lnn

n
is thus known as a sharp threshold.

Eventually it was shown that every increasing property of graphs has a sharp
threshold (Friedgut and Kalai 1996).
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2.1 Phase transitions in 3-SAT

It is well-known that the Boolean satisfiability problems exhibit a phase
transition. The parameter involved is the ratio α:

α =
number of clauses

number of variables
. (1)

For 3-SAT, there is a critical value α∗ that is a sharp threshold. For randomly
generated 3-SAT instances with n variables, if α < α∗, the formula is almost
surely satisfiable, and if α > α∗, the formula is almost surely not (Mitchell,
Selman, and Levesque 1992). This phase transition has been widely studied,
and for 3-SAT, the value of α∗ has been empirically determined to be around
α ≈ 4.25 (and this is within current theoretically-derived bounds as well)
(Dubois, Boufkhad, and Mandler 2000; Connamacher and Molloy 2004).

2.2 Phase transitions in 3-colorability

The graph coloring problem on a graph G = (V, E) with |V | vertices and |E|
edges has a phase transition as well (Mulet, Pagnani, Weigt, and Zecchina
2002). In this case, the parameter involved is the graph connectivity, defined
as

c = |V |p (2)

where |V | is the number of vertices in the graph, and p is the edge probability.
Of course, since G is already defined, p is derived as

p =
number of edges

number of possible edges
=

|E|
|V |(|V |−1)

2

, (3)

and thus, combining (2) and (3), an easy-to-use formula for c is

c =
2|E|

|V | − 1
. (4)

For 3-colorability, there is a phase transition at a connectivity value c∗ ≈
4.67. If c < c∗, then almost surely, the graph is colorable using three colors.
If c > c∗, then almost surely, it is impossible to color the graph with only
three colors.
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3 Relations between phase transitions

Because all NP-complete problems can translate into one another, it is pos-
sible to reduce 3-SAT to 3-colorability and vice versa.

3.1 Reduction from 3-SAT to 3-colorability

The standard reduction from 3-SAT to 3-colorability is the graph construc-
tion via “gadgets”. The graph construction begins with three nodes; let them
be labeled T , F , and S, and let them be connected in a triangle. Therefore,
when coloring these three nodes with three colors, they must each receive
a different color. If the set of “colors” is also T , F , and S, without loss of
generality, these colors can be assigned to their respective nodes (Fig. 1).

T

F

S

Figure 1: Three initial nodes in reduction to 3-colorability.

The next step is to create a node for each literal, and to connect opposing
literals with an edge. Therefore, xi and ¬xi are connected. Each literal is
also connected with an edge to S (Fig. 2).

Because all literals are connected to S, each literal must be colored as T

or F , and if xi is colored T , then ¬xi has to be colored F (and vice versa).
Therefore, the “coloring” of the literals represents a valid assignment of T

and F to the variables.
Finally, each clause in the formula is transformed into a “gadget” repre-

senting a Boolean OR gate between three literals (Fig. 3). This gadget is
important, because it is 3-colorable if and only if at least one of the literals
is colored T . If all three of the literals are colored F , then there is no way
to color this subgraph using only T , F , and S. The left-most vertical pair
of nodes would have to be assigned T and S, forcing the center node to be
F . That means the right-most vertical pair must also be assigned T and S,
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T

F

S

x1

x2

x3

x4

¬x1

¬x2

¬x3

¬x4

Figure 2: Nodes representing literals in the reduction to 3-colorability

Literals

T

Figure 3: Gadget used for each clause.
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T

F

S

x1

x2

x3

x4

¬x1

¬x2

¬x3

¬x4

Figure 4: Full reduction from 3-SAT formula (x1 ∨ x2 ∨ ¬x3) ∧ (x2 ∨ x3 ∨
x4) ∧ (¬x1 ∨ ¬x2 ∨ ¬x4) to 3-colorability. The graph is 3-colorable if and
only if the formula is satisfiable, and any 3-SAT problem can be converted
to 3-colorability using this mechanism.

but this is impossible because they are both connected to T . After creating
multiple clause gadgets, the result is a large, but well-structured, graph (Fig.
4).

Now, consider the graph connectivity of the generated graph. To do this,
first consider the number of vertices and the number of edges in the graph.
Suppose the formula had n variables and m clauses. Tallying the vertices,
there are:� T , F , and S: 3 vertices (Fig. 1)� 2 vertices per variable (1 per literal): 2n vertices (Fig. 2)� 5 vertices per clause gadget: 5m vertices (Fig. 3)

Tallying the edges, there are:
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� T , F , and S triangle: 3 edges (Fig. 1)� Edges between pairs of opposing literals: n edges (Fig. 2)� Edges from literals to S: 2n edges (Fig. 2)� 10 edges per clause gadget: 10m edges (Fig. 3)

Thus, the generated graph will have 2n + 5m + 3 vertices and 3n + 10m + 3
edges. The graph connectivity c can be computed from (4) with |V | =
2n + 5m + 3 and |E| = 3n + 10m + 3:

c =
2 (3n + 10m + 3)

(2n + 5m + 3) − 1
.

From (1), m = αn, so

c =
(6 + 20α)n + 6

(2 + 5α)n + 2
.

Then in the limit as n → ∞,

c →
6 + 20α

2 + 5α
. (5)

Substituting in the known phase transition for 3-SAT, α ≈ 4.25, into (5),
yields a corresponding phase transition in the generated 3-colorability prob-
lem of c ≈ 3.91. The general 3-colorability problem has a phase transition
at c ≈ 4.67, so these systematically generated 3-colorability problems are
harder to solve at a lower c value than for random instances.

3.2 Reduction from 3-colorability to 3-SAT

The conversion from 3-colorability back to 3-SAT is more complicated than
the standard graph generation reduction used in the previous section. To
convert from 3-colorability to 3-SAT, the constraints of graph coloring must
be encoded in a Boolean formula. Assume that there is a given graph G =
(V, E) with |V | vertices and |E| edges. The three colors used for the resulting
3-colorability problem will be red, blue, and green.

The Boolean formula will have 3 variables for each vertex: one for each
of the colors. Thus, a vertex v will correspond to 3 Boolean variables vr, vb,
and vg. These variables, when assigned T , correspond to coloring v red, blue,
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or green, respectively. Using these 3|V | variables, there are two constraints
to embed in a formula.

The first constraint is that each vertex must be assigned exactly one color.
To do this, for every vertex v, the following formula V1 needs to be satisfied:

V1 = (vr ∧ ¬vb ∧ ¬vg) ∨ (¬vr ∧ vb ∧ ¬vg) ∨ (¬vr ∧ ¬vb ∧ vg) . (6)

The problem with (6) is that it is not in conjuctive normal form (CNF);
the AND’s (∧) and the OR’s (∨) are reversed. To convert (6) to CNF, the
standard distributive law for Boolean algebra is used: all combinations of one
literal from each group in V1 are formed, and each one becomes clause for a
standard CNF formula V1′. There are 33 = 27 possible combinations when
selecting one literal from each clause in V1, so V1′ will be a CNF formula with
27 clauses of length 3. Thus, not only is V1′ in CNF, it is also in 3-CNF,
since there are at most 3 literals per clause. No further conversion will be
necessary for this constraint to be worked into a 3-SAT problem.

Because there are |V | vertices and a V1′ formula will be created for each
vertex v, this first constraint will be encoded as a Boolean formula that is the
conjunction of 27|V | clauses of length 3. Since this formula will be extremely
long and cumbersome to write explicitly in terms of the variables, I will
simply represent the resulting formula using the following notation:� x clauses of length y: the conjunction of x clauses, each which has y

literals.� (x clauses of length y) ∧ (a clauses of length b): two sets of conjoined
clauses, conjoined with each other to form one larger formula with x+a

clauses, x of which have length y, and a of which have length b.� c((x clauses of length y) ∧ (a clauses of length b)): c multiples of the
above grouping. In this case, there are c(x + a) clauses, cx of which
have length y, and ca of which have length b.

These constructs will be joined together so that the number of clauses and
the length of each clause in the resulting formula should be clear, but the
actual contents of the formula, too complex for this paper and irrelevant in
the analysis, will be omitted. Using this notation, V1′ can be written

V1′ = (27 clauses of length 3) . (7)
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The second constraint is that for every edge e = (u, v), u and v must be
colored differently. This constraint can be modeled with the formula

E1 = (ur ∧ vb) ∨ (ur ∧ vg) ∨ (ub ∧ vr) ∨ (ub ∧ vg) ∨ (ug ∧ vr) ∨ (ug ∧ vb) . (8)

Like (6), (8) is not in CNF. The same distributive mechanism will lead to a
formula with 26 = 64 clauses of length 6:

E1′ = (64 clauses of length 6) . (9)

Of course, there are |V | vertices, so there will be |V | different V1′ in-
stances, and there are |E| edges, so there will be |E| different E1′ instances.
Combining (7) and (9) gives a formula

F = (27|V | clauses of length 3) ∧ (64|E| clauses of length 6) . (10)

This formula has 2|V | variables, as discussed before. However, while (10) is
in CNF, it is not in 3-CNF, since there are length-6 clauses. The challenge is
how to reduce these length-6 clauses into length-3 or less. There are several
different ways of doing this, and the following sections will show that the
different methods yield different behaviors.

3.2.1 Conversion to 3-CNF: a recursive method

One way to reduce a clause of length m is a recursive method that yields a
clause of length m−1 and other shorter clauses by introducing a new variable
(Kabanets 2007):

(x1 ∨ x2 ∨ x3 ∨ . . . ∨ xm) = (¬y ∨ x1 ∨ . . . ∨ xm−2) ∧

(y ∨ ¬x1) ∧ . . . ∧ (y ∨ ¬xm−2) ∧

(y ∨ xm−1 ∨ xm) . (11)

The reduction (11) transforms a clause of length m into a clause of length
m − 1, m − 2 clauses of length 2, and one clause of length 3. To do this, a
new variable, y, had to be introduced.

Applying (11) repeatedly to a clause of length 6 yields

(1 clause of length 6)

= (1 clause of length 5) ∧ (4 clauses of length 2) ∧
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(1 clause of length 3)

= (1 clause of length 4) ∧ (7 clauses of length 2) ∧

(2 clauses of length 3)

= (9 clauses of length 2) ∧ (4 clauses of length 3)

This required introducing 3 new variables, one for each application of (11).
Now, there were 64|E| length-6 clauses in (10), and reducing them all to
3-CNF gives a formula

F = (27|V | clauses of length 3) ∧

64|E| ((9 clauses of length 2) ∧ (4 clauses of length 3)) . (12)

Doing this required an additional 3×64|E| variables, 3 for each of the length-
6 clauses.. (12) is now a 3-SAT formula, and it can be described with the α

ratio

α =
27|V | + 64 × 13|E|

3|V | + 64 × 3|E|
.

(4) can be rearranged so that α can be expressed in terms of c, the edge
connectivity:

|E| =
(|V | − 1) c

2
; (13)

applying this, substituting in the known 3-colorability threshold of c ≈ 4.67,
and letting n → ∞ gives the ratio α → 4.36, which is reasonably close to the
known phase transition of α ≈ 4.25 for random 3-SAT instances.

3.2.2 Conversion to 3-CNF: another recursive method

A related method for converting long clauses to 3-CNF is another recursive
method that translates a clause of length m to one with length m−1 (as well
as some smaller clauses), with the introduction of a new variable (Cheong
2008):

(x1 ∨ x2 ∨ x3 ∨ . . . ∨ xm) = (y ∨ x3 ∨ . . . ∨ xm) ∧

(y ∨ ¬x1) ∧ (y ∨ ¬x2) ∧

(¬y ∨ x1 ∨ x2) (14)

The reduction (14) transforms a clause of length m into a clause of length
m − 1, 2 clauses of length 2, and one clause of length 3. To do this, a new
variable, y, had to be introduced.
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Applying (14) repeatedly to a clause of length 6 yields

(1 clause of length 6)

= (1 clause of length 5) ∧ (2 clauses of length 2) ∧

(1 clause of length 3)

= (1 clause of length 4) ∧ (4 clauses of length 2) ∧

(2 clauses of length 3)

= (6 clauses of length 2) ∧ (4 clauses of length 3)

This required introducing 3 new variables, one for each application of (14).
Now, there were 64|E| length-6 clauses in (10), and reducing it to 3-CNF
gives a formula

F = (27|V | clauses of length 3) ∧

64|E| ((6 clauses of length 2) ∧ (4 clauses of length 3)) . (15)

Doing this required an additional 3 × 64|E| variables, 3 for each length-6
clause. (15) is now a 3-SAT formula, and it can be described with the α

ratio

α =
27|V | + 64 × 10|E|

3|V | + 64 × 3|E|
.

Applying (13), substituting in the known 3-colorability threshold of c ≈ 4.67,
and letting n → ∞ gives the ratio α → 3.37, which is nontrivially less than
the known phase transition of α ≈ 4.25 for random 3-SAT instances.

3.2.3 Conversion to 3-CNF: a non-recursive method

One final method of converting long clauses to 3-CNF is a non-recursive
method that reduces a length-m clause directly into many clauses of length
3 (Kabanets 2007):

(x1 ∨ x2 ∨ x3 ∨ . . . ∨ xm) = (x1 ∨ x2 ∨ ¬y1) ∧

(x3 ∨ y1 ∨ ¬y2) ∧ . . . ∧ (xm−2 ∨ ym−4 ∨ ¬ym−3) ∧

(xm−1 ∨ xm ∨ ym−3) (16)

The reduction (16) transforms a length-m clause into m−2 clauses of length
3, and doing this requires introducing m − 3 new variables.
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This reduction is much simpler. Applying (16) to a clause of length 6
yields

(1 clause of length 6) = (4 clauses of length 3) ,

and this required an additional 3 variables, since the clause was of length
m = 6. Applying (16) to all 64|E| length-6 clauses in (10) yields the formula

F = (27|V | clauses of length 3) ∧ 64|E| (4 clauses of length 3) . (17)

Doing this required an additional 3 × 64|E| variables, 3 for each length-6
clause. (17) is now a 3-SAT formula, and it can be described with the α

ratio

α =
27|V | + 64 × 4|E|

3|V | + 64 × 3|E|
.

Applying (13), substituting in the known 3-colorability threshold of c ≈ 4.67,
and letting n → ∞ gives the ratio α → 1.38, which is considerably less than
the known phase transition of α ≈ 4.25 for random 3-SAT instances.

4 Conclusions

The behavior of phase transitions when problems were reduced to one an-
other varied depending on the mechanics of the reduction. The standard
reduction from 3-SAT to 3-colorability preserved the phase transition rea-
sonably well: the phase transition of the generated 3-colorability problems,
based on the phase transition from random 3-SAT, lined up closely with the
phase transition for general random 3-colorability. However, the reduction
the other way resulted in different phase transition threshold values. Even
different methods of converting the same Boolean formula into 3-CNF yielded
different phase transition results.

The different methods of reducing 3-colorability to 3-SAT yielded different
phase transitions, but 3-SAT does have a general phase transition that is
supposed to be valid for all 3-SAT problems. For example, random 3-SAT has
a phase transition at α ≈ 4.25; this means that if α < 4.25, 3-SAT is almost
surely satisfiable. But when reducing from 3-colorability using (16), the phase
transition was as low as α ≈ 1.38. This means that in the 3-SAT problems
created by reduction from 3-colorability using (16), if 1.38 < α < 4.25, the
formula is almost surely unsatisfiable, even though according to the general
phase transition, the formula almost surely is satisfiable. This is an apparent
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contradiction. The reason why the general phase transition does not hold for
these specially-generated 3-SAT problems is that the 3-SAT instances created
by reducing from 3-colorability are very much non-random. These generated
3-SAT problems are very structured, and the structure depends greatly on
the reduction used. The phase transition for 3-SAT is valid for the set of
all possible 3-SAT problems, but the specially-structured generated 3-SAT
problems that occur when reducing from 3-colorability are a very small subset
of the universe of 3-SAT problems, and thus they can form an exception to
the “almost surely” stipulation of the general phase transition.

Furthermore, the reduction itself affects the phase transition greatly.
Three ways to reduce 3-colorability to 3-SAT resulted in three completely
different phase transitions:� Method (11) resulted in a phase transition at α ≈ 4.36.� Method (14) resulted in a phase transition at α ≈ 3.37.� Method (16) resulted in a phase transition at α ≈ 1.38.

The differences in phase transitions suggest that different reductions have
different efficiencies. Because 3-SAT instances created from 3-colorability
using method (16) have a lower phase transition than 3-SAT, formulas cre-
ated in this manner, in a sense, pack the “hardness” of the NP-complete
3-colorability problem into fewer clauses than either of the other methods.
This proposition is confirmed by looking at the relative sizes of the resulting
3-SAT formulas based on the three different methods. All three methods
resulted in formulas with the same number of variables, but the number of
clauses varied widely. Since all the formulas represent the exact same prob-
lem, the reductions resulting in a smaller formula encode the 3-colorability
problem more efficiently. The reductions resulting in a larger formula thus
must be injecting a lot of unnecessary redundancy into the formula, since it
is possible to express the same formula using a lot fewer clauses.

There is much future work to be done with regards to phase transitions
and NP-complete reductions. One interesting question that arises is whether
or not a phase transition for a reduced problem can actually be at a much
higher value than for the general case. For example, is there a reduction from
some NP-complete problem to 3-SAT that yields generated 3-SAT instances
with a phase transition at α much greater than 4.25? Another interesting
direction for further research is to compare standard reductions for different
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NP-complete problems besides 3-colorability and 3-SAT. Finally, one addi-
tional arena for further study is a second phase transition (Mézard, Palassini,
and Rivoire 2005; Mézard, Mora, and Zecchina 2005) that separates easily-
solved instances of 3-SAT (and other NP-complete problems) with instances
that have solutions but are not easily found (as opposed to instances that
have no solution at all). It would be interesting to find out if the behavior of
this second phase transition under problem reductions mimics the behavior
of the first.

With further study of phase transitions and NP-complete problems, the
theoretical computer science community will be able to better understand
NP-completeness and the behavior of these inherently complex problems.
Additionally, problem solvers will be better equipped to tackle these hard
problems: if a problem is almost surely easy to solve, attacking an NP-
complete problem directly is feasible; otherwise, an approximation algorithm
or a heuristic algorithm may be more suitable. Finally, because translating
other NP-complete problems (such as hardware verification) into 3-SAT is
often a viable alternative to solving the problems directly (Kautz and Selman
2007), further knowledge of the intricacies of NP-complete problem reduc-
tions and their effects on phase transitions will be very valuable.
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