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The Number of Recombination Events
in a Sample History: Conflict Graph
and Lower Bounds

Vineet Bafna and Vikas Bansal

Abstract—We consider the following problem: Given a set of binary sequences, determine lower bounds on the minimum number of
recombinations required to explain the history of the sample, under the infinite-sites model of mutation. The problem has implications
for finding recombination hotspots and for the Ancestral Recombination Graph reconstruction problem [29]. Hudson and Kaplan [15]
gave a lower bound based on the four-gamete test. In practice, their bound R,, often greatly underestimates the minimum number of
recombinations. The problem was recently revisited by Myers and Giriffiths [22], who introduced two new lower bounds R;, and R;
which are provably better, and also yield good bounds in practice. However, the worst-case complexities of their procedures for
computing R, and R, are exponential and super-exponential, respectively. In this paper, we show that the number of nontrivial
connected components, R,, in the conflict graph [4] for a given set of sequences, computable in time O(nm?), is also a lower bound on
the minimum number of recombination events. We show that in many cases, R, is a better bound than R;,. The conflict graph was used
by Gusfield et al. [4] to obtain a polynomial time algorithm for the galled tree problem, which is a special case of the Ancestral
Recombination Graph (ARG) reconstruction problem. Our results also offer some insight into the structural properties of this graph and
are of interest for the general Ancestral Recombination Graph reconstruction problem.

Index Terms—Recombination, phylogenetic networks, ancestral recombination graph, haplotypes, lower bounds, conflict graph, NP-
completeness.
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1 INTRODUCTION

IN the postgenomic era [16], [28], several projects (see e.g.,
[12]) have emerged which seek to characterize the genetic
diversity of entire populations of individuals. Two of the
major evolutionary forces that shape this diversity are
Mutation and Recombination. A reconstruction of the likely
historical mutation and recombination events that explain
the divergence of the extant population of sequences from a
single ancestral sequence is a challenging unsolved problem
in population genetics. Clearly, all variation must start from
some mutation. In the absence of recombination, each
individual inherits the mutations from a single parent and
adds some new ones. Each diverging site needs to mutate at
least once. Under the infinite-sites assumption which states
that each site mutates at most once, the history can be
explained by a perfect phylogeny, which is a tree that explains
the sample allowing exactly one mutation event per site. For
binary characters, there is a linear time algorithm to
reconstruct a perfect phylogeny, or to determine that no
such phylogeny is possible [9].

It is not surprising that the problem of reconstructing
evolutionary histories, even from haplotype data, becomes
much harder when recombinations are considered. A
recombination event results in the inheritance of genetic
material from two individuals. Therefore, the history must
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be expressed, not by a tree, but by a general network, which
is often referred to as the Amncestral Recombination Graph
(ARG). The ARG is a directed acyclic graph with a single root
(the Most Recent Common Ancestor), and the indegree of each
node being restricted to being one or two. A node with
indegree two is called a recombinant node. A natural
parsimonious criterion for reconstructing the Ancestral
Recombination Graph is to minimize the number of
recombinant nodes. The problem of reconstructing Parsi-
monious ARGs has seen only sporadic action in the
Computational Biology community. Some of the early work
[13] focused on reasonable heuristics, but with no explicit
performance guarantees. Wang et al. [29] considered the
rooted case and showed the problem of Parsimonious ARG
reconstruction to be NP-hard under the infinite sites
assumption. They proposed a polynomial time algorithm
for the special case of constructing Galled trees, which are
ARGs in which every recombinant node is in its own edge
disjoint cycle. Gusfield et. al. [4] showed that the algorithm of
Wang et. al. is incomplete and proposed an O(nm + n?) time
algorithm to solve the Galled tree problem when the root is
known. They exploit the structure of the conflict graph on the
sites for their algorithm and also show that if there is a galled
tree for a set of sequences, it is also an ARG with the
minimum number of recombinations. Recently, Gusfield [10]
gave an algorithm for the case where the root is unknown
with the same time complexity. Song and Hein [26] provide
an algorithm for the Parsimonious ARG problem that
involves enumerating labeled trees and computing their
subtree transfer distance. While they make no attempt to
describe the complexity of their algorithm, it appears to be
Q(n!!), where n is the number of sequences in M. Therefore, a
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natural, but unresolved question is whether there is an
exponential time algorithm to construct a Parsimonious ARG.

There is renewed interest in the ARG reconstruction
problem due to the emergence of genome-wide diversity
studies, such as the HapMap project [12]. These large-scale
population studies have made it possible to investigate the
nature and causes of recombination rate variation in the
human genome. Recombination rates are known to vary
greatly across the length of the genome. Initial analysis of
genotype data from the human genome (Gabriel et. al. [7]),
revealed an interesting haplotype block structure of the
human genome, where long stretches of the genome have
had little or no recombination, and the recombination
events are said to be clustered in so called recombination hot-
spots. However, the arguments for this are usually based on
an indirect measure of recombination, described by (loss of)
Linkage Disequilibrium, or correlation between sites as a
function of distance. Several statistical-based methods for
the quantitative estimation of recombination rates from
polymorphism data have recently been developed. (e.g. [8],
[5], [14], [20], [19]) There is increasing evidence for
recombination rate variation over small physical distances
and the presence of recombination hotspots in the human
genome (see, e.g., [3], [17], [24]). Recently, McVean et. al.
[21] and Crawford et. al. [2] have provided model-based
evidence for fine-scale variation in recombination rates
throughout the human genome.

In this paper, we approach the possibly simpler problem
of computing the minimum number of recombinations
required to explain the history of a sample of binary
sequences. Under the infinite sites assumption, lower
bounds on the minimum number of recombination events
can provide estimates of recombination rates and possibly
detect recombination hotspots. While not as informative as
ARG reconstruction, lower bounds on recombination events
provide valuable information. First, tight lower bounds
may prove to be useful in a branch and bound reconstruc-
tion of a Parsimonious ARG. Furthermore, the problem is
useful in its own right, because the number provides a
direct estimate for recombination hotspots. Fearnhead et. al.
[6] applied the R;, method of Myers and Griffiths [22] to
detect recombination events in the [-globin gene cluster
which has a well-characterized recombination hotspot.
They found that the results obtained using this method
were consistent with their estimates obtained using a full
likelihood method and moreover gave a better evidence for
the recombination hotspot than the pairwise Linkage
Disequilibrium summaries.

The problem of determining lower bounds on the
number of recombination events has its own history in
population genetics research. Hudson and Kaplan [15]
introduced a lower bound R,, under the infinite-sites
model. However, in practice, the bound often greatly
underestimates the actual number of recombinations. The
problem was recently revisited by Myers and Griffiths [22],
who proposed two new lower bounds, R, and R;. They also
gave a general framework in which local lower bounds on
smaller subregions can be combined to get a global lower
bound for longer regions. Their bound R; used in this
framework of combining local recombination bounds yields
lower bounds that are much better in practice than R,,.
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They also show that R; > R, > R,,. However, their proce-
dures for computing R;, and R, are exponential and super-
exponential, respectively. We have shown that natural
formulations of the problems they are solving are NP-
complete and, therefore, unlikely to admit polynomial time
solutions (to be described elsewhere). A set theoretic bound
was recently proposed by Song and Hein [27]. They also
showed that their method obtains better bounds for some
examples, but the time complexity of their procedure is not
clear. Thus, the problem of computing lower bounds
efficiently remains open. In this paper, we exploit the idea
of the conflict graph introduced by Gusfield et. al. [4] to
obtain an efficient recombination lower bound. In particu-
lar, we show that

1. The number of nontrivial connected components R,
in the conflict graph of a set of haplotypes is a lower
bound on the number of recombinations required to
explain the history of the sample under the infinite-
sites model. This bound can be computed in O(nm?)
time for a matrix of size n x m. It was brought to our
attention that this bound has been independently
obtained by Gusfield and Hickerson [11].

2. The number of recombinations required does not
increase if sites are deleted. Based on this idea, we
introduce the Max-NTCC problem of deleting sites
so that the number of nontrivial connected compo-
nents is maximized (to give improved lower
bounds). We show that this problem is NP-complete
using a reduction from the Maximum Independent
Set problem.

3. We show that for any given data set, R, > R..
Although R, is generally weaker than Ry, there are
many instances where it offers improvement over
Ry,. We show that for any matrix M, R, >3R. —%
and also provide infinitely many examples for which
Ry, = %RC. Additionally, we show how R, can be
combined with the other bounds to reduce the
computation time in practice, and show a real
example where it offers improvements.

In addition, our methods for computing lower bounds
employ the structure between the nonconflicting sites to
provide an insight into the ARG reconstruction problem,
and are of independent interest.

2 DEFINITIONS AND PREVIOUS WORK

We make the common infinite sites assumption which says
that a polymorphic site mutates exactly once. Two poly-
morphic sites can be separated by few kilobases and can
have multiple recombination events in between them (see,
e.g., [23], [1], and [17]). As there are only two alleles at
every site (the ancestral and the mutant), the extant data is
represented by a binary matrix M with n rows (individuals
or haplotypes) and m columns. Each column or site in the
haplotype represents an SNP (single nucleotide polymorph-
ism) which is a single base substitution of one nucleotide
for another and both versions are observed in the
population with frequency above a certain threshold. Very
few polymorphic sites (about 0.1 percent) in humans have
been found to be triallelic, i.e.,, having more than two
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different bases at the given site. In fact, triallelic poly-
morphism detection is often used to flag possible experi-
mental error (see, e.g., [25]). Since many of the SNP loci are
neutral, a significant violation of the infinite-sites assump-
tion should result in a much higher fraction of triallelic
polymorphic sites. Therefore, it is reasonable to make the
“infinite-sites” or no-homoplasy assumption while dealing
with human polymorphism data. Moreover, as every site
has at most two nucleotides, they can arbitrarily be
renamed 0 and 1. Hence, all our results on binary character
data are applicable to real haplotype data. Next, we give a
formal definition of a recombination event.

A haplotype of length n is simply a binary string of
length n. A recombination event at site p, between two
haplotypes A and B, produces a recombinant sequence C,
which is either a concatenation of sites A[l...p — 1] with
Blp...m]or B[l...p—1] with Afp...m].

A phylogenetic network or an Ancestral Recombination
graph G for a set M of n sequences is a directed acyclic
graph with a root. The root has no incoming edges. Each
node in G is labeled by a m-length binary sequence where m
is the number of sites. Each leaf of this graph is labeled by a
sequence in M. Each node other than the root has either one
or two incoming edges. A node with two incoming edges is
called a recombination node. Some of the edges are labeled
by the columns (sites) of M which correspond to a mutation
event at that site. For a nonrecombination node v, let e be
the single incoming edge into v. The sequence labeling v can
be obtained from the sequence labeling v's parent by
changing the value at the sites which label the edge e from 0
to 1 (assuming that the root sequence is all-0). Each
recombination node v is associated with an integer r, (in
the range [2,m]), called the recombination point for v.
Corresponding to the recombination at node v, one of the
two sequences labeling the parents of v is denoted as P and
the other one as S. The sequence labeling node v is a
concatenation of the first r, — 1 characters of P with the last
m —r,+1 characters of P. The sequences labeling the
leaves of the phylogenetic network are referred to as extant
sequences.

A recombination graph G explains a set M of n
sequences iff each sequence labels exactly one of the leaves
of G. For brevity, we denote an ancestral recombination
graph by ARG. An ancestral recombination graph is a
stochastic process which generates populations given
appropriate parameters, however, given a population that
was generated through an ancestral recombination graph,
the problem of reconstructing the ARG refers to the
reconstruction of the digraph. In this paper, we refer to
the digraph itself as the ancestral recombination graph.

We recall some standard definitions below:

Definition 1. Two columns (sites) i and j in M are said to be in
conflict if there is set of four rows with the pairs
{00,01,10,11} in these two columns. If the ancestral type at
each site is known, the presence of three rows with the values
{01,10,11} in these two columns implies a conflict, since we
can infer the existence of the ancestral type 00. A pair of
columns (i, j) is said to be compatible if i and j do not conflict.

Definition 2. We define my; to be the minimum number of
recombinations required to explain M, i.e., there exists a ARG

with my; number of recombinations which explains M and
there is no ARG with fewer recombinations that explains M.

Definition 3 (from [4]). The conflict graph Go(M) = (V,E)
for a given set M of n sequences is a graph with vertex set
V ={i| iisa column of M } and E = {(i, j)| columns i and j
conflict }. Note that matrix M defines an ordering for the
vertices of Geo(M). We define two edges (a,b) and (c,d) in
G¢(M) to be noninterleaving if max{a,b} < min{c,d} or
max{c,d} < min{a, b}.

Definition 4. We define R.(M) to be the number of non-trivial
connected components (components of size more than one) in
the conflict graph of a set of sequences M.

2.1 Previous Lower Bounds

R,,: The lower bound R,,, of Hudson and Kaplan [15] is based
on the simple fact that if there is a conflict between sites  and j,
(1 < j), then one can infer a recombination event in the
interval (s;, s;). In terms of the conflict graph, this bound can
be viewed as finding a maximum set of noninterleaving edges
in the conflict graph. The number of edges gives a lower
bound on the number of recombinations.

R;,: The bound Ry, is based on the observation that if we
have a set of n sequences and m sites, then at least n —m —
1 sequences must have been created through recombination
and since a single recombination event can create at most
one new sequence, at least n — m — 1 recombination events
are required. For a given matrix M, let M(S) be the
submatrix created by choosing a subset S of columns in a
matrix M. Let D(M(S)) denote the set of distinct rows in
M(S). Then,

Ry(M) = max(|D(M(5))] ~ 5] = 1).

If the number of segregating sites is S, the number of
subsets to be considered in order to compute the bound Rj,
is 29, Myers and Griffiths propose a simple heuristic of
considering only subsets of size at most 5" where S’ is an
input parameter. Hence, the worst-case complexity of their
procedure is exponential in the number of sites.

R,: Myers and Griffiths [22] only provided a procedural
definition of the bound R,. Their algorithm performs three
kinds of operations on a given matrix: row deletion, column
deletion, and nonredundant row removal. A row deletion
can be performed if the row in the matrix is identical to
another row. Such a row is also referred to as a redundant
row. A column deletion can be done if the column (site) is
noninformative. A nonredundant row removal is a row
removal when there are no noninformative sites in the
matrix and no duplicate rows. In this paper, we also refer to
a nonredundant row removal as simply row removal
Informally, the algorithm for computing the bound R,
performs a sequence of column deletions, row deletions,
and nonredundant row removals until there is no row left
in the matrix M. A concise description of the algorithm is
given in Fig. 1.

The above procedure for computing R, considers all
possible orderings for the n rows in the matrix and, hence,
the worst-case complexity of this procedure is O(n!) which
is superexponential in n. Apart from proposing the bounds
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procedure Compute I3;(M)
if M is empty
return 0;

return (Compute_R,(M-{s}));

return (Compute_R,(M-{h}));
else

end if

else if column s is non-informative (* Minor allele appears at most once*)

else if row h is redundant (* Equal to some other row *)

return (1 + minye pr{Compute_Rs(M — {h})})

Fig. 1. Compute_R; is a procedural definition of the bound R, as described in Myers and Giriffiths [22]. In the algorithm, & (haplotype) refers to a row,

and s (site) refers to a column in matrix M.

R;, and R, Myers and Griffiths [22] presented a general
framework for combining local recombination bounds on
continuous subregions of a larger region to obtain recombi-
nation bounds for the larger parent region. Consider a
matrix M with S sites labeled 1 to S and suppose we have a
local bound B;; on the number of recombination events in
the region (i,7), 1 <i < j < S. Then, their method, which is
essentially a dynamic programming algorithm, can use
these local bounds to compute the minimum number of
recombination events between every pair of sites in the
sample. This new bound for an interval (3, j) is denoted as
R;; and, in particular, R;g gives the bound for the whole
region. Note that the bound obtained using the dynamic
programming algorithm for a region can be better than the
local bound for that region, i.e., R;; can be larger than B;;.

2.2 A Road Map

In Section 3, we prove our main result, i.e., the number of
nontrivial connected components in the conflict graph is a
lower bound on the number of recombinations. In Section 3.1,
we propose some extensions and ideas for improving this
bound, and show a hardness result for the Maximum
Nontrival Connected Components (Max-NTCC) problem.
Finally, in Section 4, we compare this new bound R, with the
bounds R,, and R, both theoretically, and with some
examples, and discuss possible scenarios in which the bound
R, can be used.

3 CONNECTED COMPONENTS IN THE CONFLICT
GRAPH

We begin by showing that removing sites from the matrix
corresponding to the given set of sequences does not
increase the required number of recombination events.

Definition 5. Let M be an n x m matrix, and S = {1,2,...,m}
denote the set of sites in M. For a subset S' C S, let M(S')
denote the submatrix obtained by restricting columns to be in
S', and removing all redundant rows. For a site s, denote
M(S —{s}) by M_,.

Lemma 1. For any subset S" C {1,2,...,m} of a matrix M,
maysy < myy and, therefore, any lower bound on the number
of recombinations for the matrix M(S') is also a lower bound
on myy.

Proof. Consider an ancestral recombination graph G(M)
explaining M. For any arbitrary site s € S, we show how
to transform G(M) into a ancestral recombination graph

explaining M_; without increasing the number of
recombination cycles in G(M). Consider the edge e =
(u,v) labeled with s in G(M). If the edge e is labeled with
other sites as well, we simply delete the label s and keep
the ancestral recombination graph unchanged. There-
fore, the interesting case is when s is the only label on the
edge e. If v is a leaf node, we simply remove e and the
node v. Clearly, this can only happen if the sequence
labeling the leaf node was the only sequence in M with a
mutation on ¢, and hence is not present in M_,.

In the case where v is an internal node in G(M), we
collapse the edge e and make u to be the starting vertex
of all outgoing edges from v. It is easy to see that
collapsing the edge e does not induce a cycle in the graph
G(M). Hence, the modified graph is an ARG for the
matrix M_,. Using an inductive argument, it is easy to
see that

masy <my VS CS.

Corollary 1. Let S’ denote a subset of the sites S in M. Then,
maxgcs may(s) s a lower bound on myy.

Lemma 2. For a matrix M and a set of sites S'CS,
RQ(M(S,)) < RS(]W) < myy.

Proof. Observe that any sequence of noninformative
column deletions, row deletions, and nonredundant
row removal (from the definition of bound R,) opera-
tions that reduces the matrix M to an empty matrix, also
reduces the matrix M(S’) to an empty matrix. Hence,
R (M(S")) which is the number of row removal opera-
tions in a sequence which uses the minimum number of
row removal operations, is at most Rs(M). O

The basic idea behind the proof of the connected
components lower bound is based on the computation of
R,. In the R, computation, we delete rows and columns, but
we only charge to a recombination event when we are
deleting a nonredundant row. We will show essentially that
a row that is nonredundant when restricted to sites in a
connected component MUST be redundant when restricted
to sites of any other connected component. In order to do
this, we must prove a structural property of two connected
components described in the 2-edge theorem (Theorem 1). The



BAFNA AND BANSAL: THE NUMBER OF RECOMBINATION EVENTS IN A SAMPLE HISTORY: CONFLICT GRAPH AND LOWER BOUNDS 5

i ko1 i 5 k1 it j ko1
00 0 0 00 0 0 00 0 0
00 - - (4,k) mustnot |0 0 O - 00 01
bl # b2
o1 1 - contain 01 01 1 - 0 1 1
-
01 0 - — 01 0 - 01 0
1 0 - - 1 0 0 - 1 0 0
11 - - 11 - - 1 1 -
i j ko1 i j k1 i j k1
00 00 00 0 0 00 0 0
(4,1) cannot
(¢, k) must 00 01 00 0 1| (Omust |0 0 O 1
contain both
not conflict o1 1 - 0 1 1 z| notconflict |0 1 1 =z
10 and 11
= 010 - 01 0 z = 01 0 =z
=
10 0 - 10 0 - 10 0 z
11 0 - 1 1 0 z 11 0 z
i 7 ok 1 i 7 k1
00 0 0 00 0 0
(k,1) must 00 0 1 00 0 1
(. k) must
contain (1, z) 011 z 01 1 z
not conflict
to conflict 01 0 z 01 0 z
-
= 1 0 0 z 1 0 0 =z
1 1 0 z 11 0 z
- -1 z -1 1 z

Fig. 2. xxxxx.

proof of this theorem depends on two technical lemmas
which we prove next.

Lemma 3. Let S = {4,j,k,1} be four columns in a matrix M
such that (i,7) and (k,1) conflict and (i, k), (i,1), (j, k), and
(4,1) are compatible. Then, there is at most one pair a €
{00,01,10,11} such that [aby] and [abs] are distinct rows in
M(S), where by, by € {00,01,10,11}.

Proof. The proof is by contradiction. Suppose there are four
distinct rows [a1b1], [a1b2], [agbs], [azbs] in M(S). Without
loss of generality, we can assume that a; = b; = 00 (we
can relabel the columns without changing the conflict
graph). We now consider two cases where a; = 01 and
as = 11. Since the ordering of the columns is not
important, the case where a; = 10 is the same as as = 01.

Case ap = 01. Since b3 # b4, they differ in at least one
of the sites {k,l}. We can assume that they differ in the
column k (as the order of the columns is not relevant).
Also, as (i, j) conflict, the rows a3 = 10, and a4 = 11 exist.

conflicts possible are between the sites (i, j) and (k, ), the
submatrix is constrained to contain the following distinct
set of rows:

|

z y 1

If y =0, then (j, k) conflict. If y =1, then (5,1) conflict, a
contradiction! O

We show that the remaining values in this matrix are Lemma 4. Let S = {3, j, k, [} be four columns in a matrix M such

forced and lead to a contradiction (see Fig. 2).
Now (4,1) contains 00, 01,1z, and 1z, a contradiction!
Case a; = 11. The argument for this case proceeds
along the same lines as the previous one. Since the only

that (i, j) and (k,1) conflict and (i, k), (i,1), (4, k), and (4,1) are
compatible. There, the submatrix M(S) does not have three
distinct rows of the form [a1b1], [az2bs], [asbs], where a; # ay #
as and b1 75 b2 75 bg.
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i § k1 i j ko1
i 7 k1
(4, k) must not 00 00 00 0 0
00 00 (¢, k) must
contain (1 and 01 0 1 01 0 1
01 0 1 not conflict
(K, 1) must conflict 111 2 111 2
11 1 - -
= 1 00 - 1 00 -
10 - -
-1 1 z 1 1 1 =z
Fig. 3. xxxxx.
i 7 k1 ¢ j k1
i j k1
(4, k) must not 00 0 0 0 0 0 0
00 0 0 (¢,1) must
contain 01 and 01 1 1 0 1 1 1
01 1 1 not conflict
(k, 1) must conflict 11 01 1 1 01
11 0 1 -
- 1 0 0 - 1 0 0 1
10 - -
-1 10 -1 1 0
Fig. 4. xxxxx.
i 5 k1 i 4 k1
i 7 k1
(4, k) must not 00 0 0 00 0 0
0000 (i, k) must
contain 01 and 01 01 01 01
01 01 not conflict
(k, 1) must conflict 101 =z 101 2
1 01 - ==
== 1 1 0 - 1 1 0 -
11 - -
-1 1 z 1 1 1 z
Fig. 5. xxxxx.
v g k1 i o ko1
i 7 k1
(4, k) must not 0 0 00 0 0 0 0
00 0 0 (7, k) must
contain 11 and 0 1 1 1 0 1 1 1
01 1 1 not conflict
(k. 1) must conflict 1 0 0 1 1 0 0 1
1 0 0 1 =
= 11 0 - 11 0 —
11 - -
- — 10 -1 1 0
Fig. 6. xxxxx.

Proof. Suppose, to the contrary, we have three distinct rows
[a1b1], [asbs], [asbs] in M (S). Without loss of generality, we
can assume that a; = b = 00 and a» = 01 (we can relabel
the columns without changing the conflict graph and the
ordering of the rows and columns is not important). As
before, we proceed using a case-by-case analysis.

Case: ag = 11 and by = 01 (see Fig. 3).

But, now, (4,1) contains 00,01,1z, and 1, %, a contra-
diction!

Case: ag = 11 and by = 11 (see Fig. 4).

Now, the pair of columns (j,!) conflict, which is a
contradiction.

Note that, since the ordering of the columns does not
matter, the cases where by = 10 is identical to the case
where b, = 01.

Case: ag = 10 and by = 01 (see Fig. 5).

But, now, (¢,l) contains 00,01,1z, and 1,z hence a
conflict.
Case: ag = 10 and by = 11 (see Fig. 6).
Now, the pair of columns (j,!) conflict, which is a
contradiction.
This completes the proof of the lemma. O
Theorem 1 (2-edge theorem). Let S = {i,j,k, 1} be four
columns in a matrix M such that (i, j) and (k,1) conflict and
(i, k), (i,0), (4, k), and (j,1) are compatible. Then, there exists
pairs a;j and by, such that every row in the submatrix M(S) is of
the form [a;;b] or [aby), where a;;, by, a,b € {00,01,10,11}.
Proof. Consider three distinct rows in the submatrix M(5)
of the form [a;b1], [a2bs], [aghs], where a1 # a2 # as. From
Lemma 4, it follows that it cannot be the case that

by # by # b.
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First, we consider the special case where b; = by = b3.
Then, consider the three rows [a4bs], [a5bs5], [asbs], where
by # by # bg # by. Since the columns (k,!) conflict, three
such rows exist. Now, if a; = a5 = ag, then there cannot be
a row of the form [ab] where a € {a1,a9,a3} and b # by
since, then, we would have four distinct rows
[abi], [ab], [asba], [asbs] which violate Lemma 3. Hence, the
only other row we can have is [a4b;] and, therefore, the
lemma holds with a;; =as and by =b;. If we have
as = as # ag, then we cannot have another row of the form
[ab] where a # a4, since then we would again have four
distinct rows violating the constraint of Lemma 3. Hence,
the lemma is satisfied with a;; = a4 and by; = b;.

In the case where b; = by # b3, Lemma 3 enforces that
there is exactly one row of the form [asbs] where by is
different from both b; and b3 and a4 € {00,01,10,11}.
Similarly, there is one and only one row of the form [a5bs]
where b5 is different from either of by,b3, or by and
as € {00,01,10,11}. If a4 # a3 and ay # ag, then the three
rows [aghi], [asbs], [asbs] violate Lemma 4. Applying
Lemma 4 to the three rows [a1b;], [asbo], [asbs], We get
that either a4 =a; or a4 = a3. But, both the previous
constraints can be satisfied if and only if a4 = a3, since
a1 # ap. Using similar arguments, it follows that a5 = a3.
Hence, the lemma is true with a;; = a3 and by =b;. O

It has been brought to our attention that the above
theorem appears in a different form in a paper by Song and
Hein (see [27]: Lemma 3).

Definition 6. Let {i, j, k, [} be four sites in a matrix M such that
the pairs (i, 7) and (k,1) conflict and (i, k), (,1), (4, k), (J, 1) are
compatible. Then, we denote by a;; and by the pairs, such that
every row in the submatrix M(S) is of the form [a;;b] or [aby)].

The next lemma explains how a nonredundant row
removal (a row removal is said to be nonredundant when a
column deletion or a row deletion cannot be done) can only
destroy one connected component. The connected compo-
nent theorem will follow from a simple application of this
lemma and Lemma 1.

Lemma 5. Consider a matrix M such that each connected
component in the conflict graph Gc(M) has size 2, ie.,
it consists of two sites which are in conflict. Then,
R,(M) > R.(M).

Proof. We show that every possible sequence of nonredun-
dant row removal events which reduces a matrix M
(whose conflict graph has the structure described above)
to the empty matrix, requires at least R.(M) nonredun-
dant row removal operations. Since the bound R; is the
minimum number of row removal operations performed
for some sequence of nonredundant row removal events,
it follows that R (M) > R.(M). We claim that any
column or row deletion cannot remove an edge in the
conflict graph (or, equivalently, destroy a connected
component). A site is deleted only when it is noninfor-
mative, i.e., there is either only a single haplotype with a
1 at that site or a single haplotype with a 0 at that site.
Clearly, such a site cannot be involved in a conflict with
another site, since one needs at least 2 ones and 2 zeroes

at a site for it to be involved in a conflict. Similarly, a row
is deleted when there are two identical haplotypes.
Clearly, a removal of one of them cannot remove a
conflict between two sites.

Now, consider a nonredundant row removal opera-
tion which destroys a conflict between two sites (3, j), i.e.,
it removes one of pairs {00,10,01,11} from the two
columns. Denote the pairs removed by (ab). Consider a
pair of conflicting sites (k,I) and the submatrix M(S)
restricted to the four sites S = {1, j, k, [}. Clearly, ab # a;;
(where a;; is as defined above), since a;; is present in
more than one row of M(S). From the 2-edge lemma, it
follows that the pair in the columns (k,!) in the row that
was removed is also present in other rows in M(S).
Hence, the removal of the row containing (ab) in the
columns (i, j) cannot destroy a conflict between the sites
(k,1). Hence, a nonredundant row removal operation can
destroy at most one connected component (or conflict) in
the conflict graph. Therefore, by induction, any sequence
of column deletions, row deletions, or nonredundant
row removal events requires at least R.(M) nonredun-
dant row removals to reduce the matrix to the empty
matrix. O

Theorem 2. For every matrix M, R.(M) < R,(M) < my.

Proof. For every nontrivial connected component in R.(M),
we remove sites such that only two conflicting sites
remain in each connected component. Clearly, we can do
this for every connected component with two or more
sites. Hence, after removal of a subset of sites, we have a
reduced matrix M(S") where S’ is the set of remaining
sites. From Lemma 2, my > R,(M(S')). Also from
Lemma 5, it follows that R (M(S')) > R.(M), which
proves the required result.

Note that the 2-edge theorem (Theorem 1) imposes a
strong structure on the underlying matrix. We can
extend this theorem to the general case where we have
a connected component instead of an edge. The theorem
below, shows that the rows conferring haplotype
diversity to a connected component are disjoint for each
connected component. ad

Theorem 3. Let A, B be disjoint subsets of columns representing
distinct connected components in the conflict graph. Let
a1,...,a, and by, ..., b be the distinct rows (haplotypes) in
M(A) and M(B), respectively. There exist haplotypes a; and
bj, such that all distinct rows of the matrix M[A U B] are of
the type [a; b] for some b€ {bi,...,b}, or [abj] for some
a€{ay,...a;}.

Proof. We prove by induction on the total number of
columns in M. As the two components are nontrivial, M
has at least four columns containing an edge in each
component.

Base case (four columns): Each component has four
distinct haplotypes 00,01,10, and 11. The base case
follows directly from Theorem 1.

Induction step (k+ 1 columns): Assume that the
hypothesis is true for all matrices containing two
nontrivial components with a total of k£ columns. Let A
be the component with the larger number of columns.



Remove a column ¢ from A to get A’, such that the
columns in A’ still form a single connected component.'

By the induction hypothesis, there exist haplotypes «;
and b;, such that all distinct rows of M[A’ U B] are of the
type [a} b] for some b€ {bi,...,b}, or [ab;] for some

a € {a1,...,a;}. Thus, the distinct rows of M (A’ U B) are:
A | B
(1; b]
a; | by
[l? bl
a; bj
a/Q b]
ay, | b

Now, add the ith column back to get M(AUB).
Consider all the rows containing a;. We claim that all
rows containing a; must have the same value z in the ith
column. If this is true, the rows of M(A U B) are

¢t A|B
’

z al | b

P !

z a; | by
7
zoa; | b
/

@ b]
!
ay | by
!
aj, | b;

Let a; = [z a}]. Then, each row is of the form [a; b], or
[a b;], and we are done.

Next, consider the case when the rows containing a;
have instances of z and z in the ith column. Without loss
of generality, rename the haplotypes of B so that the
rows of M(A U B) contain

i A|B

z oai | by

z a; | b
a, bl
/
ay | b;
ay | b
!
ay | b

1. Such a column always exists since one can remove a vertex from a
connected graph such that the remaining vertices still form a connected
graph.
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Next, consider an arbitrary column j € A’ such that i, j
conflict, and denote the value of row a; in column j as z.
Consider the connected component X = {i, j}, and B. As
(i, ) conflict, all four rows zz, Zz, 2z, 2z must appear. On
the other hand, as a; only contains z, all rows containing
Z must line up against b;. The columns of M (X U B)
contain

X | B
zx | by
zZx | by

by
ZT | b;
7T | by

b;

It is easy to verify that the components X and B
violate the inductive hypothesis even though they X U B
has fewer than k columns, a contradiction! m|

Definition 7. For a pair of nontrivial connected components
(A, B), we denote the common haplotype of A with respect to
Bas h(A, B).

3.1 Extensions to the R. Lower Bound

In this section, we show how the connected component
lower bound can be combined with previous bounds. We
also introduce the MAX-NTCC problem for finding the
subset of columns in a given matrix with the maximum
number of nontrivial connected components.

We begin by proving that we can apply the lower bound
R, independently to each connected component of the
conflict graph of a matrix M to obtain a recombination
lower bound for M.

Lemma 6.
> Ri(M(O) < Y Ry(M(C)) < Ry(M) < muy.
cece cecc

Proof. Consider an optimal history for R, for the matrix M,
i.e., a sequence of column deletions, row deletions, and
nonredundant row removal events which reduces a
matrix M to the empty matrix and requires R,(M)
nonredundant row removal operations. This history can
be used to obtain R, histories for each connected
component as follows: Consider any nonredundant
row removal operation in the optimal history and let
denote the row removed. There is at least one connected
component C' such that the row r is nonredundant in the
submatrix restricted to the sites in C. Let C’ be another
connected component in the conflict graph of M. We
claim that the row r is redundant is the submatrix
restricted to the sites in this component C. If this was not
the case, it would contradict Theorem 3. Hence, the row r
is nonredundant in the submatrix restricted to the sites of
exactly one connected component. Therefore, every
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nonredundant row removal can be assigned to the R;
history of one connected component. For all other
components, this row removal corresponds to a row
deletion event in the history. Therefore, the sequence of
column deletion, row deletion, and row removal opera-
tions in the history of a connected component is identical
to that in the optimal R, history for M. Moreover, the
total number of nonredundant row removal operations
summed over histories of all connected components is
exactly R(M). It follows that ) ~.oc Rs(M(C)) < R(M).
Since R,(S) > Ry,(S) for any set of sites S, the sum of Ry,
bounds on the connected components is also a valid
lower bound. ]

Note that computing R, is intractable in general.
However, we can possibly speed up the computation of
the R, bound by computing the bound independently on
each connected component of the conflict graph. Moreover,
in practice, the above lemma can be used to obtain
improved bounds as follows: For each connected compo-
nent, it is easy to check in polynomial time whether R, =1
or R, > 1. If it is the case that R, > 1, then one can infer a
recombination bound of two for the sites in the connected
component instead of one. We illustrate this on a real data
set in Section 4.1. Moreover, the above lemma also allows us
to combine the bounds R;, and R.. For a given set of sites,
one can get a bound that is at least as good as the maximum
of the bounds R;, and R..

We can use Lemma 1 in conjunction with the connected
component lower bound to obtain a somewhat stronger
lower bound on m;;. For a subset S’ of the sites in M, let
CC(S") denote the nontrivial connected components in the
conflict graph for M (S’). For every matrix M,

!
max [CC(S)] < ma. (1)

Based on this observation, we define the Max-NTCC
problem for finding a subset of sites whose conflict graph has
the maximum number of nontrivial connected components.
Unfortunately, we show that this problem is NP-complete.

Max-NTCC problem:

Input: A matrix M with n sequences and a set S of s
sites.

Output: S’ C S, such that the number of nontrivial
connected components in the conflict graph of M (S5') is > k.

Theorem 4. The Max-NTCC problem is NP-complete.

Proof. It is easy to see that the problem is in NP. To prove the
NP-completeness, we give a reduction from the Indepen-
dent Set problem. The independent set problem is defined
as follows: Given an undirected graph G = (V, E), is there
asubset V' of V of cardinality > ksuch that thereisnoedge
between any pair of vertices in V".

We construct a matrix M with 2|V| sites (columns) and
3|V| + 3|E| rows as follows: Label the nodes in V
arbitrarily from 1 to |V|. For every vertex v; in V, we
define two sites v; and v,. We initially start with no rows
and add new rows to the matrix keeping the number of
columns fixed as 2|V|. For every vertex v;, we add three
rows with the pairs {01, 10, 11} in the columns {v;, v} and
with value 0 in all other columns. Hence, we obtain a

matrix with 3|V| rows, such that there is a conflict between
the sites {v;,v;},1 <1 <|V| and no other conflicts. Now,
for every edge (v;,v;) € E, weadd three new rows with the
pairs {01, 10, 11} in the columns {v;, v;} and with value 0in
all other columns. As a result, we obtain a matrix M with
2|V| columns and 3|V'| 4 3| E| rows. We claim that the only
edges in the conflict graph for this matrix are of the form
{vi,v}}, v; € V, or {v;,v;}, where (v;,v;) € E. This is true
since the only pairs of columns for which there is a row
with pair {11} are {v;,v;},v; €V, and {v;,v;}, where
(’Ui, ’U]') c k.

Suppose that there exists an independent set V' C V
of cardinality k in G. Consider the conflict graph for
M(S") where S =Uyey{u,uv'}. Each pair of sites
{u,v'},u € V' forms a connected component of size 2,
since there is no conflict between a pair of sites (u,v)
where u,v € V'. Hence, the conflict graph G¢(M(S)'))
has k nontrivial connected components.

Now, let S C S be such that the conflict graph for
M(S') has k nontrivial connected components. It is easy
to see that every nontrivial connected component has at
least one nonprimed vertex v € V. For each connected
component, we choose one nonprimed vertex to form the
set I C V.Now, I is an independent set in G since if there
was an edge between two vertices in I then they would
have been in the same connected component in
CC(M(S")) and, therefore, not both in the set I. Also,
the independent set I has cardinality k. Hence, there is
an independent set V' C V' of cardinality at least k iff
there exists a subset S’ of .S such that the conflict graph of
M(S") has k nontrivial connected components. O

4 COMPARISON OF R. WITH OTHER BOUNDS

In this section, we compare R, to the bounds R,, and Rj.
We have already proved (see Theorem 2) that the history-
based bound R, is at least as good as the bound R,
however, it is not feasible to compute R, for a set of 10 or
more haplotypes (see [22]). First, we observe that if we
apply the R, method to subsets of continuous columns, and
compute the best bound using dynamic programming on
the local lower bounds, then R. can never be worse than
R,,. Note that the running times for computing the bounds
R;, and R, are exponential and superexponential, respec-
tively. In general, the best lower bound that can be obtained
using the connected component approach is m/2, where m
is the number of columns. If the number of distinct
haplotypes n > m +m/2, then the bound Ry is trivially
better than the connected component lower bound. For
example, for a set of 2" haplotypes with k columns, the Ry,
bound is exponentially better than the connected compo-
nent lower bound. For regions of low diversity in haplotype
data, the connected component lower bound can possibly
offer better bounds that the haplotype diversity bound Rj,.
Here, we provide an example of a matrix M for which
Ry, = % |CC|, where CC is the set of the nontrivial connected
components in the conflict graph for M. Although this
example is not real, it serves to illustrate the kind of
haplotype data for which the bound R, could offer
improvements over the bound Rj,.
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,,,,,

‘<; 2.37M(k—1) columns |
Fig. 7. The structure of the matrix M for which R;, = %Rc.

Theorem 5. For all ng, there exists a matrix M with n > ng rows
such that Ry(M) =2 R.(M).

Proof. We choose the number of rows for the matrix M to be
3k > ng, where k > 2. Starting from an empty matrix, we
add new columns keeping the number of rows fixed. We
add columns in groups of 2, which represent a connected
component in the conflict graph. The following proce-
dure defines the matrix M (depicted in Fig. 7):

forj=1tok—1
fori=0to 3"/ —1do
add two new columns with the following values:
01 in 3/~! rows starting from row 3/71(3i + 1)
10 in 37! rows starting from row 37! (3i + 2)
11 in 3/~! rows starting from row 3/~!(3i + 3)
00 in the remaining rows

N OO N

Claim. Every column conflicts with only one other column.

Proof. Consider a column i where 0 < i < 231 — 1. There
are only two rows with a 1 at this site and every other site
(apart from the onesite this site conflicts with) has the same
value in these two rows. Hence, every site ¢,0 <14 <
2. 31 _ 1isinvolved in only one conflict. Next, consider
a column j where 2-31 <j<2.3%142.3+2_1,
There are six rows with a 1 at this site and every other
site (except the column with which j conflicts) has the same
value in these rows. Hence, every site j in the range [2 -
3k-12.31 —1+2.3%2 1] is involved in only one
conflict. Similar arguments are applicable to each subma-
trix added in steps 2-6 of the procedure above which
describes the matrix M. Hence, the required property
holds for every column in the matrix M. ]

Lemma 7. Ry, for the matrix M (constructed above) is exactly
2cc.

Proof. After adding new rows as defined by this procedure,
the matrix M has 2(3* 14324 ... 43)=3" -3 col-
umns. Also, there is a conflict between any two new
columns added. Therefore, we have [#z] nontrivial
connected components. Hence, [cc/=[#52].

Observe that the first two columns are the only columns
that can distinguish rows 1, 2, and 3. The next two columns
are the only columns that can distinguish rows 4, 5, and 6.
In general, columns 2¢ and 2i + 1 are the only columns that
can distinguish between rows 3i, 3¢+ 1, and 3i+2,
0<i<3F1 1. Let I be the set of the first 3*~! sites.
Observe that |D(M;)| = 3*. Restricting the matrix to the
first 231 sites, we obtain R, >3"—2.3"1-1=
31 _ 1. Now, we need to show that for every subset of
rows S, (|D(Mg)| —|S| — 1) < 3*! — 1. Suppose, on the
contrary, there is a subset S for which (|[D(Mg)| — |S| —
1) > 3! —1.If S does not contain a pair of columns
(2i,2i4+1), 0 <i < 3k —1, then we can add the pair of
columns S to obtain a set of columns S’ such that
(|ID(Mg)| — 15" — 1) > (|D(Mg)| — |S] — 1). In the other
case, where S does not contain one of the columns
(24,214 1), we can add that column to get a set ', for
which (|[D(My)| —|S'| —1) = (|]D(Mg)| — |S| — 1). Induc-
tively, we can add columns to S to obtain a set of columns
S§*=SUT such that (|D(Mg:)| —|S*| —1) > |D(Ms)| —
|S| —1) > 3! —1. We know that |S*| > |I| =2-3F.
Hence, we obtain |D(Mg.)| > 3¥1 4+ 2.3"! = 3%, which
is a contradiction since we only have 3" rows. Therefore, it
follows that R;, = 3*~! — 1. Hence,

3 -3 2
(53 e

This shows that R, %RC for the matrix M. For this
particular example, one can also show that R, = |CC|. O

This completes the proof of Theorem 5. 0

Although the R), bound for the matrix M is 3~! — 1, by
obtaining local bounds using R;, on subregions of the matrix
and using the framework of Myers and Griffiths [22] to
combine these local bounds, the overall bound for the
whole matrix can be improved to |CC|. However, by
permuting columns appropriately, overall bound obtained
by combining the local R; bounds can be forced to be
31 — 1. while the connected component bound is un-
changed. The next theorem shows that the above example is
in fact a worse-case scenario.

Theorem 6. For any matrix M, R,(M) > 2R.(M) — 1.

_2

3

Ry, =311
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For a given matrix M, we can remove columns such that
every nontrivial connected component is of size 2 and the
number of nontrivial connected components does not
decrease. Therefore, it suffices to prove the above theorem
for a matrix M in which every connected component has
size 2. Next, we prove a series of lemmas for a matrix M in
which every connected component is of size 2. For such a
matrix M with n distinct rows, we show that the number of
nontrivial connected components cannot exceed n/2. For a
matrix with n rows, we denote the number of nontrivial
connected components by C(n). Since every component is
of size 2, the number of sites is 2 - C(n).

Lemma 8. For a matrix M in which every connected component
is of size 2, there exists a connected component (pair of
columns), such that three of the four pairs {(00,01,10,11}
appear exactly once.

Proof. Consider a connected component C. Let C(ab)
denote the set of rows with value ab in the columns of
C, where ab € {00,01,01,11}. Let C(2) denote the set of
rows corresponding to the second largest among the
four values: {|C(ab)|:abe {00,01,01,11}}. and =y
denote the pair in the component C in the rows
C(2). Let C,,;,, be the connected component for which
Conin(2)] = mincece{|C)1}-

If |Crin(2)] =1, then clearly [Cpin(2)| = |Crnin(3)] =
|Crmin(4)| = 1 and, therefore, three of the four pairs appear
exactly once in the connected component C,. If
|Cin(2)| > 1, since all the rows in the matrix M are
distinct, there exists a connected component C’ such that
the pairs in the component C’ in the set of rows C,,;,,(2) are
not all equal. Hence, h(Cpn,C’) =zy (here, h(A,B)
denotes the common haplotype of component A with
respect to B) and, therefore, three out of four pairs in the
component C’ are present in the rows C,,;,(2). Let C'(2)
denote the set of rows corresponding to the second largest
among the four values: {|C’(ab)|: ab € {00,01,01,11}}.
Clearly, |C"(2)| < |Cinin(2)]- However, |Cyin (2)| = mingece
{|C(2)|} which leads to a contradiction. Therefore,
|Cmin(2)] =1 and there is a connected component such
that three of the four pairs {00, 01, 10,11} appear exactly
once. a

Lemma 9. For a matrix M in which every connected component
is of size 2, Ry(M) >n/3 — 1.

Proof. The proof is by induction on the number of rows. For a
matrix with at most six rows and at least one connected
component (pair of columns), we can restrict the matrix to
a single connected component for computing R, and,
hence, R, >4 —2—1=1 > 6/3 — 1. This proves the base
case. Suppose the induction hypothesis is true for k < n,
i.e., for every matrix M with k rows (k < n) and in which
every connected component is of size 2, R,(M) > k/3 — 1.
Now, consider a matrix with n rows, where n > 6. From
the previous lemma, there is a pair of conflicting columns
(connected component), such that three of the four pairs
appear exactly once. Let M’ denote the matrix after
removing the two columns with three of the four pairs
occurring only once and the three rows corresponding to
the three pairs. Note that removing the two columns does
not cause any other rows to become identical, since all

rows apart from the three removed had the same value in
the two columns (see Lemma 3). One can write
Ry(M) > Ry(M') +3 —2 = Ry(M') + 1. From the induc-
tion hypothesis, we have R;(M") > (n —3)/3 — 1. Com-
bining, we obtain R;(M) > n/3 — 1, which proves the
lemma. O

Lemma 10. For a matrix M in which every connected component
is of size 2, C(n) <n/2 — 1.

Proof. Consider a matrix M with n rows in which every
connected component has size 2. From Lemma 8, there
exists a connected component C, such that three of the
four pairs occur exactly once in C. Denote the three rows
containing these pairs as R(C'). Moreover, applying the
2-edge theorem, we also have the property that the pairs
in the rows R(C), in every component apart from C' are
identical. Hence, if we remove the columns in C, three
rows in M become identical. Therefore, we have the
equation: C(n) <14 C(n—2). We also have C(4) =1
and, hence, C(n) < n/2 — 1. O

From the above two lemmas, it follows that R; >
n/3 —1> 2C(n) — 1, which completes the proof of Theorem
14. Note that the theorem still holds if R.(M) is replaced by
maxgcgs RC(NI(S,)).

4.1 Application to a Real Data Set

Next, we consider a real data set taken from the alcohol
dehydrogenase locus from 11 chromosomes of Drosophila
melanogaster [18]. The original data set had 11 haplotypes
and 2,800 sites. We coalesce two identical haplotypes and
remove all sites that are not incompatible with any other sites
and sites that are identical to an adjacent site. This leaves us
with the following reduced set of nine haplotypes typed at
16 sites (see Fig. 8). From Lemma 1, a lower bound on a subset
of sites is also a lower bound for the complete set of sites.
Hence, we consider the haplotypes to be restricted to the sites:
{1,4,5,6,7,8,9,10,11,12,13,14,15,16}. We denote a recom-
binationlowerbound for the sites between sites aand bby B,
For this smaller data set, the recombination lower bound that
we would get using R,, is 4. However, the conflict graph for
the subset {1,4, 5,6} has two connected components, which
implies a local recombination lower bound of 2 between the
sites 1 and 6, i.e., By ¢ = 2. Hence, the connected component
lower bound for the smaller data setis 5. However, for the set
of sites between 7 and 15, there are two conflicting pair of
sites: (7,15) and (14, 15). One can check that the removal of
one sequence does not destroy both these conflicts. Hence,
one can infer a recombination bound of 2 for this subset (see
Lemma 6), ie., By7i5 =2. Therefore, B; s = Big+ Bs7 +
Bris+Bisp6=2+1+2+1=06 which gives an overall
lower bound of 6. For this data set, Song and Hein [27]
showed that the minimum number of recombination events is
7. This example illustrates that the connected component
bound can provide improvements over the bound R,,.

5 DiscussioN AND FUTURE WORK

The technical part of this paper has been devoted to
establishing that the number of nontrivial connected
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1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
A o o0 0 1 o0 0 0O 1 o o0 O o0 O 0 o0 O
B o 1 o0 0 o0 0 0 1 o O O o0 O O o0 o0
C o o0 o0 0 0 0 0 o0 o o o o0 o0 O 1 0
D o o0 o0 0 0 0 1 0 o0 o0 O O o0 O 1 0
E o o0 ¢t 1 1 1t 1 0 0 0 0 0 0 0 o0 1
F o 1 o0 0 o0 1 O O o 1 O 1 0 1 1 1
G o 1 o 0 0 1 0 0 1 1 1 1 1 1 0 1
H 1 1 1 1 1 1 O 0 1 1 1 1 1 1 0 1
I 1 1 1 1 0 1 0 0 1 1 1 1 1 1 0 1
Fig. 8. xxxxx.
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