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Abstract. Recombination is an important evolutionary mechanism re-
sponsible for the genetic diversity in humans and other organisms. Re-
cently, there has been extensive research on understanding the fine scale
variation in recombination rates across the human genome using DNA
polymorphism data. A combinatorial approach toward this is to esti-
mate the minimum number of recombination events in any history of
the sample. Recently, Myers and Griffiths [1] proposed two measures,
Rh and Rs, that give lower bounds on the minimum number of recom-
bination events. In this paper, we provide new and improved methods
(both in terms of running time and ability to detect past recombination
events) for computing recombination lower bounds. Our principal results
include:

– We show that computing the lower bound Rh is NP-hard and adapt
the greedy algorithm for the set cover problem [2] to obtain a poly-
nomial time algorithm for computing a diversity based bound Rg.
This algorithm is several orders of magnitude faster than the Recmin
program [1] and the bound Rg matches the bound Rh almost always.

– We also show that computing the lower bound Rs is also NP-hard us-
ing a reduction from MAX-2SAT. We give a O(m2n) time algorithm
for computing Rs for a dataset with n haplotypes and m SNP’s. We
propose a new bound RI which extends the history based bound
Rs using the notion of intermediate haplotypes. This bound detects
more recombination events than both Rh and Rs bounds on many
real datasets.

– We extend our algorithms for computing Rg and Rs to obtain lower
bounds for haplotypes with missing data. These methods can detect
more recombination events for the LPL dataset [3] than previous
bounds and provide stronger evidence for the presence of a recom-
bination hotspot.

– We apply our lower bounds to a real dataset [4] and demonstrate
that these can provide a good indication for the presence and the
location of recombination hotspots.

1 Introduction

Recombination is one of the major evolutionary mechanisms responsible for ge-
netic diversity in many organisms. Although all genetic variation starts from mu-
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tation, recombination can give rise to new variants by combining types already
present in the population. Recombination tends to break the dependence among
alleles on either side of the crossover and hence reduce the Linkage Disequilibrium
(LD). Recent studies of human polymorphism data ( [5], [6], [7]) suggested an
interesting block like structure of the genome, where long stretches of the human
genome known as LD blocks (with high LD) show signs of little or no recombina-
tion and the recombination events occur in so called recombination hot-spots. Jef-
freys et al. [4] analyzed a 216-kb region from the MHC region using sperm typing
and identified clusters of recombination hotspots separated by long regions (60-90
kbs) of low diversity. However, the experimental determination of recombination
rates at high resolution is technically difficult and costly. An alternative approach
is to use population genetics data to infer the fine-scale variations in recombina-
tion rates. A variety of statistical methods based on different population genetics
models have been proposed to estimate recombination rates from polymorphism
data (see e.g. [8], [9], [10], [11]). The emergence of genome-wide diversity
studies, such as the HapMap project[12], has accelerated efforts towards con-
structing a fine-scale recombination map of the human genome. More recently,
two large scale studies [13, 14] have shown fine-scale recombination rate variation
and recombination hotspots to be a ubiquitous feature of the human genome.

In contrast to model based methods to infer recombination rates, an alterna-
tive approach for characterizing the heterogeneity in recombination is to obtain
a direct count of past recombination events from population genetics data. Pop-
ulation genetics data, in particular haplotype data contains signature patterns
left behind by past recombination events. A parsimonious approach to count-
ing recombination events is to compute the minimum number of recombination
events required to explain any evolutionary history of the sample assuming that
each segregating sites mutates only once. This may be achieved by trying to re-
construct the underlying graph or phylogenetic network that uses the minimum
number of recombination events. This problem is computationally challenging
and has resisted efforts for even an exponential time algorithm [15, 16, 17] (see
[18] and [19] for some recent work on efficient algorithms for restricted versions
of this problem). Therefore, research in this area has focused on computing
lower bounds on the minimum number of recombination events. Although most
historical recombination cannot be recovered, one expects that the number of
recombination events detected for a particular genomic region is a good indica-
tor of the underlying recombination rate for that region. Myers and Griffiths [1]
demonstrated the Rh lower bound to be much more powerful than previous lower
bounds in detecting recombination events through simulation studies and found
a strong clustering of recombination events in the center of the lipoprotein lipase
gene [3].This region has previously been characterized to be a putative recombi-
nation hotspot [20]. Fearnhead et al. [21] applied the Rh method of Myers and
Griffiths [1] to detect recombination events in the β-globin gene cluster which
has a well-characterized recombination hotspot. They found that the results ob-
tained using this method were consistent with their estimates obtained using a
full likelihood method.
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1.1 Our Contribution

In this paper, our objective is to explore the problem of computing lower bounds
on the number of recombination events both from an algorithmic and application
perspective.

We provide a theoretical formulation for the lower bound, Rh and show that
it is NP-hard to compute this bound. However, on the positive side, using the
greedy algorithm for the set cover problem [2], we present a O(mn2) time al-
gorithm which computes a lower bound Rg for a dataset with n rows and m
segregating sites. This algorithm outperforms the Recmin program [1] by sev-
eral orders of magnitude on large datasets (e.g. the Daly dataset [6]) and finds
almost identical lower bounds.

We also show that computing the lower bound Rs is NP-hard using a re-
duction from MAX-2SAT. We give an O(m2n) time algorithm for computing
Rs which enables us to apply it to real datasets. The previous implementation
of Myers and Griffiths [1] had only an Ω(m · n!) bound and is intractable for
more than 10-15 haplotypes. Next, we show that the lower bound Rs can un-
derestimate the true number of recombination events since it does not consider
missing haplotypes. We propose a new bound RI which extends Rs using the
notion of intermediate haplotypes. This bound finds the optimal bound of 7 for
the haplotypes from the ADH locus of Drosophila Melanogaster [22] and detects
more recombination events than the Rs method on several datasets from the
SeattleSNP database [23].

Most real haplotype datasets have some amount of missing data. A simple
way of handling missing data is to not consider SNP’s which have missing al-
leles for some haplotypes. We provide extensions of the bounds Rg and Rs for
efficiently computing bounds for haplotype datasets with missing data. These
bounds applied to the LPL dataset [3] detect many more recombination events
(in comparison to the number detected by ignoring the sites with missing data)
which provide strong support for the presence of a recombination hotspot [20].
Finally, we apply our methods to the polymorphism data from the MHC region
and show plots which clearly indicate the presence of recombination hotspots
that were detected by Jeffreys et al. [4] through sperm typing. We also find
that the location of the hotspots (determined using sperm typing) are in good
agreement with the values obtained using recombination lower bounds.

2 Basic Definitions and Previous Work

A single nucleotide polymorphism (commonly known as a SNP) is a position
in the genome where multiple (predominantly two) bases are observed in the
population. Very few polymorphic sites (about 0.1%) in humans have been found
to be tri-allelic, i.e. having more than two different bases at the given site.
Therefore, it is reasonable to make the infinite-sites or no-homoplasy assumption
while dealing with human polymorphism data. As there are only two alleles
at every site (the ancestral and the mutant), the extant data is represented
by a binary matrix M with n rows and m columns, with the two nucleotides
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arbitrarily renamed 0 and 1. Hence, all our results on binary character data are
applicable to real haplotype data.

2.1 Phylogenetic Networks and Recombination Lower Bounds

A recombination event at site p, between two haplotypes A and B, produces a
recombinant sequence C, which is either a concatenation of sites A[1 . . . p] with
B[p + 1 . . . m] or B[1 . . . p] with A[p + 1 . . . m]. A phylogenetic network G for
a set M of n sequences is a directed acyclic graph with a root. The root has
no incoming edges. Each node in G is labeled by a m-length binary sequence
where m is the number of sites. Each leaf of this graph is labeled by a sequence
in M . Each node other than the root has either one or two incoming edges.
A node with two incoming edges is called a recombination node. Some of the
edges are labeled by the columns (sites) of M which correspond to a mutation
event at that site. For a non-recombination node v, let e be the single incoming
edge into v. The sequence labeling v can be obtained from the sequence labeling
v’s parent by changing the value at the sites which label the edge e from 0
to 1 (assuming that the root sequence is all-0). Each recombination node v is
associated with an integer rv (in the range [2,m]), called the recombination point
for v. Corresponding to the recombination at node v, one of the two sequences
labeling the parents of v is denoted as P and the other one as S. The sequence
labeling node v is a concatenation of the first rv −1 characters of P with the last
m−rv +1 characters of P . The sequences labeling the leaves of the phylogenetic
network are referred to as extant sequences. A phylogenetic network G explains a
set M of n haplotypes iff each sequence labels exactly one of the leaves of G. For
a given set of haplotypes, there can be many possible phylogenetic networks with
varying number of recombination events which explain the set. We define mM to
be the minimum number of recombinations required to explain M , i.e. there exists
a phylogenetic network with mM number of recombinations which explains M
and there is no phylogenetic network with fewer number of recombination events
that explains M .

The lower bound Rm, introduced by Hudson and Kaplan [24] is based on the
four-gamete test; if for a pair of SNP’s with ancestral and mutant alleles a/b
and c/d respectively, all four possible gametes (ac, ad, bc, bd) are present, then
at least one recombination event must have happened between the pair of loci
under the assumption that no site mutates more than once. Based on this idea,
one can find all intervals in which recombination must have occurred and choose
the largest set of non-overlapping intervals from this collection. The bound Rm

is the number of intervals in this set. However, Rm is a conservative estimate of
the actual number of recombination events [24]. One can use haplotype diversity
to infer more than one recombination event in an interval. Consider an interval
with m segregating sites. If n(> m + 1) distinct haplotypes are observed in this
interval, then at most m haplotypes can be explained using mutation events.
Assuming that the ancestral haplotype is present in the sample, the remaining
n − m − 1 haplotypes must arise due to recombination events. Hence, one can
infer a lower bound of n − m − 1 for the interval. Moreover, one can choose
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any subset of segregating sites for an interval and compute this difference to
obtain another lower bound for that region. Taking the maximum bound over
all subsets of segregating sites in a particular region, gives the best lower bound,
Rh [1].

The bounds Rm and Rh do not explicitly consider possible histories of the
sample. The lower bound Rs [1], computes for every history (an ordering of the
haplotypes), a simplified number of recombination events, such that any a phylo-
genetic network that is consistent with this history, requires more recombination
events than this number. By minimizing over all possible histories, one obtains
a lower bound on the minimum number of recombination events. Myers and
Griffiths [1] provide an algorithmic definition for the bound Rs. Their algorithm
performs three kinds of operations on a given matrix: row deletion, column dele-
tion and non-redundant row removal. A row deletion can be performed if the
given row is identical to another row in the matrix. Such a row is also referred
to as a redundant row. A column deletion can be done if the column (site) is
non-informative ( all but one rows have the same allele at this site). A non-
redundant row removal is a row removal when there are no non-informative sites
in the matrix and no redundant rows. Given an ordering of the n rows, the algo-
rithm performs a sequence of column deletions, row deletions and non-redundant
row removals until there is no row left in the matrix M . The minimum number
of non-redundant row removal events over all possible histories gives the bound
Rs. Since, the procedure considers all n! histories, the worst case complexity of
this procedure is Ω(m.n!). For some recent work on new methods for obtaining
computing lower bounds, the interested reader is referred to [1, 25].

2.2 Combining Local Recombination Bounds

Myers and Griffiths [1] presented a general framework for computing recombi-
nation lower bounds from haplotype data. This framework can combine local
recombination bounds on continuous subregions of a larger region to obtain re-
combination bounds for the larger parent region. Consider a matrix M with m
segregating sites labeled 1 to m. Suppose that one has computed, for every in-
terval (i, j) (1 ≤ i < j ≤ m), a lower bound bij on the number of recombination
events between the sites i and j. Each local lower bound bij can be computed by
any lower bound method described previously and bounds for different intervals
may be obtained by different methods.

In the second step, which is essentially a dynamic programming algorithm,
one computes a new lower bound Bij on the minimum number of recombination
events between the sites i and j using the local bounds bi′j′ , i′ ≤ i < j ≤ j′. The
local bound Bij can be computed as Bij = maxj−1

k=i+1 (Bik + bkj). Note that the
combined lower bound Bij can be substantially better than the corresponding
local bound bij for an interval (i, j). It is important to note that all the practical
results in this paper are obtained by computing lower bounds (by using the
corresponding lower bound method) for all intervals of length w (specified as
a parameter) for the given dataset, and combining them using the dynamic
programming algorithm.
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3 Bounds Based on Haplotype Diversity

Consider a matrix M and let S′ ⊆ S be a subset of sites in M . For a subset S′

of segregating sites, we denote the set of distinct haplotypes induced by S′ as
H(S′). The Rh bound of Myers and Griffiths[1] is based on the observation that
|H(S′)| − |S′| − 1 is a lower bound on the number of recombinations for every
subset S′. Since the number of subsets is 2w for a region of width w, Myers and
Griffiths [1] use the approach of computing this difference for subsets of size at
most s where s < w is a specified parameter. Increasing s can provide better
bounds with an increase in computation time since the running time is exponen-
tial in s. We define the algorithmic problem associated with the computation of
the bound Rh as follows:

MDS: Most Discriminative SNP subset problem
Input: A binary matrix M and an integer k, where S is the set of columns of M .
Output: Is there a subset S′ of S, such that |H(S′)| − |S′| − 1 ≥ k.

Computing the Rh bound is equivalent to finding the largest value of k for
which the MDS problem has a solution. We show that MDS problem is NP-
complete by using a reduction from the Test Collection Problem[27]. An instance
of the test collection problem consists of a collection C of subsets of a finite set S
and an integer k, and the objective is to decide if there is a sub-collection C′ ⊆ C
such that for each x, y ∈ S there exists c ∈ C′ that contains exactly one of x
and y and |C′| ≤ k. An instance of the test collection problem can be encoded
as a binary matrix M of size |S|× |C|. Each row of the matrix corresponds to an
element of the finite set S and M [x, c] = 1 if the subset c contains the element
x and 0 otherwise. Here, the objective is to find a subset S′ of the columns of
M of size at most k such that for every pair of rows in M , there is a column in
S′ that can distinguish between them, i.e. |S′| ≤ k and H(S′) = |S|. Using this
encoding we show that the MDS problem is NP-complete (the proof is omitted
for lack of space).

Lemma 1. The MDS problem is NP-complete.

3.1 The Lower Bound Rg

From the above encoding, it is easy to see that computing the bound Rh is
equivalent to finding a a smallest subset of columns C such that for every pair
of haplotypes (rows) (x, y) in M , there is at least one column c ∈ C such that
M [x, c] �= M [y, c].

We adapt the standard greedy algorithm for the set cover problem [2] to
devise an algorithm (described in Figure 1) for computing a lower bound; denoted
as Rg. It is well known that the greedy algorithm gives a 1+2 ln n approximation
for the test collection problem where n = |S|, the size of the ground set. However,
this approximation ratio does not apply to the MDS problem. Although, in
general Rg ≤ Rh, we found that the overall bound (obtained by combining the
local bounds computed using Rg) was equal to the corresponding bound returned
by the Recmin program [1] for almost all datasets we did the comparison for
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Compute Rg(M)
1. Repeat until possible

If two rows in M are identical, coalesce them.
If a site s is non-informative, remove the site s.

2. Let M ′ be the reduced matrix with n rows and m sites
3. Initialize d(x, y) = 0 for all pairs of rows and I = φ
4. while d(x, y) = 0 for some pair
5. Let s′ be the column that can distinguish between the maximum pairs

for which d(x, y) = 0
7. set d(x, y) = 1 for all (x, y) s.t. M ′[x, s′] �= M ′[y, s′]
8. I = I ∪ {s′}
9. Return |H(I)| − |I| − 1

Fig. 1. The greedy algorithm for computing the bound Rg

Table 1. Comparison of the performance of the Recmin program [1] and our Rg bound

for the Daly haplotypes with different values of the parameters; maximum subset size

(s) and maximum width (w). Note that the Rg bound requires only the parameter w

Recmin program [1] Rg bound

Parameters Bound time Bound time

w=15 s=6 134 4 secs 180 01 secs
w=20 s=10 183 2.5 mins 188 03 secs
w=25 s=10 186 31 mins 198 06 secs
w=30 s=15 200 29 hrs 199 11 secs

w=35 - - 203 15 secs

(we believe that this is due to the effect of combining the local bounds). The
running time of the Recmin program [1] is proportional to

∑s
i=2

(
w
i

)
where

w is the maximum number of segregating sites in a region for which the local
bound is computed and s is the maximum subset size used for computing the Rh

bound. In contrast, in order to compute the best bound by combining the local
Rg bounds, we require only one parameter, i.e maximum width and the overall
running time is O(n2mw2). To illustrate the kind of improvements we obtain
using Rg, we compare the bounds (Recmin and Rg) for the phased haplotypes
(258 haplotypes on 103 SNP’s) of the Daly [6] dataset obtained from the Hap
Webserver [28] (see Table 3.1).

4 History Based Lower Bounds

Myers and Griffiths[1] only give a procedural definition of the bound Rs, and
their description is somewhat informal. The time complexity of their procedure
(as described in Algorithm 3 in [1]) is O(m n!), where n is the number of rows,
and m the number of columns. We give a theoretical formulation of the bound
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Compute Rs(M)
1. for all row subsets r: RS [r] = 0
2. for all subsets r picked in an increasing order
3. if ∃ a redundant row in r
4. RS [r] = mini{RS [r−i]} (* for all rows i s.t. i is redundant
*)
5. else
6. RS [r] = mini{1+RS [r−i]} (* for all rows i s.t. ri = 1 *)
7. return RS(1)

Fig. 2. An O(m2n) algorithm for computing Rs (1 refers to all-ones vector of length n)

Rs which allows us to develop an exponential time algorithm for computing it
and also show that computing Rs is NP-hard.

We define a history for a set of n rows as simply an ordering of the rows.
We start by redefining Rs in terms of appropriate cost of a row in a given
history. Consider a history H = r1 → r2 . . . → rn. The cost of row ri in the
history, denoted by Cs(ri), is 0 if after removing non-informative columns from
r1, r2, . . . , ri, the row ri turns out to be identical to one of the rows r1, . . . , ri−1

and 1 otherwise. Then we have

Cs(H) =
∑

i

Cs(ri) and Rs(M) = min
historyH

Cs(H)

We defer the discussion of why Rs is a lower bound to Theorem 2 (where we
prove that RI is a lower bound). Consider a bit vector r of lengths n. Let Mr

denote a submatrix of M which contains only rows i such that ri = 1. Define a
partial order on the vectors as follows: v1 ≤ v2 if v2[i] = 1 whenever v1[i] = 1.
Define the vector v−i as the v with the i−th bit set to 0. Let RS [v] denote the
Rs bound for the corresponding sub-matrix. The procedure in Figure 2 gives an
O(m2n) algorithm for computing Rs. This dynamic programming algorithm can
bring significant improvements in running time. Note that in order to compute
Rs, step 4 of the algorithm in Figure 2 can be replaced by RS [r] = RS [r−i] for
any row i that is redundant. Using a non-trivial reduction from the MAX-2SAT
problem we show that computing the bound Rs for a matrix is NP-hard (proof
omitted).

Theorem 1. Computing Rs(M) is NP-hard.

The Rs bounds searches over possible histories of the set of haplotypes and
one would expect the bound to be better than the diversity based bound Rh.
In practice, however, both Rh and Rs underestimate the true bound in many
instances.

4.1 Recombinant Intermediates and the Bound RI

We use an example to demonstrate how Rs can be improved. Consider the set
of n + 2 haplotypes with n sites shown in Figure 3. For illustration n = 7.
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Fig. 3. On the left is a set of 9 haplotypes for which Rs is 1 and a phylogenetic network

for the set of haplotypes with 6 recombination events R(I= 6). On the right is a table

which compares the number of detected recombination events using Rs and RI for the

phased haplotype datasets for various genes obtained from the SeattleSNP project [23]

Note that if the history was forced to start with the first two haplotypes, each
of the following n rows could only be removed through a non-redundant row re-
moval, and we would have a recombination bound of n. However, if we choose
1111111 to be the last haplotype in the history, then removing it makes every
column non-informative. As Rs is the minimum over all histories, Rs(M) = 1.
However, at least 6 recombinations are needed. Note that for this particular ex-
ample, we can boost the Rs bound to the correct value by applying the dynamic
programming algorithm [1] for combining local bounds. However, the example
illustrates a problem with Rs, which is that in explaining a non-redundant row-
removal, we only charge a SINGLE recombination event. Therefore, if 1111111
was indeed the last haplotype in the true history, then adding it would require
5 recombinants (the haplotypes in dashed boxes) NOT from the current set (as
explained in Figure 3).

We use this idea to improve the RS bound. Consider a history H = r1 →
r2 . . . → rn. Let Ij(H) denote the minimum number of recombination events in
obtaining rj , given any phylogenetic network for r1, . . . , rj−1. We allow the use
of recombinant intermediates, and so Ij(H) can be greater than one. In general,
the use of recombinant intermediates is tricky because the intermediates may
help explain some of the existing haplotypes by simple mutations. In order to
prove a lower bound, we introduce the concept of a direct recombination. We
define Cd(ri) for a haplotype ri in a given history H as follows:

Cd(ri) =

{
0 ri is different from all rj<i in a non-informative column.
0 ri is identical to rj<i after removing non-informative columns
1 Otherwise

(1)

We observe that the definition of Cd(ri) holds for a set of haplotypes {r1, r2, . . . ,
ri−1, ri} and denote this generic definition as Cd(ri, {r1, r2, . . . , ri−1}). Note that



578 V. Bafna and V. Bansal

Cd(ri) ≤ Cs(ri) for all i in a history. However, Cd can be used to give a new
lower bound on the total number of recombinations.

Theorem 2. Let H denote the set of all histories over the set of haplotypes M .
Then

RI = min
H∈H

max
j

{
∑
i<j

Cd(ri) + Ij(H) +
∑
i≥j

Cs(ri)}

is a lower bound on the number of recombinations.

Proof. Recall that mM denotes the minimum number of recombinations in any
history of M . We construct one history H = r1 → r2 . . . → rn in which which∑

i<j Cd(ri) + Ij(H) +
∑

i>j Cs(ri) is a lower bound on mM for all choices of j.
This is sufficient because we minimize over all histories. Consider an phylogenetic
network A that explains mM with a minimum number of recombinations. Each
node v in the phylogenetic network corresponds to a haplotype rv, which may
or may not be in M . Haplotype r ∈ M is a direct witness for a recombinant
node v if r = rv. It is an indirect witness if it can be derived from rv solely by
mutation events. A predecessor relationship <P is defined for some haplotypes
ri, rj ∈ M . Specifically ri <P rj if ri is a (direct or indirect) witness to a
recombinant node on a path from the root to rj . Note that <P is a partial
order. Next, choose a history H (a total ordering) that is consistent with <P .
Note that Cs(ri) = 1 if and only if ri is the first witness to a recombination
node in A to appear in H (thereby proving that Rs(M) is a lower bound).
Likewise Cd(ri) = 1 if and only if ri is the first direct witness to a recombination
node in A to appear in H. As each recombination node contributes at most
1, Rs =

∑
i Cs(ri) is a valid lower bound on the number of recombinations.

Consider an arbitrary rj with Cs(rj) = 1. Instead of charging 1 to the number of
recombination events, we charge a value Ij(H) equal to the minimum number of
recombinations needed to obtain rj from r1, r2, . . . , rj−1. Consider the sequence
of intermediate recombination events that were used to obtain rj . None of these
nodes have a direct witness. Therefore the nodes in r1, r2, . . . , rj−1 that had a
Cd value of 1 correspond to other recombination nodes.

Next, the haplotypes ri>j that follow ri are charged Cs(ri). Whenever, Cs(ri)
= 1, it is because ri is the first witness to a recombination node in A to appear in
H. By construction, this recombination node is not on any path from root to rj ,
and therefore wasn’t charged when considering intermediates for rj . Therefore,
each recombination node is charged at most once and the bound holds.

It is easy to see that RI ≥ Rs. In order to compute RI , we need to compute
Ij(H) for all haplotypes j, and all histories H. To do this more efficiently, we de-
fine Ij over subsets, instead of histories. We denote a subset of haplotypes by the
bit-vector r of size n where ri = 1 iff ri ∈ r and define Ij [r] as minimum number
of recombination events needed to obtain rj , over any history of the haplotypes
in r. Likewise, define Rd(r) as the minimum number of direct recombinations
in any history of the haplotype subset r. The algorithm in Figure 4 describes
how to compute RI in time O(n2nI(m.n)) time, where I(m,n) is the time to
compute Ij [r] for any subset r.
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Compute RI(M)
1. for all row subsets r : Rd[r] = 0; RI [r] = 0
2. for all subsets r chosen in an increasing order
3. if ∃i s.t. ri = 1 and row i is redundant
4. Rd[r] = Rd[r−i]; RI [r] = RI [r−i]
5. else
6. for all rows i s.t. ri = 1
7. Rd,i = mini{Cd(ri, r−i) + Rd[r−i]}
8. RI,i = mini{max{1 + RI [r−i], Rd[r−i] + Ii[r−i]}}
9. end for
10. Rd[r] = mini{Rd,i}; RI [r] = mini{RI,i}
11. end if
12. end for
13. return RI(M)

Fig. 4. An O(2nI(m, n)) algorithm for computing RI . Ii[r−i] denotes the minimum

number of recombinant intermediates needed to compute haplotype ri given the subset

r with ri removed

4.2 Computing Recombinant Intermediates

Our goal is to compute Ii[r] efficiently. Haplotype i is assumed to arise later in
history the in r and is therefore a mosaic of sub-intervals of the haplotypes in r.
The mosaic can be expressed by a sequence of pairs M = (h1, j1), (h2, j2), . . . ,
(hk, jk) interpreted as follows: In hi, columns 1, . . . , j1 came from haplotype h1,
columns j1 + 1, . . . , j2 + 1 from h2, and so on. If M were the true mosaic, then
hi would need k−1 recombinant intermediates. Thus, we need to minimize this.

First, we can ignore all columns that are identical for all haplotypes in r.
If hi has a different value in any of these columns, it can be explained by a
mutation. If it has the identical value, the column can be explained using any
haplotype and will not contribute to recombination. Ignoring these columns, the
following is true: if columns j1, . . . , j2 of hi arise from haplotype h, then the
values of h and hi must be identical in columns j1 through j2. If any columns c
was different (hi[c] �= h[c]), to explain it by a mutation would violate the infinite-
sites assumption. This observation allows us to solve the problem of computing
Ii[r] efficiently.

For column c, 1 ≤ c ≤ m and haplotype h, let I[c, h] denote the minimum
number of recombinations needed to explain the first c columns of haplotype
hi such that the c-th column arose from haplotype h. This is sufficient because
Ii[r] = minh{I[m,h]}. I[c, h] can be computed using the following recurrence:

I[c, h] =

{
0 c = 0
∞ hi[c] �= h[c]
min {I[c − 1, h], minh′ �=h{1 + I[c − 1, h′]} o/w
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4.3 Results for RI Bound

Besides the simulated example (in Figure 3), real datasets are known where Rs

and Rh are sub-optimal. As an example, the Rh and Rs bounds for Kreitman’s
data [22] from the ADH locus of Drosophila Melanogaster are both 6. Song
and Hein [25] showed that their set theoretic lower bound gave a bound of 7
and proved this to be optimal by actually constructing an phylogenetic network
which requires 7 recombination events. Our new lower bound RI also returns
the optimal bound of 7. However, the set theoretic-bound [25] does not have
an explicit algorithmic description. On the other hand, the RI bound can be
computed for large datasets (100×500 matrix can be analyzed in about an hour
on a standard PC) and gives improved bounds for a number of real datasets (see
the table in figure 3 for a partial list).

5 Bounds for Haplotypes with Missing Data

A complete haplotype is an element of {0, 1}m where m is the number of SNP’s
and the j-th component indicates the nucleotide at that position. However, due
to errors or other reasons, the allele at a particular position for a individual is
sometimes not available. In such a scenario, some of the haplotypes are partial or
incomplete. A partial haplotype is an element of {0, 1, ?}m where ? represents the
positions where the allele is unknown. Since most of the real haplotype data has
missing entries, it is important to find efficient methods to find recombination
lower bounds for haplotypes with missing data. The lower bounds Rh and Rs do
not naturally extend for a incomplete haplotype matrix. However, in this section,
we show how both the greedy algorithm for computing Rg and the exponential
algorithm for computing Rs can be extended for an incomplete matrix without
much increase in the computational complexity. We first need to modify the
definitions of non-informative site and redundant row. A site is non-informative if
it has all but one alleles of one type (ignoring the missing alleles). For comparing
two rows, we define M [x, a] �= M [y, b] if and only if M [x, a] �=′?′ and M [y, b] �=′?′

and M [x, a] �= M [y, b].
In the last step of the greedy algorithm (Figure 1), the algorithm returns the

bound H(I)−I−1. For a matrix with missing entries, it is not straightforward to
compute H(I). However, consider an assignment to the ?’s that minimizes H(I).
Then the difference H(I)− I −1 gives a valid lower bound, i.e. a bound which is
valid for all possible assignments to the missing entries. However, one then needs
to solve the minimum haplotype completion problem; where given an haplotype
matrix with missing entries, the objective is to complete the missing entries so
as to minimize the number of distinct haplotypes. This problem was shown to
be NP-hard by Kimmel et al. [29]. However, for our purposes, we use a simple
heuristic to find the minimum number of rows that can be distinguished using
the non-missing entries. This gives a valid lower recombination lower bound that
is easily computable.
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5.1 Rsm: History Based Bound for Missing Data

Consider a set of haplotypes M where some of the haplotypes are incomplete.
We define a completion to be assignment of 0 or 1 to every missing allele in M .
Clearly, there exists a completion M ′ of M and a corresponding ordering H for
that complete matrix M ′, such that the number of row removal operations is
minimum over all completions and all orderings. In other words, the definition
of the Rs lower bound has to be modified as: Rs(M) = minM ′ [Rs(M ′)] where
M ′ is a completion of M .

Since a complete matrix is a special case of a incomplete matrix, it follows
that it is also NP-hard to compute the modified version of Rs for an incomplete
matrix. The O(m·2n) algorithm for computing Rs (described in Figure 2) can be
used for computing the bound Rsm (this bound may not exactly equal Rs(M))
for an incomplete matrix with the modified definitions of redundant row and
non-informative site. The next lemma shows that Rsm(M) is less than Rs(M)
and is hence a valid lower bound.

Lemma 2. For a incomplete haplotype matrix M , Rsm(M) ≤ Rs(M).

5.2 Application to Haplotype Data from LPL Locus

A 9.7-kb region in the human LPL gene was sequenced by Nickerson et al. [3] in
71 individuals from three different populations. The haplotype data comprised
of 88 haplotypes defined by 69 variable sites with about 1.2% missing data.
This data has previously been analyzed for haplotype diversity and recombina-
tion by Clark et al. [30], Templeton et al. [20] and Myers and Griffiths [1]. In
table 5.2, we compare the bounds obtained for different sub-regions of the LPL
region for various populations. The overall bound for the whole region is 70 if
one ignores the sites with missing data (see [1]), while we obtain a much im-
proved bound of 87 by applying our Rh/Rsm bounds along with the dynamic
programming framework. Templeton et al. [20] had found the 29 recombination
events detected using their method to be clustered near the center of the re-
gion (approximately between the sites 2987 and 4872). It is interesting to note
that number of detected recombination events (37) in this region increases sig-

Table 2. The number of detected recombination events using methods for missing data

for the LPL datasets. The number in bracket indicates the corresponding lower bound

obtained by ignoring sites with missing alleles [1]. The region (2987-4872) corresponds

to the suggested hotspot [20]

Site Range

Region 106-2987 2987-4872 4872-9721 Full

Jackson 10(10) 11(9) 17(13) 39(36)
Finland 2(2) 13(13) 13(11) 31(27)

Rochester 1(1) 13(13) 7(7) 22(21)
Combined 13(12) 37(22) 36(28) 87(70)
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nificantly (from 22) when one takes into account the sites with missing alleles.
Thus, the bounds obtained using our improved methods which can handle miss-
ing data, seem to provide strong support for the presence of a recombination
hotspot suggested by Templeton et al. [20]. This demonstrates that the ability
to extract past recombination events can be crucial to detecting regions with
elevated recombination rates.

6 Lower Bounds and Recombination Hotspots

In humans, pedigree studies have shown variation in recombination rates on a
megabase scale, and analyses of sperm crossovers in males [7, 4] have identified
hotspots of length 1-2kbs where recombination events cluster. However, charac-
terizing fine-scale variation in recombination rates using pedigree studies (at the
kb scale) is difficult and experimental difficulties limit the large-scale application
of sperm analyses. After several studies [6, 5] observed a block-like structure in
patterns of linkage disequilibrium in the human genome, it has been speculated
that most or all recombination occurs in recombination hotspots [31]. The prob-
lem of detecting recombination hotspots (roughly defined as a region in which
the recombination rate is much higher than the average recombination rate)
using DNA polymorphism data has been considered by several studies [21, 11]
which proposed statistical based methods to give quantitative estimates of re-
combination rates.

Here, we apply our lower bounds to the population data from a 216-kb seg-
ment of the class II region of the Major histocompatibility complex (MHC).
Jeffreys et al. [4] sequenced 50 individuals from UK in this region and identified
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Fig. 5. Sliding window plot of recombination lower bounds (window of size 2 kb incre-

mented 0.1 kb at each step) for the 216-kb segment of the class II region of the major

histocompatibility complex (MHC). The vertical black lines (height scaled by logarithm

of the mean recombination rate obtained from sperm typing for that hotspot) show the

approximate locations of the center of the six hotspots inferred using sperm crossover

analysis by Jeffreys et al. [4]. The TAP2 hotspot [7] is the last hotspot near the 200-kb

region
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six recombination hotspots using sperm crossover analysis. Since the available
data is unphased, we applied our lower bounds to the haplotypes estimated by
the PHASE program [32]. Three separate studies [14, 21, 13] have applied their
methods to infer recombination hotspots for this dataset. Although, sperm typ-
ing and recombination lower bounds measure very different things, we find that
the lower bounds are able to locate most of the recombination hotspots with high
accuracy (see Figure 5). Five regions show very good evidence of elevated recom-
bination with excellent agreement with the center of the corresponding hotspots
(as found by Jeffreys et al. [4]), with only one of the characterized hotspots
(DMB1 near the 96kb region) showing a weak signal. This clearly demonstrates
the ability of recombination lower bound methods to provide first hand indica-
tion of the presence and the location of hotspots. One criticism of lower bound
methods is that we do not model events such as repeat mutations and gene
conversion. However, such events are rare and our results (see also Myers and
Griffiths [1]) suggest that this has only moderate effects on the bounds.
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