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Abstract

Practicalmachinelearningrequiresthat thepractitionerchoosea model
andsomeparametersfor themodel.In dataclusteringwith � -means,the
choiceof � reflectsprior knowledgeaboutthestructureof thedatasetto
beclustered.However, having to choose� is notalwayseasyor obvious,
andtruelearningshouldlearn � aswell astheparametersfor eachcluster.
In this paperwe develop a new way of choosing� basedon a ��� test
of the varianceof clusters. The simple idea is that using two centers
to representa true clusterthat looks Gaussianis bad. Our test builds
on the framework of [?], but is a moreflexible testthatproducesbetter
results.Weperformsyntheticandreal-world experimentsto illustratethe
performanceof ouralgorithm.

1 Introduction

Dataclusteringis thetaskof dividing a setof datapointsinto severalpartitions,wherethe
pointsin eachpartition aresimilar to themselves,anddifferentfrom pointsin otherclus-
ters. Dataclusteringis a usefultool for datamining, compression,unsupervisedlearning,
probabilityestimation,andothertasksin machinelearningandstatistics.However, most
clusteringalgorithmsrequirethepractitionerto provide thenumberof clusters(called � ),
andthereis not alwaysa clearansweron what � shouldbe. Figure1 shows an example
where� hasbeenimproperlychosen.Thus,choosing� canbeasomewhatad-hocdecision
basedon prior knowledge,assumptions,andpracticalexperience.

Severalalgorithmshavebeenproposedto determine� automatically, basedonmodelcom-
plexity penaltiesliketheBayesianinformationcriterion(BIC) [?], or basedonadescription
lengthmetric[?]. Bothof thesearewrappermethodsaroundclusteringalgorithmsandrely
on splitting and/ormerging rulesfor centersto grow/shrink � asthe algorithmproceeds.
Other researchin agglomerative clusteringalgorithmssuggestschoosing � basedon the
“stability” of themergingtree(dendrogram)of distancesbetweenpoints.This too requires
someprior knowledge.However, usingthesemethodsis notany moreintuitivethanhaving
to choose� . This work builds on work by [?] by providing a moreintuitive splitting rule
basedon astatisticaltest,the � � test.

Our methodis basedon a simpleobservation: whentwo centersareusedto describeone
cluster(i.e. pointsdrawn from a Gaussiandistribution), the centersform a poor descrip-
tion of that data(seeFigure2), becausetwo centersarebeingusedto describeonetrue
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Figure1: This shows a dataset(yellow dots)with 3 final centers(red dots) found by � -
means,where � hasbeenimproperlychosenby theuser. We canseethatthecenterclosest
to the top shouldbe split into two to fit the two clustersaroundit, while the other two
centersshouldnot be split. This intuition is basedon the assumptionthat true clusters
shouldbeGaussian-shaped.

cluster. Themostcommoncenter-basedclusteringalgorithms(e.g. � -meansandGaussian
Expectation-Maximization)assumethat trueclustershave approximatelyGaussiandistri-
butions. Intuition tells usthatonly onecentershouldbeusedto describea truecluster. In
this paperwe describethe algorithmframework for learning � , we develop thestatistical
testfor decidingwhetherto split a centerinto two centers,andwe provideexperimentson
realdatato illustratethebehavior of ouralgorithm.

2 The � -means algorithm

Pelleg andMoore[?] proposeda regularizationframework for learning � , which they call�
-means.Thealgorithmscoreseachclusteringmodelbasedon theBayesianInformation

Criterion(BIC) [?]: �	��

������������������� � �"!$#&%
where

�'���(�
is thelog-likelihoodof thedatasetaccordingto model

�
, and

�
and

%
arethe

modelcomplexity parameters.Thenthey choosethemodelwith thebestBIC score.

Along with decidingbetweenmodels,the algorithmmustalsobe ableto searchthrough
thespaceof valuesfor � efficiently. Givenlower andupperboundsfor � , called �*),+ - and� ),.0/ , andstartingwith � � � ),+ - ,

1. Run � -meanson theentiredataset.

2. Split each“parent” centerinto two “children” centers.

3. Run2-meanson eachpair of childrenon only thedatabelongingto their parent.

4. For eachparent,if BIC(parent)1 BIC(children),thenkeeptheparent.Otherwise,
replacetheparentwith its children.

Thisprocessis repeateduntil � � �*),.2/ or nomorechildrenareadded.Thealgorithmsplits
aparentby choosinga randomdirectionvectorandplacingtwo childrenatequaldistances
away from theparenton that randomvector. Thedistancefrom theparentis proportional
to thevarianceof theparent’sdata.Additionally, in their implementationPelleg andMoore
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Figure 2: Two � -meanscenters(red circles) in their final positionsfor clusteringdata
drawn from a univariateGaussiandistribution (pdf representedby the blue line). This is
thesituationwe wantto avoid. Intuitively, only onecentershouldbeusedto representthis
data.

providea key parameternum splits, which determineshow many timestheentireloop
above is run. This parameteris misleadinganddetermineshow muchof thesearchspace
to examineandcandrasticallychangethebehavior of thealgorithm,aswe will see.

Pelleg andMoore compared
�

-meanswith a BIC-scoredversionof � -meanswherethe� -meansalgorithmwasrun for several reasonablevaluesof � , choosingthe onewith the
highestBIC score.They showedthat

�
-meansperformedbetterthan � -meansat finding

the low-distortionclusterings(accordingto the � -meansquality metric of within-cluster
variance).However, they alsoshowedthat

�
-meanstendedto underestimatethetruenum-

berof clusters,andthatBIC-scored� -meanswith a parametersweepof � did a betterjob
of estimating� thandid

�
-means.

The
�

-meansalgorithmis alsoefficient with respectto the sizeof the dataset,because
it usesa datastructurecalledthe � d-treeandknowledgeaboutthehardassignmentof � -
meansto ignorecertainregionsof thedata,without losingany accuracy. This efficiency is
good,but ourprimaryconcernis choosing� .
3 A new test for splitting centers

Following theexampleof Pelleg andMoore,we have developeda new decisioncriterion
that is simplerandmoreintuitive thanthe BIC. This criterion makesthe assumptionthat
eachtrueclusteris elliptical anddistributedaccordingto a multivariateGaussiandistribu-
tion, andthatonly onecentershouldbe usedfor eachtruecluster. Theseareappropriate
assumptionsfor � -meansclustering. In fact, the assumptionsaremore loosethan those
imposedby � -means,since � -meansclusteringassumessphericalclusters.

The intuition we proposeis that if a clusteris distributedaccordingto a singleGaussian
distribution,we shouldbeableto detectif two centersareattemptingto modelthecluster
basedon the varianceof eachcenter. We will show that we canknow the minimum ex-
pectedvarianceof two � -meanscentersclusteringoneGaussian.Using this knowledge,
we candevelopastatisticaltestto determinewhento split centersin

�
-means.

Theorem 1 Given a univariate Gaussian distribution with mean 3 and variance 4 � , the
minimum � -means variance for � � �

centers occurs when 576 � 3 � �289 �;: and 5 � �



3=< �;89 �;: . The variance around each center is Var

� 5?> �&� 4 � �A@B� �: � for a total variance of

Var

� 5C6 � < Var

� 5 � �&� � 4 � �0@D� �: � .
For theproofof this theorem,pleasereferto AppendixA. Now thatweknow theminimum
variancefor two centersin a Gaussiandistribution with mean3 andcovarianceE , we can
form a statisticaltestto determinewhetherto split a centerinto two children. We usethe� � distribution,where � � �GFH I J 6 K �

I �MLK4 �
formsa � � valuewith N �M@ degreesof freedom(sincewe useonedegreeof freedomto
compute

LK ). We take 4 � from Equation2. Our testhypothesesare:OQP=R : 4 � S 4 �R
This is thenull hypothesisthatsaysthat thevarianceof the two childrencenters
( 4 � ) is nobetterthanthevarianceof two centersonasimilarGaussiandistribution
( 4 �R ). If we acceptP=R , thenwe shouldnot split the centerin questioninto two
centers,becausethetestdoesnot supportit.OQP
T : 4 � U 4 �R
This is the alternative hypothesiswhich says that 4 � is significantly better
(smaller)thanthevarianceof two centerson a similarGaussiandistribution ( 4 �R ).
Accepting P T meanswe shouldsplit thecenterin questioninto two centers,be-
causethey improve the variancemorethanit would to have two centersin one
cluster.

Thenwechoosethesignificancelevel of thetest, V , whichis theprobabilitywith whichwe
will make a mistake (i.e. reject P R whenwe shouldnot rejectit). To performthetest,we
compute� � andcompareit with � � WYX F�Z 6 . If � �(U � � W[X F[Z 6 , thenwe reject P=R andacceptP
T , whichmeanswe shouldsplit thecenterinto two.

A benefitof usingthis statisticaltest(over simply comparingthevaluesof two variances)
is that whenthe numberof samplepoints is small, the test tendsto reject the alternative
hypothesis. In other words, this test is able to find clusterstructureat many levels of
resolutionin thedata,but whentheclustersizeis too small (too few datapoints),thetest
becomeslessconfident. Thereforeit will not split clusterswith a very small numberof
points,which would happenif we weresimply comparingtwo variances.The statistical
testlendsconfidenceto ourpredictions.

3.1 Adapting to multivariate data

We have shown the bestway to representoneGaussianwith two centersandto perform
a testof significanceon an empiricalmeasurement.Now we mustadaptthe to the case
of multivariatedata. For this, we considerthe statisticof the distortion of the dataset� �]\ I ^ @ _Q`&_ N belongingto a center5 :

dist

� � �a� FH I J 6 bcb \
I � 5 bcb � (1)

This is the � -meansmetricof distortionfor databelongingto a center. It is similar to the
univariatevariance,howeverweusetheEuclideannorm

b"b d&bcb �fe gMhi\ �h to takethelength
of multivariatedata.

Weclaimwithoutproof thattheminimumdistortionfor oneof two centersin amultivariate



0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Figure3: Herethe
�

-meansalgorithmusingourstatisticaltesthasfoundthecorrectnum-
berof centersandplacedthecentersin theright locations.Herewelet

�
-meanssearchfor

thecorrect � startingfrom � �j@ , andwe useV �]kYl kY@ .
Gaussiandistributionwith mean3 andcovarianceE is

Var

� 5 > �m� @� hH I J 6�n
I �porqtsu n uwv

@� � �xDy (2)

wheren
I
is the

`
th eigenvalueof E . Thisallowsusto adaptthetestto themultivariatecase;

we canusethesamestatisticaltestasbefore,but onmultivariatedata.

Whenwe usethe
�

-meansalgorithm,we mustmake a decisionof how to split a parent
centerinto two children– that is, how they will be initialized. Pelleg andMoore choose
a random directionvectorthatgoesthroughtheparentcenter, andplacethe two children
on oppositesidesof the parent,equallyfar apartalongthat vector, with distancepropor-
tional to thedistortionof theparent.Our splitting methodis moreintuitive. We know the
eigenvectorsz u andeigenvalues n u of the data’s covariance,E . The directionof largest
covarianceis along zt{ , where| �}q*~2#,orqts u n u . In thecaseof two centersmodelingthe
sameGaussian,the minimum-variancesolutionwill placeboth centersalong zt{ , giving
thecenterplacements5 6 = 3 ��� ���C�: 5 � = 3(< � �;�C�:
Since n { is the variancein the directionof z { . Therefore,finding the eigenvaluesand
eigenvectorsof E givesthe 4 R usedin the statisticaltestfor splitting a center, andit also
givesgoodinitial positionsfor thechildrencenters,which allows � -meansto performless
updateiterations.

4 Experiments

Figure3 shows anexampleof the
�

-meansalgorithmwith our statisticaltest,which cor-
rectly finds the 11 true clusters. For this experimentwe startedwith onecenterlocated
at thecentroidof thedataset,andran the

�
-meansalgorithmwith our statisticaltestfor

splitting centers.For thevalueof V , we used0.01. We have rarelyhadto adjustthevalue
of V .

Figure4 showstheresultsonadatasetof 1,037datapointsin 2 dimensionswhichrepresents
a traceof theexecutionof theprogramgzip. Theoriginal datasethad8,163dimensions.
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Figure4: Herethe
�

-meansalgorithmusingourstatisticaltesthasfound � �]� clustersin
thedatasetgzip, usingtheparameterV ��kYl kY@ andstartingfrom onecenterandsplitting.
This datasethas2 dimensions(using randomlinear projectionto reducethe dimension
from 8,163),and1,037datapoints.

Table1: Thenumberof centersthatPelleg andMoore’s
�

-meansalgorithmfoundin the
2-dimensionaldatasetgzip, as a function of the parameternum splits given to the
algorithm. Thenumber � ���tk appearsto bea hardlimit in thesoftwarefor thedataset.
Notethatit is not clearhow to pick thevalueof num splits basedon this table.

num splits 1 2 3 4 5 6 7 8 9 10� foundby P&M 1 2 3 5 9 14 24 36 50 50

Table2: The numberof centersthat
�

-meanswith our statisticaltest found in the same
2-dimensionaldataset.It is easyto pick agoodvalueof V , sincein moststatisticaltestswe
wantfairly highconfidence(low V ). In practice,wewouldrecommendchoosingV _�k�l k�� .V 0.001 0.01 0.02 0.03 0.04 0.05 0.1 0.25� foundby � � 6 6 7 8 10 10 28 44

Eachdimensionrepresentsabasicblockof executionfrom theprogram’sbinaryimage.A
value

\
in dimension� meansthatbasicblock � wasexecuted� timesin a giventimeslice

of execution. Eachdatapointrepresentsa timesliceof 100 million executedinstructions.
We reducethe dimensionof the datadrasticallyby usinga randomlinearprojectionto 2
dimensions,asin [?]. After this randomprojection,we use

�
-meansto clusterthe data

andto find � .
In Tables1 and2 weseethatdependingontheparametergivento thealgorithms(for Pelleg
andMoore,it is num splits, for our testit is V ), wecanobtainadifferentnumberfor � .
However, it is farmoreintuitivehow to chooseV thanhow to choosenum splits, since
the former is the standardstatisticaltestparameter, while the latter is a heuristicwhich
mustreflectsomenotionof previousknowledgeof thedata.Notethatin thisdataset,there
is no“correct” valueof � , sowecannotcomparetheclusteringresultsof thetwo methods.



5 Discussion and conclusions

We have shown that a statisticaltestbasedon the distortionof a datasetcanbe usedto
determinewhetherthatdatashouldbesplit into 2 clusters,or shouldremainasone. This
statisticaltestis very intuitive, sinceits purposeis to determinewhethertwo split centers
arerepresentingonecluster(in which casewe do not wantto keepthesplit), or if they are
actuallyrepresentingmorethanonecluster(in which casewe do want to keepthe split).
This testtakesasa parametertheconfidencelevel V , which canbesetin thesameway as
a typical � � test. Thesystemworkswell on real2-d datasetsat finding thecorrect � , and
thelocationsof thetrueclustercenters.

References

A Proof of theorem 1

Assumewe have oneunivariateGaussianprobabilitydistribution,centeredat 3 with vari-
ance4 � . Theprobabilityof

\
accordingto thisGaussianis� ��\�� 3 ^ 4 � �a� @� � x 4 ��� s��

�w��\�� 3 � �� 4 �
Now if we have a point 5�1�3 andwe want to measurethe varianceof datagenerated
from theGaussianfrom thisnew point,wewantto calculatetheexpectationof thesquared
distanceto thepoint 5 :��� ��\�� 5 � ��� � �&���� ��\�� 5 � � � ��\�� 3 ^ 4 � �0�*\� �&���� ��\�� 5 � � @� � x 4 ��� s[�

�w��\�� 3 � �� 4 � �$\
Notethatherewehavemadetheassumptionthatwewantthevariancewith respectto only
half of theGaussian(whichis why weintegratewith lowerbound3 ratherthan

���
). Thus

we multiply theintegralby two, to re-normalize
� ��\�� 3 ^ 4 � � .

Usingthefollowing substitutions,

� =

\(� 3 K = 3 � 5� � =

�$\ | = 69 �2:*8 �
we obtainthefollowing equations:�(� ��\�� 5 � � � � � | � � Z �R � �w<�3 � 5 � � � s[�

� � �� 4 � � �� � | � � Z �R � �w< K � � � s[�
� � �� 4 � � �� � | ��� Z �R � � � < � � K < K � � � s[�

� � �� 4 � � �� � |¢¡ � � Z �R � � � s[�
� � �� 4 � � � <

� K � � Z �R � � s[�
� � �� 4 � � ��<K � ��� Z �R � s[�

� � �� 4 � � �$£



Takingeachtermin turn andusingstandarddefinitions:� | ��� Z �R � � � s[�
� � �� 4 � � � � 4 �¤ K | � � Z �R � � s[�
� � �� 4 � � � � ¤ K | �A� 4 � � s��

� � �� 4 � � b � Z �R� ¤ � 3 � 5 �� � x 4 � 4 �� ¤ 4 � 3 � 5 �� � x� K � | � � Z �R � s[�
� � �� 4 � � � � K �� � 3 � 5 � �

Now we canrecombinetheterms:��� ��\(� 5 � � � � 4 � < ¤ 4 � 3 � 5 �� � x < � 3 � 5 � �� 4 � < � 3 � 5 � � < ¤ 4 � 3 � 5 �� � x
This is thenthevariancearoundpoint 5 for half of a Gaussian.

Now we want to find the 5 for which this expectationis minimized. Takingthederivative
with respectto 5 , we obtain:�� 5 ��� ��\(� 5 � � � � � 5 � � 3 � ¤ 4� � x
Settingthis to zerogivestheminimumsolution:5 � 3(< � 4� � x
Now if weplacetheminimumsolutionfor 5 backinto theexpectedvariance,thenwe get:o=¥c¦§ ��� ��\(� 5 � � � � 4 � < v 3 � v 3r< � 4� � x yDy � < ¤ 4©¨73

� ¨73r< �;89 �2:�ª«ª� � x� 4 � < ¤ 4 �� x �­¬ 4 �� x� 4 � � � 4 �x� 4 � v @�� �x y
Thisis theminimumexpectedvariancefor onecenterwhichis modelinghalf of aGaussian.
For two centerswhich modelbothhalves,theminimumexpectedvarianceis simply twice
that,or

� 4 �D® @�� �:�¯ .


