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ABSTRACT Recombination is an important evolutionarytation, recombination can give rise to new variants by
mechanism responsible for the genetic diversity in humal‘mmbining types already present in the population. Re-
and other organisms. Recently, there has been extensive ggmpination tends to break the dependence among alle-
search on understanding the fine scale variation in recoml?'é—S on either side of the crossover and hence reduce the

nation rates across the human genome using DNA polymc[-

phism data. A combinatorial approach towards this is to es_lnkage Disequilibrium (LD). Recent studies of DNA

timate the minimum number of recombination events in an{QOIVmorph'Sm data from the human ge.nome (See. €.g.
history of the sample. Recently, Myers and Griffiths [30[11], [4], [23]) suggested an interesting block like
proposed two measureB,, and R;, that give lower bounds structure of the genome, where long stretches of the hu-
on the minimum number of recombination events. In this panan genome known a< blocks(with high LD) show
per, we provide new and improved methods (both in terms @jgns of little or no recombination and the recombina-
running time and ability to detect past recombination esenttion events occur in so calleg@combination hot-spots
for computing lower bounds on the minimum number of "1 humans. various recombination hotspots have been
combination events. Our principal results include: . op " . .
identified using experimental techniques. Jeffreys et.
¢ We show that computing the lower boui is NP-  al. [22] analyzed a 216-kb region from the major histo-
hard using a reduction from the minimum test CQ”eCcompatibiIity complex (MHC) using sperm typing and
tion problem [12]. We adapt the greedy algorithmgentified clusters of recombination hotspots separated
for the set cover problem [24] to give a polynomial, n g regions (60-90 kbs) of low diversity. However,

time algorithm for computing a diversity based boundth . tal det inati f binati ¢
which we callR,. This algorithm is several orders € experimental determination of recombination rates

of magnitude faster than the Recmin program of My&t high resolution is technically difficult and costly. An
ers and Griffiths [30] and the bourfdl, matches the alternative approach is to use population genetics data
boundR;, almost always. to infer the fine-scale variations in recombination rates.
« We also show that computing the lower bouRicfor A v:?lriety of s_tatistical methods based on different pop-
a given matrix is also NP-hard using a reduction frontilation genetics models have been proposed to estimate
MAX-2SAT. We give aO(m - 2") time algorithm for recombination rates from DNA sequences sampled from
exactly computing?, for a dataset witm haplotypes human populations. (see e.g. [14], [9], [20], [28],
andm SNP’s We propose a new bouiit} which ex-  [27]). The emergence of genome-wide diversity stud-
tends the history based boufd using the notion of jes ~such as the HapMap project[17], has accelerated
intermediate haplotypes. This bound detects more r@g, 1 \ards constructing a fine-scale recombination
combination events than botR;, and R, bounds on
many real datasets. map of the_: human genome. More_: recently, two Iar_ge
scale studies [29, 3] have shown fine-scale recombina-

¢ We extend our algorithms for computing, andRs o1 rate variation and recombination hotspots to be a

to obtain lower bounds for haplotypes with missingubi Litous feature of the human genome
data. These methods can detect more recombination q 9 ’

events for the LPL dataset [32] than previous bounds In contrast to model based methods to infer recom-

and provide stronger evidence for the presence of Rination rates, an alternative approach for characteriz-
recombination hotspot. ing the heterogenity in recombination in the human genome

e We apply our lower bounds methods to a real dataset %é? obtain a direct Cqunt of past recor.nblnatlon' events
and demonstrate that these can provide a good indick©™M Population genetics data. Population genetics data,
tion for the presence and the locatiomeéombination in particular haplotype data contains signature patterns
hotspots left behind by past recombination events. A parsimo-

nious approach to counting recombination events is to
1 INTRODUCTION compute the minimum number of recombination events
Recombination is one of the major evolutionary mechrequired to explain any evolutionary history of the sam-
anisms responsible for genetic diversity in many orgarple assuming that each segregating sites mutates only
isms. Although all genetic variation starts from mu-once. This may be achieved by trying to reconstruct the



underlying graph or phylogenetic network that uses thidP-hard using a reduction from MAX-2SAT. We give
minimum number of recombination events. This probanO(m2™) time algorithm for computind?; which en-
lem is computationally challenging and has resisted efbles us to apply it to real datasets. The previous im-
forts for even an exponential time algorithm [18, 19, 35plementation of Myers and Griffiths [30] had only an
(see [39], [5], [6], [15] for some recent work on effi- Q(m - n!) bound and is intractable for more than 10-15
cient algorithms for restricted versions of this problem)haplotypes. Next, we show that the lower bouRdcan
Therefore, research in this area has focused on computiderestimate the true number of recombination events
ing lower bounds on the minimum number of recombisince it does not consider missing haplotypes. We pro-
nation events. One should remember that most recopese a new boun®; which extendsk, using the notion
bination events that took place in the history cannot posf intermediate haplotypes. This bound finds the opti-
sibly be recovered due to multiple reasons; small samal bound of7 for the haplotypes from the ADH lo-
ple size, absence of past haplotypes, etc. However, otigs of Drosophila Melanogastej26] and detects more
expects that the number of recombination events deecombination events than the; method on several
tected for a particular genomic region is a good indicadatasets from the SeattleSNP database [31].
tor of the underlying recombination rate for that region. Most real haplotype datasets have some amount of
Myers and Griffiths [30] demonstrated th&, lower missing data. A simple way of handling missing data
bound to be much more powerful than previous lowes to not consider SNP’s which have missing alleles for
bounds in detecting recombination events through sinsome haplotypes. However, this can possibly lead to re-
ulation studies and found a strong clustering of recontuced bounds. We provide extensions of the bouRgls
bination events in the center of the lipoprotein lipasand R for efficiently computing bounds for haplotype
gene [32].This region has previously been characterizethtasets with missing data. These bounds applied to
to be a putative recombination hotspot [38]. Fearnhedte LPL dataset [32] detect many more recombination
et. al. [10] applied the?;, method of Myers and Grif- events (in comparison to the number detected by ignor-
fiths [30] to detect recombination events in thglobin  ing the sites with missing data) which provide strong
gene cluster which has a well-characterized recombinadpport for the presence of a recombination hotspot [38].
tion hotspot. They found that the results obtained us-inally, we apply our methods to the polymorphism data
ing this method were consistent with their estimates olfrom the MHC region and show plots which clearly in-
tained using a full likelihood method and moreover gavdicate the presence of recombination hotspots that were
a better evidence for the recombination hotspot than thietected by Jeffreys et. al. [22] through sperm typing.
pairwise LD summaries. We also find that the location of the hotspots (deter-
mined using sperm typing) are in good agreement with
the values obtained using recombination lower bounds.
In this paper, our objective is to explore the problem
of computing lower bounds on the number of recom2 BASIC DEFINITIONS AND PREVIOUS
bination events both from an algorithmic and applica- WORK
tion perspective. We demonstrate that recombinatiof single nucleotide polymporphism (commonly known
lower bounds, although conservative, are a good indas a SNP) is a position in the genome where multiple
cator of the underlying heterogenity in recombinatiorfpredominantly two) bases are observed in the popula-
rates across a given genomic region and can indicaien. Very few polymorphic sites (about 0.1% ) in hu-
the presence of recombination hotspots. mans have been found to be tri-allelic, i.e. having more
We provide a theoretical formulation for the lowerthan two different bases at the given site. In fact, tri-
bound,R;, and show that it is NP-hard to compute thisallelic polymorphism detection is often used to flag pos-
bound. However, on the positive side, using the greedyble experimental error (see for e.g. [34]). Since many
algorithm for the set cover problem [24], we present af the SNP loci are neutral, a significant violation of the
O(mn?) time algorithm which computes a lower boundinfinite-sites assumption should result in a much higher
R, for a dataset witm rows andm segregating sites. fraction of tri-allelic polymorphic sites. Therefore, # i
The algorithm for computingz, outperforms the Recminreasonable to make thefinite-sitesor no-homoplasy
implementation of Myers and Griffiths [30] by severalassumption while dealing with human polymorphism
orders of magnitude on large datasets (such as the afeta. As there are only two alleles at every site (the
by Daly et. al. [4]) and finds the same lower bounds. ancestral and the mutant), the extant data is represented
We also show that computing the lower bouRldis by a binary matrix\/ with n rows andm columns, with

1.1 Our contribution



the two nucleotides arbitrarily renamed 0 and 1. Hencéhefour-gamete tesif for a pair of SNP’s with ancestral

all our results on binary character data are applicable smd mutant alleles a/b and c/d respectively, all four pos-
real haplotype data. sible gametes (ac, ad, bc, bd) are present, then at least
one recombination event must have happened between
the pair of loci under the assumption that no site mutates
more than oncéiffinite sites model of mutatipnBased

oo e : ) . on this idea, one can find all intervals in which recom-
which is either a concatenation of sitd$l ... p] With  hination must have occured and choose the largest set
Blp+1...mJorB[l...p]with A[p+1...m|]. Aphy- ot non-overlapping intervals from this collection. The
logenetic network(s for a set)M of n sequences is a o nd Rk, is the number of intervals in this set. How-
directed acyclic graph with a root. The root has no inéver, R,, is a conservative estimate of the minimum

coming edges. Each nodedhis labeled by an-length ,;mper of recombination events that have occurred in

binary sequence where is the number of sites. Each e pistory of the sample, since it only considers pairs
leaf of this graph is labeled by a sequencé\in Each ¢ sNpP's to infer recombination events.

node other than the root has either one or two incOm- e can use haplotype diversity to infer more than
ing edges. A node with two incoming edges is called gne recombination event in an interval. Consider an in-
recomblnatlonn_ode. Some_of the edges are labeled by a1 withm, segregating sites. H(> m + 1) distinct

the columns (sites) b/ which correspond to a muta- papiotypes are observed in this interval, then at most
tion event at that site. For a non-recombination node haplotypes can be explained using mutation events.

let e be the single incoming edge into The sequence agqyming that the ancestral haplotype is present in the
labelingv can be obtained from the sequence 'abe“ngample the remaining — m — 1 haplotypes must arise

v's parent by changing the value at the sites which labg},e to recombination events. Hence, one can infer a
the edge: from 0 to 1 (assuming that the root sequencgyyer hound of,—m— 1 for the interval. Moreover, one

is all-0). Each recombination nodeis associated With 4 choose any subset of segregating sites for an inter-
an integerr, (in the rangef2, m]), called the recombi- 5| and compute this difference to obtain another lower
nation point forv. Corresponding to the recombinationy, ,nd for that region. Taking the maximum bound over

at nodev, one of the two sequences labeling the pary sypsets of segregating sites in a particular region,
ents ofv is denoted ag”® and the other one as. The gives the best lower bound;, [30] 1

sequence labeling nodeis a concatenation of the first = 114 boundsR,, and R;, do not explicitly consider

r, — 1 characters oP with the lastn—r,+1 characters possible histories of the sample. The lower boutd
of P The sequences labeling the leaves of the phylogﬁfoposed by Myers and Griffiths [30], computes for ev-
netic network are referred to axtant'sequences. ery history (an ordering of the haplotypes), a simplified
A phylogenetic networkG: explains a sef of . nymper of recombination events, such that any a phy-
haplotypes iff each sequence labels exactly one of thgyenetic network that is consistent with this history,
leaves ofG. For a given set of haplotypes, there cafgaqyires more recombination events than this number.
be many possible phylogenetic networks with varying, minimizing over all possible histories, one obtains a
number of recombination events which explain the sef,yer hound on the minimum number of recombination
We definem; to be theminimum number of recombi- gyents. Myers and Griffiths [30] provide an algorithmic

nations required to explaii/, i.e. there exists a phy- gefinition for the boundR;. Their algorithm performs
logenetic network withn, number of recombinations yhee kinds of operations on a given matrix: row dele-

which explainsM and there is no phylogenetic nét-o column deletion and non-redundant row removal.
work with fewer number of recombination events thah (o deletioncan be performed if the given row is

explains)M. identical to another row in the matrix. Such a row is
2.2 Recombination Lower Bounds also referred to as @dundantrow. A column deletion

Currently, there is no algorithm that can efficiently com&an be done if the column (site) mon-informative( all

putem,, for a given dataset of reasonable size. HowRUt ON€ rows have the same allele at this site)iok-

ever, one is not always interested in the exact numpkgdundant row removas a row removal when there are
of events and lower bounds on the minimum number of ‘Myers and Griffiths refer to the global bound obtained by com-
recombination events are informative. The lower boun@ning these local lower bounds as the bouiyl In this paper, we

R,,, introduced by Hudson and Kaplan [21] is based Oiifr?r to the lower bound described aboveRasfor ease of exposi-

2.1 Recombination and Phylogenetic Networks

A recombination event at sitg, between two haplo-
types A and B, produces a recombinant sequerice




no non-informative sites in the matrix and no redundar8 BOUNDSBASED ONHAPLOTYPE DIVER-
rows. Given an ordering of the rows, the algorithm SITY
performs a sequence of column deletions, row deletiori'fonsider amatrixy/ and lets’

and non-redundant row removals until there is no OV, A/ For a subse§’ of segregating sites, we denote

left in the matrix M. The minimum numbgr of NON" the set of distinct haplotypes induced ByasH(S’).
redundant row removal events over all possible hlstorlelsine Ry, bound of Myers and Griffiths[30] is based on

gives the boundr,. Since, the procedure considers a”[he observation tha# (S)| — 5’| — 1 is a lower bound
n! histories, the worst case complexity of this procedurgn the number of recombinations for every subsét

is 2(m.nl). Since the number of subsets2i% for a region of width

Song and Hein [36] proposed a set-theoretic Ioweur}’ Myers and Griffiths [30] use the approach of com-
bound which computes the optimal bound for the Kreit: uting this difference for subsets of size at mosthere

man dataset [26]. Recently, the authors of this paper [ ]< w is a specified parameter. Increasingan pro-

and Gusfield et. al. [16] mdependeptly showed_ that ﬂ\‘ﬁde better bounds with an increase in computation time
number of connected components in the conflict grapfy, . the running time is exponentialinWe define the

of the set of segregating _S|te_s is also a 'OW?V bo_unggorithmic problem associated with the computation of
on the number of recombination events. While belngne boundR,, as follows:

computationally efficient, this bound can never be be‘\—/I DS: Mogt Discriminative SNP subset problem

ter thanR,. Input: A binary matrix A/ and an integek, wheres is
2.3 Combining L ocal Recombination Bounds the set of columns ai/.

Myers and Griffiths [30] presented a general frameworUtPut: Is there a subsef’ of S, such that H (57)] —
for computing recombination lower bounds from haplolsl‘ — 1>k ) ]

type data. This framework can combine local recombi- 1 "€ bound can simply be defined as:

nation bounds on continuous subregions of a larger re- Ry(M) = max(|H(S")| — 8] — 1)

gion to obtain recombination bounds for the larger par- 5'Cs

ent region. Consider a matri¥/ with m segregating

sites labeled tom. Suppose that one has computed, foIrem is NP-complete by a reduction from tiiest Col-

. . i i< _ _ _
every interval(i, j) (1 < 7 < J = m), & lower bound lection Problenil2]. An instance of the test collection
b;; on the number of recombination events between the . . -
o . problem consists of a collectian of subsets of a finite
sites: andj. Each local lower bound;; can be com- . e .
) . FetS and an integek, and the objective is to decide
puted by any lower bound method described previous!

. . . Ythere is a subcollectio®’ C C such that for each
and bounds for different intervals may be obtained b : p .
. ,y € S there existg € C’ that contains exactly one of
different methods.

2 andy and|C’| < k. An instance of the test collection

In the second step, which is essentially a dynamic . )
rogramming algorithm, one computes a new lower bo ro(PIem can be encoded as a binary matrxof size
b ’ x |C|. Each row of the matrix corresponds to an el-

fé{v\?;e;h;énslggr:g n ljlgnbe{hgfl(;i;?tr;) ?J:ggqn ?antement of the finite sef and M [z, | = 1 if the subset
J 9 'i»" = . contains the elementand0 otherwise. Here, the ob-

i< < j'. Arecursive description of the algorithm is: jective is to find a subset’ of the columns of\/ of size

By = ihax (B + bij) at mostk such that for every pair of rows i, there is
k=i+1 a column inS’ that can distinguish between them, i.e.

Note that the combined lower bourf8; can be sub- |S’| < kandH(S") = |S|. We use this encoding in the

stantially better than the corresponding local botyyd NP-completeness proof of the MDS problem below.

for an interval(s, j). In particular, By, gives the best

lower bound for the whole region. Itis important to notd-€émmal The MDS problem is NP-complete.

that all the practical results in this paper are obtained Broof: ~ Given an instancéS, C, k) of the test collec-

computing lower bounds (by using the correspondingon problem, we construct an instang®/, |S| — k —

lower bound method) for all intervals of lengih(spec- 1) of the MDS problem using the matrix encoding de-

ified as a parameter) for the given dataset, and combiseribed above.

C S be a subset of sites

We show that Most Discriminative SNP subset prob-

ing them using the dynamic programming algorithm. Consider a solutio’ C C of the test collection
In the next couple of sections, we describe variougroblem, i.e. there is a subsgt of the columns of\/
methods for computing the local bounds. such thatH (S")| = |S|and|S’| < k. It follows that for



the subset’, |H(S")|—|S’|—1 > |S|—k—1. Hence,S’
is a valid solution for the instance of the MDS problem
Now, letS” C S (S is the set of columns ai/) be
a solution of the instanc@/, |S| — k£ — 1) of the MDS
problem, i.e|H(S")|—|S'|—1 > |S|—k—1. Consider a
row h € M such thatv ¢ H(S’). For such a row, there
is exactly one rowh’ in H(S’) that is identical toh,
since all rows ind (S’) are distinct by definition. Also,
there is a column € S — S’ such that the value at this
column inh is different from the value at this column in
row i’. Hence, we can add the columario S’ and the
row h to H(S’) to get another se$” such thaiS”| =

COMPUTE.R,(M)

1. Repeat
If two rows in M are identical, coalesce them.
If a site s is non-informative, remove the site
For a pair of sitesa, b), if P(a,b) = 2, remove sites.

until possible.

2. LetM’ be the reduced matrix with rows andm sites

3. Initialized(x,y) = 0 for all pairs of rows and = ¢

4. whiled(z,y) = 0 for some pair

Lets’ be the column that can distinguish between t

maximum pairs for whickl(z,y) =0

setd(z,y) = 1forall (z,y) s.t. M'[x, s'] # M|y, '

~

|S’| + 1 and|H(S")| > |H(S")| + 1. Clearly,S" is a
valid solution for the(M, |S| — k — 1)-MDS problem.
Inductively, we can add all rows not presentii{S’) to
obtain a subset of column$* such thatH (S*) = H.
Therefore|S*| < |H(S*)| — (|S| — k) = k. HenceS*
is a solution for the test collection problem. Therefor

5
6
7
8 I=1uU{s}
(Return|H(I)| I -1 /
Figure 1:The greedy algorithm for computing the bouRg. For a
pair of columns(a, b), P(a,b) denotes the number of distinct pairs
in the two columns.

the test collection problem ar{d/, |S| — k£ — 1)-MDS

problem are equivalent. The NP-completeness of tt
MDS problem follows. &

3.1 Thelower bound R,

From the above reduction, it is easy to see that compt

’ Recmin program [30]| R, (greedy algorithm)
Parameters Bound time Bound time
Qlefault(w=15 s=6)| 134 4 secs 180 01 secs
w=20 s=10 183 2.5 mins 188 03 secs
w=25 s=10 186 31 mins 198 06 secs
w=30 s=15 200 29 hrs 199 11 secs
It- w=35 - - 203 15 secs

ing the boundR;, is equivalent to finding a a smallest
subset of columng’ such that for every pair of haplo-
types (rows)(x,y) in M, there is at least one column
¢ € C such thatM [z, | # M|y, c]. We can write down
an Integer Linear Program for computiiy as follows:

max <|H| - Zxc>

ceC
st. Y _[M(hi,¢) & M(hg,c)lze > 1 V(h1, ho) € H?
ceC

and =z, €{0,1} Vee C

It is computationally difficult to solve this ILP ex-

actly. However, we note that any feasible solution fo{:omputing theR, bound

this ILP gives a lower bound oR;, and hence is a valid
lower bound. We adapt the standard greedy algorith

for the set cover problem [24] to devise an algorithrqhe overall running time i©
(described in Figure 1) for computing a lower bound

denoted agi,.
3.2 Results: Comparison for Daly trios
It is well known that the greedy algorithm givesl a-

Table 1: Comparison of the performance of the Recmin pro-
gram [30] and ouR, bound for the Daly haplotypes with different
values of the parameters; maximum subset size (s) and maximu
width (w). Note that the?, bound requires only the parameter

bound returned by the Recmin program [30] for almost
all datasets we did the comparison for (we believe that
this is due to the effect of combining the local bounds).
The running time of the Recmin program [30] is propor-
tionalto)"; , (%) wherew is the maximum number of
segregating sites in a region for which the local bound
is computed and is the maximum subset size used for
In contrast, in order to com-
ute the best bound by combining the loggl bounds,

e require only one parameter, i.e maximum width and
(n?>mw?). Toillustrate the
kind of improvements we obtain usirfg,, we compare
the bounds (Recmin anl,) for the phased haplotypes
(258 haplotypes on 103 SNP’s) of the Daly [4] dataset
obtained from the Hap Webserver [8, 7] (see table 1).

2 In n approximation for the test collection problem whete HI|STORY BASED L OWER BOUNDS

n = |S|, the size of the ground set. However, this'\/I

approximation ratio does not apply to the MDS prob
lem. Although, in generak, < R;, we found that the

overall bound (obtained by combining the local bound

computed usinglz,) was equal to the corresponding

5

yers and Griffiths[30] only give a procedural defini-
tion of the boundR,, and their description is somewhat
informal. The time complexity of their procedure (as
described in Algorithm 3in [30]) i® (mn!), wheren is



000

the number of rows, andh the number of columns. We
give a theoretical formulation of the bourfg; which L 4\?A
allows us to develop an exponential time algorithm for 01000 0000100 O0DPO10 0000001

computing it and also show that computiig is NP-

hard.

We define a history for a set afrows as simply an
ordering of the rows. We start by redefinidy in terms 1111111
of appropriate cost of a row in a given history. Considegoooooo
a historyH = r{ — ry... — r,. The cost of rowr; 10900

in the history, denoted b§s(r;), is 0 if after removing 8328888

non-informative columns fromy, ro, ..., r;, the rowy; 0001000
turns out to be identical to one of the rows ..., 71 goooss
and1 otherwise. Then we have 0000001 1111111

Cs(H) = Cs(r) Figure 3:A set of 9 haplotypes for whict®, is 1 and a phyloge-

@ netic network for the set of haplotypes with 6 recombinaguants
and (Rr =6)
Rs(M)= min Cs(H
historys

We defer the discussion of why; is a lower bound to
Theorem 3 (where we prove th&Y; is a lower bound).

Cot? S|dte_r a ?&veﬁ_oa of IetngthSn. | Let Mf derr:oIE ? to be better than the diversity based boukgl Myers

su _mal1 ”XDOf. whic tg()ln a:jns on ¥[hrows stuc af Iand Griffiths [30] gave a small example of eight hap-
i = . eﬁ'r.]e a par 'al order on g vectors "?S 0 lotypes whereR, improves overR;, and remarked that
lows: vi < v3 if ve[i] = 1 whenever,[i] = 1. Define

) A the boundR;, is always better than the bourt),. How-
the vectorv_; as thev with the i—th bit set to0. Let : y e

RS[Q] denote theR, boun.d fo_r the corrgsponding sub-E\éirr’] (Ijnirr‘) rr?];trllcyei, nk;?:fg easr.ldRs underestimate the true
matrix. The procedure in Figure 2 gives ar{m2")

algorithm for computingR,. This dynamic program- 4.1 Recombinant Intermediates and the bound R;
ming algorithm can bring significant improvements inye use an example to demonstrate hBwcan be im-
running time. Indeed, th&, implementation of Myers proved. Consider the set af + 2 haplotypes withn
and Griffiths [30] is practical for only datasets with 10-sites shown in Figure 3. For illustration= 7.

15 haplotypes and the default in the Recmin program is  Note that if the history was forced to start with the

The R; bounds searches over possible histories of
the set of haplotypes and one would expect the bound

to computeR), instead ofRz;. first two haplotypes, each of the followingrows could
only be removed through a non-redundant row removal,
@mpute_Rs(M) \ and we would have a recombination boundhofHow-
for all row subsets7 ever, if we choosel111111 to be the last haplotype
Rs[f] =0 in the history, then removing it makes every column
for all subsets picked in an increasing order non-informative. AsR, is the minimum over all his-
if 3is.t.r; = 1 and rowi is redundant tories, Rs(M) = 1. However, at leasé recombina-
Rs[f] = Rs[7_i] tions are needed. Note that for this particular exam-
else (*forallrowsis.t.r; = 1%) ple, we can boost th&, bound to the correct value by
Rg[] = ming{1 + Rg[7_i]} applying the dynamic programming algorithm [30] for
end for combining local bounds. However, the example illus-
returnRg (1) / trates a problem wittR,, which is that in explaining a
non-redundant row-removal, we only charg8IaIGLE

, . n _ ) - recombination event. Therefore, ifi11111 was in-
Figure 2: An O(m2™) algorithm for computingR, (1 refers to . . L
all-ones vector of length) deed the last haplotype in the true history, then adding it

would require5 recombinants (the haplotypes in dashed
Using a non-trivial reduction from the MAX-2SAT boxes) NOT from the current set (as explained in Fig-
problem we show that computing the bouRyd for a ure 3).
matrix is NP-hard (for the proof, see Appendix). We use this idea to improve thi&s bound. Consider

ahistoryd =ry — ry... — 1,. LetZ;(H) denote the
Theorem 2 ComputingR, (M) is NP-hard.



minimum number of recombination events in obtaininglirect witness to a recombination nodedno appear in
rj, given any phylogenetic network for,...,r;_;. H. As each recombination node contributes at most
We allow the use of recombinant intermediates, and 98; = ), Cs(r;) is a valid lower bound on the num-
7;(H) can be greater than one. In general, the use of reer of recombinations. Consider an arbitratywith
combinant intermediates is tricky because the intermé(r;) = 1. Instead of charging to the number of
diates may help explain some of the existing haplotypgscombination events, we charge a vallj¢H ) equal

by simple mutations. In order to prove a lower boundo the minimum number of recombinations needed to

we introduce the concept ofdirect recombinationWe  obtainr; from rq,r9,...,7;_;. Consider the sequence
defineCy(r;) for a haplotype-; in a given historyH as of intermediate recombination events that were used to
follows: obtainr;. None of these nodes have a direct witness.
0 1 is different from allr;. in a Therefore the nodes iny,ry,...,7j_1 'that. had aCy
non-informative column. value of1 correspond to other recombination nodes.
Cy(r;) =< 0 r;isidentical tor;<; after removing (1) Next, the haplotypes;. ; that follow r; are charged
non-informative columns Cs(r;). WheneverCy(r;) = 1, it is because; is the

1 Otherwise first witness to a recombination node into appear in

We observe that the definition @f,(r;) holds for a - BY construction, this recombination node is not on
set of haplotypes(r,rs,...r;_1,r;} and denote this anY path from root to';, and therefore wasn’t charged
generic definition a&'y(r;, {1, 72, ...7:_1}). Note that when considering intermediates for. Therefore, each
Cy(r;) < Cy(ry) for all i in a history. However(,; can recombination node is charged at most once and the
be used to give a new lower bound on the total numb&©eund holds. s

of recombinations.
@mpute_RI(M) \

Theorem 3. Let 7 denote the set of all histories over| for all row subsets?: R[] = 0; R;[f] =0
the set of haplotypes/. Then for all subsetsi choosen in an increasing order
) if 3¢s.t.r;, =1 and row: is redundant

Rr = 216171}[ m]ax{z Cal(rs) +Ij(H) + Z Cy(ri)} R[] = RalF_i]; R[] = Ryl
1<j i>] dse
is a lower bound on the number of recombinations. for all rowsis.t.r; =1
Ry = mini{Cd(Ti, F,i) + Rd[f',i]}
Proof:  Recall thatm,; denotes the minimum num- Ry ; = ming{max{1 + R[F_;], Ra[r—:] + Z;[F—i]}}
ber of recombinations in any history @ff. We con- end for
struct one historyd = r; — ry... — r, In which Rg[7] = min;{Rq;}; Rr[F] = min;{ Ry ;}
which_, . Ca(ri) +Z;(H) + 3 ;- ; Cs(rs) is a lower end if
bound onm , for all choices ofj. This is sufficient be- | end for

cause we minimize over all histories. Consider an ph@umRI(M) /

logenetic networkA4 that explaingn ; with a minimum

number of recombinations. Each noden the phylo- Figure 4: An O(2"I(m,n)) algorithm for computingR;. The

genetic network corresponds to a haplotypewhich  pit-vector is used to describe a subset of haplotypes. Subsets are

may or may not be inV/. Haplotyper € M is adi- ordered so that the ones of smaller size are picked beforarer

rect witnessfor a recombinant node if r = r,. It is one§.Ii[F_i] denotes the minimum number of recombingnt inter-
- . - . mediates needed to compute haplotypgiven the subset with r;

anindirect witnessf it can be derived fromr, solely -+

by mutation events. A predecessor relationship is

defined for some haplotypes,r; € M. Specifically It is easy to see thak; > R,. In order to com-

ri <p r; if r; is a (direct or indirect) witness to a re-pute Ry, we need to computé;(H) for all haplotypes

combinant node on a path from the root-to Note that j, and all histories’d. To do this more efficiently, we

<p is a partial order. defineZ; over subsets, instead of histories. We denote a
Next, choose a history{ (a total ordering) that is subset of haplotypes by the bit-vecioof sizen where

consistent with<p. Note thatC;(r;) = 1 if and only 7; = 1iff r; is in the subset. Defing;[7] as the mini-

if r; is the first witness to a recombination nodedAn mum number of recombination events needed to obtain

to appear inf (thereby proving thaRk,()M) is a lower r;, over any history of the haplotypes i Likewise,

bound). LikewiseCy(r;) = 1ifand only if r; is the first define R;(7) as the minimum number of direct recom-




binations in any history of the haplotype subgefThe Dataset  Size R R
algorithm in Figure 4 describes how to compiitg in nﬁnﬁgg 2115;:17 63 4 (Ogt'ma'
time O(nQ”I(mn)) time, Where[(m, Tl) is the time to EPHB6 31x62 23 25
computeZ;[r] for any subsef. ABO  68x197 70 73

. . , DCN  31x117 16 19
4.2 Computing Recombinant Intermediates HMOX1 34x53 14 16
Our goal is to computd; 7] efficiently. Haplotypei is F2RL3 ~ 28x29 10 11
assumed to arise later in history therdrand is there- F138 2477 22 23

fore a mosaic of sub-intervals of the haplotypes™in Taple 2: comparison of the number of detected recombination
The mosaic can be expressed by a sequence of paivents using?. and R; for the phased haplotype datasets for vari-

M = (hlyjl), (h27j2) o (hk;yjk) interpreted as fol- ous genes obtained from the SeattleSNP project [31]

lows: Inh;, columnsl, ... j; came from haplotypé,

columnsj; + 1,...,j2 + 1 from hs, and so on. IfM

were the true mosaic, thén would needk — 1 recom- lower boundR; also returns the optimal bound of 7.

binant intermediates. Thus, we need to minimize this.However, the set theoretic-bound [36] does not have an
First, we can ignore all columns that are identicaéxplicit algorithmic description. On the other hand, the

for all haplotypes in~. If h; has a different value in R; bound can be computed for large datas&d & 500

any of these columns, it can be explained by a mutanatrix can be analyzed in about an hour on a standard

tion. If it has the identical value, the column can be exPC) and gives improved bounds for a number of real

plained using any haplotype and will not contribute talatasets (see Table 2 for a partial list).

.recombirjation. Ignpring these columns, the foIIowin% BOUNDSEOR HAPLOTYPESWITH MISS-

is true: if columnsjy,...,jo of h; arise from haplo- ING DATA

type h, then the values of andh; must be identical in

columnsj; throughj,. If any columnsc was different A complete haplotype is an element {f, 1}™ where

(hilc] # hc]), to exlain it by a mutation would violate ™ is the number of SNP’s and theth component in-

the infinite-sites assumption. This observation allowdicates the nucleotide at that position. However, due to

us to solve the problem of computitig[] efficiently. ~ €rrors or other reasons, the allele at a particular position
For columne,1 < ¢ < m and haplotypeh, let for a individual is sometimes not available. In such a

I[c, h] denote the minimum number of recombinationgcenario, some of the haplotypes are partial or incom-

needed to explain the firstcolumns of haplotype,; Plete. A partial haplotype is an element ff, 1, 7}™

such that the-th column arose from haplotype This where? represents the positions where the allele is un-

is sufficient because known. Since most of the real haplotype data has miss-
ing entries, it is important to find efficient methods to
[ = m}}n{[[m, h]} find recombination lower bounds for haplotypes with

missing data. The lower boundg, and R, do not nat-
I[c, h] can be computed using the following recurrenceurally extend for a incomplete haplotype matrix. How-

ever, in this section, we show how both the greedy algo-

rithm for computingR; and the exponential algorithm

0 ¢=0 for computing R; can be extended for an incomplete

[c, h] o I[e—1,n), matrix without much increase in the computational com

m { ming 2, {1 + Ilc — 1,1’} o/ plexity. We first need to modify the definitions of non-
informative site and redundant row. A site is non-informeadti

4.3 Resultsfor Ry bound if it has all but one alleles of one type (ignoring the

Besides the simulated example (in Figure 3), real datadBigsing alleles). For comparing two rows, we define
are known where®, andR;, are sub-optimal. As an ex- M[z,a] # M[y,b] if and only if Mz,a] #?" and
ample, theR;, and R, bounds for Kreitman's data [26] M [v;b] #'?" and Mz, a] # My, b].

from the ADH locus ofDrosophila Melanogasteare 5.1 R, bound for an incomplete matrix

both 6. Song and Hein [36] showed that their set theqh the last step of the greedy algorithm (Figure 1), the

retic lower bound gave a bound of 7 and proved this tglgorithm returns the boun# (T) — I — 1. For a matrix

be optimal by actually constructing an phylogenetic ne(/'vith missing entries, it is not straightforward to com-

work which requires 7 recombination events. Our ne‘ﬁuteH(I) However, consider an assignment to e
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that minimizesH (I). Then the differencéf (1) —1 —1 émputeR (M) \
gives a valid lower bound, i.e. a bound whichis valid fof (" \" 0O L o b =0

all possible assignments to the missing entries. HOW'for all subsets 7 picked in an increasing order
ever, one then needs to solve the minimum haplotype if 3 aredundant row i

completion problem; where given an haplotype matri R[] = ming{ Ron[7_:]} (* for all rows i s.t. i
with missing entries, the objective is to complete thaiS redundant *)

missing entries so as to minimize the number of distingt dse

haplotypes. This problem was shown to be NP-hard by R[] = mini{1 + Ro[7_:]} (* for all rows i
Kimmel. et. al. [25]. However, for our purposes, w§g Str;=1%

use a simple heuristic to find the minimum number df end if

rows that can be distinguished using the non-missir %nd for j
entries. This gives a valid lower recombination lower

bound that is easy to compute in practice.

Pa)

Figure 5: AnO(m2™) algorithm for computing a history

52 R, history based bound for missing data based bound for an incomplete haplotype matrix
Consider a set of haplotypéd where some of the hap- Site Range

lotypes are incomplete. We define a completion to bé Region | 106-29087 2987-4872 4872-9721 _ Ful
assignment of 0 or 1 to every missing allelglih Clearly, Jackson | 10(10) 11(9) 17(13) 39(36
there exists a completion/’ of M and a correspond- RF'”La“C: ig; iggg; 138)1) 321((2217)
. . - ochester

ing orderingH for that complete matrix/’, such that Combined| 13(12) 37(22) 36(28) 87(70

the number of row removal operations is minimum over
all completions and all orderings. In other words, the
definition of theR, lower bound has to be modified asFigure 6: The number of detected recombination events using

follows: methods for missing data for the LPL datasets. The number in
) , bracket indicates the corresponding lower bound obtaigegror-
Rs(M) = ComsrllelﬁonM' [Rs (M )] ing sites with missing alleles [30]. The region (2987-48%ajre-

sponds to the suggested hotspot [38]

Since a complete matrix is a special case of a in-

complete matrix, it follows that it is also NP-hard toand Templeton et. al. [38]. Myers and Griffiths [30]
compute the modified version @t for an incomplete also applied theiR?;, method to compute lower bounds
matrix. We extend th&(m - 2") algorithm for Rs to  for the three different populations and the combined
obtain a lower boundzs,, (this bound may not exactly dataset. In figure 6, we compare the bounds obtained
equalR; as defined for an incomplete matrix) for an in-for different sub-regions of the LPL region for various
complete matrix (see Figure 5). The nextlemma showsopulations. The overall bound for the whole region
this is a valid lower bound for the matrix/ over all js 70 if one ignores the sites with missing data (see
possible completions of the matrix. [30]), while we obtain a much improved bound of 87 by
applying ourRy /Ry, bounds along with the dynamic

Lemma4 Foraincomplete haplotype matri, programming framework. Templeton et. al. [38] had

Rym(M) < Ry(M) < may found the 29 recombination events detected usir_lg their
_ method to be clustered near the center of the region (ap-
Proof: ~ See Appendix. %  proximately between the sites 2987 and 4872). It is in-

teresting to note that number of detected recombination

events (37) in this region increases significantly (from

A 9.7-kb region in the human LPL gene was sequencegh) \when one takes into account the sites with miss-
by Nickerson. et. al. [32] in 71 individuals from threeing alleles. Thus, the bounds obtained using our im-
different populations comprising of 24 individuals fromproved methods which can handle missing data, seem
Jackson, Mississipi, 24 from North Karelia, Finland ancilO provide strong support for the presence of a recom-
23 from Rochester, Minnesota. The haplotype data Cogipation hotspot suggested by Templeton et. al. [38].
prised of 88 haplotypes defined by 69 variable sites witfyis gemonstrates that the ability to extract past recom-

about 1.2% missing data. bination events can be crucial to detecting regions with
This data has previously been analysed for hapl@jeyated recombination rates.

type diversity and recombination by Clark et. al. [2]

5.3 Application to haplotype data from L PL locus

9
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Figure 7:Plot of recombination lower bounds (on a 2-kb scale) for th&-Rb segment of the class Il region of the major histocoibiy
complex (MHC). The vertical black lines (height scaled bgddthm of the mean recombination rate obtained from spgpimg for that
hotspot) show the approximate locations of the center oSthdotspots inferred using sperm crossover analysis byeysfet. al. [22].
The TAP2 hotspot [23] is the last hotspot near the 200-kloregi

6 LOWER BOUNDS & RECOMBINATION high accuracy (see Figure 7). Five regions show ex-
HOTSPOTS cellenct evidence of a hotspot with excellent agreement

In humans, pedigree studies have shown variation in r}Q’—ith the center of the corresponding hotspots (as found

combination rates on a megabase scale, and analy,Qé(sr]eﬁreyS et. al. [22]), with only one of the character-

of sperm crossovers in males [23, 22] have identifief®d Notspots (DMB1 near the 96kb region) showing a

hotspots of length 1-2kbs where recombination even\{geak_sigr.\al. This clearly demonstrates thl—;‘ abi_lity of re-
cluster. However, characterizing fine-scale variation iﬁombmatlon lower bound methods to provide first hand

recombination rates using pedigree studies (at the I%dman_o_n_of th?lpresegce ‘an thﬁ |(;)C?.tl0r:] of ho(';spots.
scale) is difficult and experimental difficulties limit theOne criticism of lower bound methods is that we do not

large-scale application of sperm analyses. After seveI%]Odel events such as repeat mutations and gene conver-

studies [4, 11, 33] observed a block-like structure in pa " However, such events are rare and our results (see

terns of linkage disequilibrium in the human genome, /50 Myers and Griffiths [30]) suggest that this has only
has been speculated that most or all recombination d&0derate effects on the bounds.
curs in recombination hotspots [13]. The problem o¥ Discussion and Future Work

detecting recombination hotspots (roughly defined asg g paper, we proposed new and improved methods
region in which the recombmgﬂon rate IS much hlghefor computing recombination lower bounds from hap-
than the average recombination rate) using DNA polyjzynve data (also handling missing data). These meth-
morphism data has been considered by several styghq are much more efficient than previous methods and
ies [10, 27] which proposed statistical based methods, 1\, tationally tractable for genome-scale datasets that
to give quantitative estimates of recombination rates. o becoming increasingly available. We demonstrated
_ Here, we apply our lower bounds to the populag, ¢ these methods can detect more recombination events
tion data from a 216-kb segment of the class 1l regiog 5 previous lower bounds on various real datasets. We
of the Major hlstocompat|b|_l|ty_c_omplex (MHC)'_ Jef-_ believe that lower bounds can provide good indication
freys et. al. sequenced 50 individuals from UK in this,, t the Iocation and intensity of hotspots given hap-
region and identified six recombination hotspots usingvne data with sufficient number of haplotypes and
sperm crossover_analysis. Since the available data is ngh enough SNP density. We demonstrated this using a
phgsed, we applied our lower bounds to the haplotypegy| gataset from the MHC region where several recom-
estimated by the PHASE program [37]. Three sepg5ination hotspots have previously been characterized.
rate studies [3, 10, 29] have applied their methods 1§y5ining efficiently computable lower bounds that are
infer recombination hotspots for this dataset. Although,|o<e to the true bound is an interesting problem for fu-
sperm typing and recombination lower bounds measuf&re work.

very different things, we find that the lower bounds are 41,4 algorithms discussed in this paper were imple-
able to locate most of the recombination hotspots With, o hied in C++ and the code is available on request.
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Lemmabs: If a history were changed by moving arow 3. Columns8c + v(c + 2) + 2v + 1 to 8¢ + v(c +

r up, Cs(r) cannot increase.

2) + 2v + 14we: All literal rows arel in all of
these columns.

We will exploit a simple gadget that ensures a partial

ordering of rows. Consider a set of rowsas follows:

1: 11111111
2 : 10000000
3: 01000000
4 : 00100000
k= 00000001

Clearly, the best bound here is obtained by foleing
the last row. The following lemma is trivial

Lemma6: Consider a historyd of R in which row1
is the first row. ThenCs(H) = k — 3.

Proof:

4. Columnsl to 8¢: If a variable does not appear
in clauseC;, the two literal rows and all copies
are0 in columns8;j — 7 to 85. Otherwise, con-
sider clause”; = (X + Y'). The sub-matrix of
rows corresponding to literal¥, X, Y, Y and the
columns8; — 7 through8; is shown in Figure 10.
Note that all copies again have identical values.

In addition, we have an extra setbfcv early rows,
which are all0 in the first8¢ + v(c + 2) columns. In
columns8c + v(c +2) + 1to 8c + v(c + 2) + 2v, they
are alll’s. In columns8c + v(c + 2) + 2v + 1 through
8¢ + v(c + 2) + 2v + 14ve, they form a diagonal of.

Note that theC,;(H) is independent of col- Sée Figure 9 for the complete arrangement. All lines

umn order, so by appropriate permutation of column§orrespond td’s, with 1's in appropriate places, and

every history in which rowl is the first row is equiv-

the boxed regions correspond to special arrangments as

alent to the rows throughk appearing in order. It is described earlier.

easy to see that ever row after révwgets a cost of. &

A high level proof

We reduce from MAX 2SAT. Consider a Max2SAT a high level view of the proof is as follows. The early

instancep(c, v) with c clauses and variables. We will
denote the2v literals asXq, X1, X0, Xo, ..., X, X,.

rows are designed to be the first set of rows. Their pres-
ence ensures that the first occurence of a clause or literal

We will construct special rows corresponding the clausgsy has a cost of, while their copies may have cost

and the literals.
9.2 Clauserows

Each clause corresponds&aspecial rows. Figure 8 de-
scribes the structure, and the global structure is giv

in Figure 9. Thes rows corresponding to clauge are
all 0 except for the following columns. Fro®y — 7

through columr8j, the8 rows correpond to the struc-

ture in Figure 8. Also, th& rows are alll from col-
umng8c + 1 to column8c + v(c + 2), and from column
8c+v(c+2)+2v+ 1108+ v(c+ 2) + 2v + 14wvec.

9.3 Literal Rows

There are a total dfv(c + 2) rows, withc + 2 rows for

each literal. The+2 rows are identical (denotembpies

except in columnsc + 1 to columnssc + v(c + 2).
Consider the:-th copy of literal X ;, and literal;.

1. From columnssc+ 1 through8c -+ v(c+2), both
rows have al in columnuv(j — 1) + k, and a0
everywhere else.

2. Incolumns¥c+v(c+2)+1to8c+wv(c+2)+2v:
all copies ofX; arel in column8c + c(v + 2) +
(2j — 1), ando every where else. all copies &f;
arel in column8c+ c(v +2) + (25), ando every
where else.

13

or 1. The literal and the clause rows are designed so that
in an optimum history, all clause rows come together, all
literal copies come together, and for every varialle

eer;ther all rows corresponding t&, or all rows corre-

sponding taX are above the clause rows, and the com-
plementary set is below the clause rows. Thus there is a
one to one correspondence between an optimal history
and an assignment of truth values to the varaibles. For a
variableX, if X is above the clause rows, aidbelow,

it is set to true, else false. Finally, the clause rows are
designed so that for every clause, the set of rows has a
cost of8 if neither of the literals is true, andif at least

one is.

Lemma7: In any optimum history, the early rows are
always the first set of rows.

Proof:  Note that if all of the early rows were indeed
the first set of rows, they would all have a céstso
the maximum cost of such a history would be the cost
of the remainingc + v(c + 2) < 12cv. This implies
that the firstco rows must be early rows. If not, then
at least13cv rows lie under a literal, or a clause row.
By lemma 6, all of these early rows have a costl pf
contradicting optimality.



C1

Cc2

Cc

X

11 11 11 00
11 11 11 01
11 11 00 11
11 11 01 11
11 00 11 11
11 01 11 11
00 11 11 11
01 11 11 11
@)

(b)

Figure 8: Thes rows corresponding to a clause.

9c+v(c+2)
8c: 8c+v(<1+2) i 9c+v(c+2)+2v 9c+v(I+2)+2v+13vc
111111 111111 5 11111 111111
I : i 11111........... 111111
! : o 8 rows
‘ L11111 11112111 11111 111111
| 1 11111........... 111111
| . o
f 111111 111111 4 11111 111111
. ‘ ‘ 8c clause rows
1
1 Lo
111111 111111% 1 11111 111111
Ly 11111 111111
3 111 o c+2 rows
1 4 11111 111111
111 1J. i I I I Y AP 98 0 8 A .
P 1 11111 111111 2v(c+2) literal rows
1 11111 111111
L 1
1 1 11111 111111
111110111010
1
111111 111111 1
: ; : 1
111111 111111 11
: : : 4
11111 111111 1 13vc early rows
111111 111111 1
111111 ;

111111

Figure 9: The global structure of the rows correspondingitimatance of Max2SAT.
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C= (X+Y)

11 00 00 00
X : : : : c+2 copies
11 00 00 00
_ 00 11 11 11
X : : : :
00 11 11 11
00 00 00 11
% : : : :
00 00 00 11
_ 11 11 11 00
Y : : : :
11 11 11 00

Figure 10: Thet literal rows corresponding to a clause.

Suppose the firgty rows in an optimum history are 1. Finally, if [ is not the first copy, then it differs from
early rows, but other early rows appear after literal oeach of the copiek above it in only two columns, whch
clause rows. Then, take any early rovhat lies below occur betweelc+ 1, and8c+ v(c+ 2). If the comple-

a clause or a literal row, and move it to the top. The coshent of/,or of [, appear abové then one of these two
of r decreases frorh to 0. Note that none of the early columns becomes informative. Thus if for every copy
rows that have codi are affected by this. Consider athis is true, therd must get a cost of. If there is some
clause or a literal row’ with cost1. Moving » up can copy!. where this is not true, then after removing non-
decrease the cost of only if 7/ was a copy of- inthe informative columns] is identical tol. and must have
non-trivial columns. As that is clearly not the case fom cost0. )

any literal or clause row, the cost of clause rows does

not decrease. Therefore, there is a net decrease in cbgmma 9 Consider a history. If a literal correspond-
contradicting optimality. & ing to variableX is moved up or down, the cost of a

literal row [ corresponding to a different variable does
Theorem & Consider an arbitrary literal ronin a his- not change.

tory. ThenC;s(l) = 1if and only if one of the following .
occurs: Proof: Note that none of the conditions that deter-

mine the cost of (Theorem 8) have changed. &

1. None of the copies dfappears before it.
Lemma 10 The cost of the literal rows corresponding

2. There is a clause row before it in history. to a variable in any history is at least- 3.

3. Either its complementary literal appears before iy gof- From Theorem 8 the cost of the first oc-
or for every copyl.above it, the complement of cyrence of a distinct literal row, and the first occurence
that copy also appears above it. of its complement id. The2(c + 1) remaining copies

can be paired into literal rows and their complements.

From Theorem 8, one of the two must have a cosi. of

Proof: Consider aliteral rov. Ifitis the first copy in g
V@us the total costis + 1 + 2. &

this history, then note that the presence of the early ro
keeps column8c+v(c+2) through8c+ v(c+2) 4 2v
informative, and as it is different from the other lit-
eral/clause or early rows, it must get a costl ofLike-
wise, if itis after a clause row, then it will have a cost o

Lemmall A history H can be transformed in poly-
nomial time into a history’ in which the clause rows
fare adjacent to each other, all literal copies are adjacent
to each other, an@(H) > Cs(H').
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Praoof: (By construction). Start with an optimum Corollary 14 There exists an optimum history in which
history H. Consider the first occurence of a clause rowall clause rows occur together, all copies of literals oc-
r. Transform this history by bringing up all clause rowsur together, and for each variablg exactly one ofX

of the clause and insert them in order after rawWe or X appears above the clause rows.

need to show that B
Pr oof: From Theorem 13, at least one &f or X

C,(H") < C4(H) appear above the clause rows. If both do, note that each
row in the lower clause already has a cosfipénd so
From lemma 5, the cost of the clause rows cannot inve can move the lower literal down without changing
crease. Also, from Theorem 8, the cost of the literahe cost. &
rows that followr in the history is already.
For every variableX, consider the first occurence Theorem 15:  Consider an optimum historyf of in-
of either of its two literals, and denote it as Move Stance derived from a Max2SAT instangg:, v). Then,
all copies ofl to be belowl. If I was below the clause &n assignment can be computed which will satisfy ex-
rows, all copies of both literals of variabl® as well actlyv(c+1) +2v + 8¢ — C,(H) clauses.
as other affected literal rows have a costlpfso the

cost does not increase. llfivas above the clause rows, , . . ) .
which all clause rows are adjacent, and all literal copies

then ': h?(;s aTchost f[); but ?” ?fﬂ']tstc + 1 lC)(ijl'e S rtmave tareiadjacent, and for each variable exactly one ofX
a cost ot us the cost of fhat varable 1S at mos,. appears above the clause rows. Clearly the total
2(c+2)—(c+1) = c+3, which is optimal (Lemma 10).

gost of the early rows i8, those of the literal clauses, is

From Lemma 9, none of the other literals are affecte Ji(c+ 1) +2. Consider the set 6frows for each clause.

Finally, clause rows are affected by literal rows, but do Note that each set of clause rows scores ifiat

not changg by adding or removing copies ofliteral "OW3east one of the two literals in it is above (or set to true)
Nex}, consider the complement bfanq bring all of its it, and8 otherwise. Thus the cost of the clause rows is
copies together to be just below the first occurence Ofe"5}<actly8 if the clause is not satisfied, afdf it is. The
complementary row. As these rows already have a c ’

Rhal cost i H) = H) = -
of 1, they do not contribute to an increase in total cost, ISCs(H') = Cs(H) = v(c +3) +8c = ¢,

Proof:  TransformH into an optimum historyH’ in

. . Wherec is the number of satisfied clauses. &
Once again, none of the other literal rows or clause rows

_ _ _ _ _ Proof:  Let M’ be the completion of\f and H' =
Lemma12 Consider an optimum history inwhichall, -, p, . .}, pe the history forM’ which corre-
clause rows are together. The cost of rows for each Qf)onds to the valul, (M). It also follows thatR, (M’) =
the clauses is eith, or 8. C,(H'). Now, every haplotypé in the incomplete ma-
trix M is mapped to a haplotype in the complete matrix

Theorem 13:  Consider an optimum history with all ; » | ot .. be the number of haplotypes in the matrix

clause rows adjacent to each other, and all literal TOWS/ andn’ be the number of haplotypes i’ where
adjacent to each other. For each varialleeither the ., . \ve denote the set of haplotyes i whose
rows corresponding t&, or to X must lie above the completion is identical to haplotype by C'(h;). Note
clause rows. that, C(h;) > 1,1 < i < n’. Consider a history
H = C(hy) — C(hg)... — C(h,) for the incom-

Proof: = Assume otherwise. Then, there exists avarl-le,[e matrix A/ where we ianore the orderina of the
able X, such that the rows corresponding to both P g 9

aplotypes within each set of haplotyp€%h,). We

and X are below the clause rows. Together, their cosnh : . . p
: ) <i<
to the history i2(c+2). Now move all of the:+2 rows show that the following holds for everyl < i < ',

of X above the clause rows. From Theorem 8, the total R,,,[C(h1),C(h2)...C(h;)] < Rslh1,ha ... h]
cost of thec + 2 copies of literal rows corresponding to . . _ S
X is now1, thus reducing the net cost by+ 1. Even if The proof is by induction on. The base case is trivial.
all clause rows increased in cost fraio 8 because of L&t us assume that
this move, there is a decrease in total cost of at léast Rom[C(h1),C(hs)...C(hi_1)] < Rylh1, ha ... hi1]
a contradiction. &
holds. SinceH' is assumed to be the optimal history,
Rs[hl, hy... hl] is eitherRs[hl, ho... hi—l] or Rs[hl, ho... hi—1]+
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1 accordingly ag’s(h;) = 0 or 1. Since, all rows in the
set of haplotype€’(h;) are identical to each other, we
have

Rsm[C(h1),C(hg) ... C(h;)] < Rsm|[C(h1),C(ha) ... h]

whereh;” is one of the haplotypes i@¥(h;). Note that
this holds, since we choose the minimum over all possi-
ble redundant row removals in the algorithm for com-
puting R,,,. Also, h;" is identical toh; treating the
missing entries as don't cares. df;(h;) = 0, then
Cs(hy') is also zero. IfCs(h;) = 1, Cs(h;') can either

be 0 or 1. Using the induction hypothesis, we get

R |[C(h1),C(h2) ... C(hi—1),hi'] < Rslh1,ha...hi_1,h]
Combining with the previous inequality, it follows that
Rsn[C(h1),C(h2)...C(hi)] < Rslhy, ha ... h4

&
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