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Motivation

classifiers are to train:
estimate p(x,y)

classifiers can achieve
: “directly” estimate p(y/x)

First reaction: buy a modern computer and
use discriminative classifiers

But, are there cases where generative
classifiers outperform discriminative ones ? (é‘z)
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Supervised classification problems

Example (X,y) is composed by instance x 0 O of
dimension d and label y 0 {1, 2, ..., K}, where K
is the number of classes

The training set {(x®,yM),..., (xM,y™m)} with m
iid examples is obtained from a joint distribution
D = p(x,y)

Task: given x, identify correct label

Goal: find classifier h that minimizes the
generalization error §(h) = Pry )-p[N(X) Z Y]
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4 4e0or Example: vowels classification
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Discriminative classifiers

Learners for designing discriminative classifiers:
neural network
decision tree (e.g. C4.5)
support vector machines
AdaBoost
logistic regression, etc.

U#™ Next slides: examples of decision regions for some of
these classifiers

C4.5 decision tree. Misclassification error: 27.83%
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Backpropagation neural network. Misclassification error: 19.67%
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Generative classifiers

Bayes rule
y/x) = PX/YIR(Y)

a p(x)

Bayes classifier

hgen(X) = argmax p(x/ y)p(y)}
y=1...K

Binary classification, K = 2
(X7y=T) (y=T
I
FenlX) = OQE“( X/y = F)% Ep(y E
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Generative

Discriminative

Objective joint distribution p(x,y) | Conditional distribution
function p(y/x)
Parametric Class dengities Class boundaries
assumptions
Parameter "eay" "hard"
estimation
Advantages |Moreéefficient if model | Moreflexible, robust
corred, borrows strength | because of fewer
from priors assumptions
Disadvantages | Biasif model isincorrect |May also be biased.

Ignores information from
priors

Adapted from “Discriminative vs informative classifiers”
Y. Rubistein and T. Hastie, KDD'97
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Naive Bayes classifier

Assume feature values are independent given the

label value:
P(X/1y) =p(X /Y)P(X, 1 Y)--p(X4/Y)
Therefore,
(X/y=T) (y=T E
I
FenlX) = OQE“( XIy= F)% Ep(y
becomes

d o —
Lowl®)= 3 log B Y =D
1=1

p(x;/y=F

py =T)
Og%@(y =F E
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Naive Bayes classifier (cont.)

Trained using maximum likelihood estimation
If feature is discrete: count occurrences (histogram)
p(x;, =aly=hb)= countx; =atly =b)
coun(y =h)

If feature is continuous:
a) use univariate Gaussian distributions or
b) quantize the feature and then use histogram (binning)

Smoothing
B(x, =aly=b) = countx; =ally =b) +s
counfy =b)+2s
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Laplace smoothing: s = 1

Naive Bayes. Error = 27.17%
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Logistic regression

Parameters: coefficients g O 09 and threshold 3]
Assumption: p(y=T/x)=

1

—B x—6 1+ e‘LDls(X)
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Logistic regression (cont.)
Trained using maximum likelihood estimation

B.8)w —afgmaxﬂ Py /x78,6)

Assuming labels F and T are 0 and 1, respectively

o m e(BTX(j)+e)y(j)
.0 —argmax| | ————
B gﬁ,e BEFPCEALY

No closed-form solution. Use Newton methods
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Summary of paper contributions

Theoretical analysis showing that naive Bayes can
learn with few training examples

Outline of the analysis

Empirical averages obtained with m = O(log d) training examples
are close to the corresponding population means

The Naive Bayes classification rule is a simple function of empirical
averages

Therefore, the decisions based on empirical averages are close to
the decisions derived from infinite training data

Experimental
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Theoretical analysis: Assumptions
Interested only on generative-discriminative pairs
hgens pis from parametric of models

Let hgen o, hpis,o b€ their versions
(obtained with infinite amount of data)

Behavior of hp is “fairly well-understood”
Proposition 1: Let hg,,, hp, be any pair, then

E(hGen,D) 2 E(hDis,D)

Proposition 2: Let hy,, be logistic regression, then
with high probability

d_—m
£(hox) <. )+ OF| o g

20
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Useful bounds:

Hoeffding (or Chernoff) inequality
Assume a biased coin with probability of “1” equal to p.
Tossing it m times gives estimate p ,

It can be shown* that Pr(|p-pk €) < 2¢72™

18f € = 0.05
Lol £=0.1

K — £=0.2
1.4 .

|
1.2

1
° * e.g., page 19 of "Neural
o network learning:
04 Theoretical foundations”, by
02} ! s i M. Anthony and P, Bartlett,
N 1999.
DD 50 ) 100 150 200 250 300 350 400 450 500
m 21

Useful bounds (cont.):
Union bound (or Boole inequality)

Assume two events A and B, then
P(AOB)=P(A)+P(B)-P(A n B)<P(A)+P(B)
Example: a binary string x of length d is transmitted

over a noisy channel. Let &; be the probability of

flipping the i-th bit (error) and &; the probability of
receiving a string differc'jent than x, then

&sZa
Obs: bound is used to prove Lemma 3
5, <8 +2d5,<3

22




Sample averages are close to population
means (Lemma 3)

Let any g, & > 0 be fixed. Assume that for some
fixed p, > 0, we have that p,< p(y=T)< 1-p,. Let

m=0 ! lo E‘i
- %{f gm%. Then with probability at least 1- &:
1. In the case of discrete inputs, for all features
i=1,...,dand b O{T, F}:
p(x; /'y =b)—p(x;/y=b)|<¢,
P(y=b)-p(y=hb)|<e,
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Proof of Lemma 3

Assume K = 2 classes and a binary input alphabet
x, 0{0, 1}
The maximum likelihood estimate of priors is

A countly =b
p(y = b) = <ULy =b)
2
—-2me

The Hoeffding / Chernoff bound Pr(jp—p€) < 2e
implies
Pr(p(y =b) ~p(y =b)| 2 ¢,)< 2e2™ =5,

Example: Pick ¢, = 0.1 and o, = 0.01, then

m= iz Iog%% 265
2¢; 1

If g, = 0.01, &, = 0.1, m = 1,500

24




Proof of Lemma 3 (cont.)

The maximum likelihood estimate per feature is
count(x; =ally =b)

o(x =a/v=Db)=
P(x; =aly =b) count(y = b)

Assume there are at least ym examples per class,
the Hoeffding / Chernoff bound gives

Prp(x, 1y =b) = p(x, 1y =b)| 2¢,)< 26k =5,

ome? e
Note that 26 2™ < 2e™2'™1 pecause 0 < y < 1/2,
i.e., & <0,

Since b O {T, F}, there are 2d such probabilities and
the overall chance of error, by the Union bound, is
at most o,+ 2do,
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Proof of Lemma 3 (cont.)

Want to guarantee

523, +2dd, = 5, +2d3,
or equivalently

5> 2e 2™ (1+ 2d)
Therefore

1 a+2d) A1,
> | O |
m>2y£12 OQEZ 5 [ %?0955% O

26




m (lower bound on training examples)
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Example: Pick y = 0.4 and & = 0.01
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d (space dimension) 27

With high probability, when the parameters of hg,,, are
estimated from set with a number of samples m that is
only logarithmic in the dimension d, they are uniformly
close to their correspondent values in hg,,

Given
L d A(Xi/y:T) (y:T)
Lgen(X) = ; |0g%%ﬂ0g e E
d = —
e BT

What can be said about &(hgen o) and &(hgen) ?

28




Naive Bayes can learn with few O(log d) training
examples (Theorem 4)

Let td be a threshold of the score L,

| | |
-1d 0 1d

Given an example (x,y), define the following events:
My is a “near-miss” Lge, o(X) O [0, td] wheny =T
Mgis a “near-miss” Lg,, o(x) O [-1d, 0] wheny = F

Let

G(T) = Pry,y)-0 (M1 UMg)

Theorem 4 states that with high probability

|
E(he) <)+ 0D 220
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Proof of Theorem 4 (sketch)
Choose m such that

m = 12I09E2(1+2d)E
2yey O 0 L

Lemma 3 ensures that with high probability, p's are apart
from p’s by at most ¢,

1 (1+2d) logd
&= lo =04 |—==
! \/2ym gép 0 E m E

This implies that
logd
|LGen(X) ~L gene (x)| < Oﬁj /%E

30




Proof of Theorem 4 (sketch, cont.)

Let T=0 @E
EJ m

_d I I
-T

0 1d
f /I d
|LGen(X) - LGen,oo (X)| < OE’ %E: O(Td)

the probability of hg,,, being wrong while hg,,, ; is correct
is G(T) =Pty )-o (Mt UM¢g) , therefore

logd
E(Noer) < E(Ncens) +GED§/%% O

31

I

Experimental results
15 datasets from UCI repository
8 with only continuous features
7 with ony discrete features
Only binary classification problems
Did not use any regularization method
Potentially hurts logistic regresson

Used Laplace smoothing for naive Bayes
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error

A simulation using Weka
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Conclusions

Naive Bayes can learn with few O(log d)
training exampes

Claimed existence of two regimes:

naive Bayes wins with few data

logistic regression wins with much data
(lower asymptotic error)
Experiments confirmed the claim,
specially with continuous features
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