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Abstract

Practicalmachinelearningrequiresthatthe practitionerchoosea model
andsomeparameter$or themodel.In dataclusteringwith k-meansthe
choiceof & reflectsprior knowledgeaboutthe structureof the dataseto

beclustered However, having to choosek is notalwayseasyor obvious,
andtruelearningshouldlearnk aswell astheparameterfor eachcluster

In this paperwe develop a new way of choosingk basedon a x? test
of the varianceof clusters. The simpleideais that usingtwo centers
to represent true clusterthat looks Gaussiaris bad. Our testbuilds

on the framework of [?], but is a moreflexible testthat producedetter
results.We performsyntheticandreal-world experimentgo illustratethe

performancef our algorithm.

1 Introduction

Dataclusteringis the taskof dividing a setof datapointsinto severalpartitions,wherethe
pointsin eachpartition aresimilar to themseles,anddifferentfrom pointsin otherclus-
ters. Dataclusteringis a usefultool for datamining, compressionynsupervisedearning,
probability estimation,and othertasksin machinelearningandstatistics.However, most
clusteringalgorithmsrequirethe practitionerto provide the numberof clusters(called k),
andthereis not alwaysa clearansweron what & shouldbe. Figure 1 shovs an example
wherek hasbeenimproperlychosenThus,choosingk canbeasomeavhatad-hoodecision
basedon prior knowledge, ,assumptionsandpracticalexperience.

Severalalgorithmshave beenproposedo determinek automaticallybasecon modelcom-
plexity penaltiedik etheBayesiarinformationcriterion(BIC) [?], or basednadescription
lengthmetric[?]. Both of thesearewrappemmethodsaroundclusteringalgorithmsandrely
on splitting and/ormeming rulesfor centersto grow/shrink & asthe algorithmproceeds.
Otherresearchin agglomeratite clusteringalgorithmssuggestshoosingk basedon the
“stability” of thememingtree(dendrogramdf distancedbetweerpoints. Thistoo requires
someprior knowledge.However, usingthesemethodds notany moreintuitive thanhaving
to choosek. Thiswork builds onwork by [?] by providing a moreintuitive splitting rule
basedbn a statisticaltest,the x? test.

Our methodis basedon a simpleobsenation: whentwo centersare usedto describeone
cluster(i.e. pointsdravn from a Gaussiardistribution), the centersform a poor descrip-
tion of that data(seeFigure 2), becausdwo centersare beingusedto describeonetrue
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Figure 1: This shows a datase{yellow dots)with 3 final centers(red dots) found by k-
meanswherek hasbeenimproperlychoserby theuser We canseethatthe centerclosest
to the top shouldbe split into two to fit the two clustersaroundit, while the othertwo
centersshouldnot be split. This intuition is basedon the assumptiorthat true clusters
shouldbe Gaussian-shaped.

cluster Themostcommoncenterbasecclusteringalgorithms(e.g. k-meansandGaussian
Expectation-Maximizationgssumehattrue clustershave approximatelyGaussiardistri-
butions. Intuition tells usthat only onecentershouldbe usedto describea true cluster In
this paperwe describethe algorithmframework for learningk, we develop the statistical
testfor decidingwhetherto split a centerinto two centersandwe provide experimenton
realdatato illustratethe behaior of our algorithm.

2 The X-meansalgorithm

Pelleg andMoore[?] proposeda regularizationframework for learningk, which they call
X -meansThealgorithmscoresachclusteringmodelbasedon the Bayesiarinformation
Criterion(BIC) [?]:

BIC(M) = £(D) — glogR
where£(D) is thelog-likelihoodof the dataseticcordingo model M, andp and R arethe
modelcompleity parametersThenthey choosehe modelwith the bestBIC score.

Along with decidingbetweenmodels,the algorithmmustalso be ableto searchthrough
the spaceof valuesfor k efficiently. Givenlower andupperboundsfor &, calledk,,;, and
kmax, andstartingwith k& = kyin,

Runk-meansntheentiredataset.

Split each*parent” centerinto two “children” centers.

Run2-meansn eachpair of childrenon only the databelongingto their parent.
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For eachparentjf BIC(parent)> BIC(children),thenkeeptheparent.Otherwise,
replacethe parentwith its children.

Thisprocesss repeatedintil £ = kmax Or nomorechildrenareadded.Thealgorithmsplits
aparentby choosingarandomdirectionvectorandplacingtwo childrenatequaldistances
away from the parenton thatrandomvector The distancefrom the parentis proportional
to thevarianceof theparentsdata.Additionally, in theirimplementatiorPelleg andMoore



Figure 2: Two k-meanscenters(red circles) in their final positionsfor clusteringdata
drawn from a univariateGaussiardistribution (pdf representedby the blueline). Thisis
the situationwe wantto avoid. Intuitively, only onecentershouldbe usedto representhis
data.

provide akey parametenumspl i t s, which determinedhiow mary timestheentireloop
aboveis run. This parameteis misleadinganddeterminesiow muchof the searchspace
to examineandcandrasticallychangehebehaior of thealgorithm,aswe will see.

Pelleg and Moore comparedX -meanswith a BIC-scoredversionof k-meanswherethe
k-meansalgorithmwasrun for severalreasonablealuesof k, choosingthe onewith the
highestBIC score. They shaved that X -meansperformedbetterthan k-meansat finding
the low-distortion clusterings(accordingto the k-meansquality metric of within-cluster
variance) However, they alsoshavedthat X -meangendedo underestimatéhetruenum-
ber of clusters andthat BIC-scoredk-meanswith a parametesweepof k did a betterjob
of estimatingk thandid X -means.

The X-meansalgorithmis also efficient with respectto the size of the datasetbecause
it usesa datastructurecalledthe kd-treeandknowledgeaboutthe hardassignmenbof k-
meango ignorecertainregionsof thedata,withoutlosingany accurag. This efficiency is
good,but our primary concernis choosingk.

3 A new test for splitting centers

Following the exampleof Pelleg and Moore, we have developeda new decisioncriterion

thatis simplerandmoreintuitive thanthe BIC. This criterion makesthe assumptiorthat

eachtrue clusteris elliptical anddistributedaccordingto a multivariateGaussiardistribu-

tion, andthat only onecentershouldbe usedfor eachtrue cluster Theseareappropriate
assumptiongor k-meansclustering. In fact, the assumptiongre more loosethanthose
imposedby k-meanssincek-mean<lusteringassumesphericaklusters.

The intuition we proposeis thatif a clusteris distributedaccordingto a single Gaussian
distribution, we shouldbe ableto detectif two centersareattemptingto modelthe cluster
basedon the varianceof eachcenter We will shav thatwe canknow the minimum ex-
pectedvarianceof two k-meanscentersclusteringone Gaussian.Using this knowledge,
we candevelopa statisticaltestto determinewvhento split centerdn X-means.

Theorem 1 Given a univariate Gaussian distribution with mean x and variance a2, the
minimum k-means variance for k¥ = 2 centers occurswhen ¢; = u — % and ¢y =



A+ jT"_ﬁ The variance around each center is Var(c,) = o(1 — 2) for atotal variance of
Var(ci) + Var(cz) = 20%(1 — 2).

For theproofof thistheorempleaseaeferto AppendixA. Now thatwe know theminimum
variancefor two centerdsn a Gaussiardistribution with meany andcovariancey:, we can
form a statisticaltestto determinewhetherto split a centerinto two children. We usethe
x? distribution, where
n 2 —
=1 0'2

formsa x2 valuewith n — 1 degreesof freedom(sincewe useonedegreeof freedomto
computez). We take o2 from Equation2. Our testhypothesesre:

e Hy: 0? > o
This is the null hypothesighat saysthatthe varianceof the two childrencenters
(0?) is nobetterthanthevarianceof two centeron asimilar Gaussiamlistribution
(03). If we acceptHy, thenwe shouldnot split the centerin questioninto two
centerspecausehetestdoesnot supportit.

e Hy:o? < o
This is the alternatve hypothesiswhich saysthat o2 is significantly better
(smaller)thanthe varianceof two centerson a similar Gaussiardistribution (o2
Accepting H 4 meanswe shouldsplit the centerin questioninto two centerspe-
causethey improve the variancemorethanit would to have two centersin one
cluster

Thenwe choosehesignificancdevel of thetest,a, whichis the probabilitywith whichwe
will make a mistale (i.e. rejectHy whenwe shouldnot rejectit). To performthetest,we
computeyx? andcompareit with Xa o1 F X2 < Xa n_1. thenwe reject Hy andaccept
H 4, whichmeanswe shouldsplit the centerinto two.

A benefitof usingthis statisticaltest(over simply comparingthe valuesof two variances)
is that whenthe numberof samplepointsis small, the testtendsto rejectthe alternatie
hypothesis. In other words, this testis able to find cluster structureat mary levels of
resolutionin the data,but whenthe clustersizeis too small (too few datapoints),the test
becomedessconfident. Thereforeit will not split clusterswith a very small numberof
points, which would happenif we were simply comparingtwo variances.The statistical
testlendsconfidenceo our predictions.

3.1 Adapting to multivariate data

We have shawvn the bestway to represenbne Gaussiarnwith two centersandto perform
a testof significanceon an empiricalmeasurementNow we mustadaptthe to the case
of multivariate data. For this, we considerthe statisticof the distortion of the dataset
X = z;,1 <i < n belongingto acenterc:

distX) = > |z —d|? 1)
=1

This is the k-meanametric of distortionfor databelongingto a center It is similar to the

univariatevariancehoweverwe usetheEuclideamorm||x|| = 1/, 22 totakethelength
of multivariatedata.

We claimwithout proofthattheminimumdistortionfor oneof two centersn amultivariate



Figure3: Herethe X -meanslgorithmusingour statisticattesthasfoundthe correctnum-
berof centersandplacedthe centerdn theright locations.Herewelet X-meanssearctfor
thecorrectk startingfrom k£ = 1, andwe usea = 0.01.

Gaussiardistribution with meany andcovarianceX is

1< 1 2
Var(c;) = 3 Z/\i — mjax)\j 37 - 2
=1

where); is theith eigervalueof . Thisallowsusto adapthetestto themultivariatecase;
we canusethe samestatisticattestasbefore,but on multivariatedata.

Whenwe usethe X -meansalgorithm, we mustmake a decisionof how to split a parent
centerinto two children— thatis, how they will beinitialized. Pelleg and Moore choose
a random directionvectorthat goesthroughthe parentcenter andplacethe two children
on oppositesidesof the parent,equallyfar apartalongthat vector with distancepropor

tional to the distortionof the parent.Our splitting methodis moreintuitive. We know the

eigervectorsv; andeigervalues); of the datas covariance,X. The directionof largest
covariances alonguv,,, wherem = argmax; A;. In the caseof two centersnodelingthe

sameGaussianthe minimum-variancesolutionwill placeboth centersalongv,,, giving

thecenterplacements

a = op—EE e = opy/Ee

Since )\, is the variancein the direction of v,,,. Therefore finding the eigervaluesand
eigervectorsof X givesthe o usedin the statisticaltestfor splitting a center andit also
givesgoodinitial positionsfor the childrencenterswhich allows k-meando performless
updateiterations.

4 Experiments

Figure3 shows anexampleof the X -meansalgorithmwith our statisticaltest,which cor-

rectly finds the 11 true clusters. For this experimentwe startedwith one centerlocated
at the centroidof the dataset,andranthe X -meansalgorithmwith our statisticaltestfor

splitting centers.For the valueof «, we used0.01. We have rarely hadto adjustthe value
of a.

Figured shavstheresultsonadatasebf 1,037datapointsn 2 dimensionsvhichrepresents
atraceof the executionof the programgzi p. The original datasehad8,163dimensions.
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Figure4: Herethe X -meansalgorithmusingour statisticattesthasfound ¥ = 6 clustersin

thedatasefzi p, usingthe parametetx = 0.01 andstartingfrom onecenterandsplitting.

This datasethas 2 dimensions(using randomlinear projectionto reducethe dimension
from 8,163),and1,037datapoints.

Tablel: Thenumberof centerghatPelleg andMoore’s X -meansalgorithmfoundin the
2-dimensionadataseigzi p, asa function of the parametenumspl i t s givento the
algorithm. The numberk = 50 appeargo be a hardlimit in the softwarefor the dataset.
Notethatit is not clearhow to pick thevalueof numspl i t s basednthistable.

numsplits 1|23 (4|56 | 7| 8| 9|10
kfoundbyP&M | 1 | 2|3 | 5|9 (14| 24| 36| 50| 50

Table2: The numberof centersthat X -meanswith our statisticaltestfoundin the same
2-dimensionatlatasetlt is easyto pick agoodvalueof «, sincein moststatisticatestswe
wantfairly highconfidencelow «). In practice we would recommendahoosingx < 0.05.

« [ 0.001] 0.01] 0.02]0.03]0.04]0.05] 0.1] 0.25
% foundby x2 | 6 6 | 7 | 8 | 10| 10 | 28| 44

Eachdimensiorrepresents basicblock of executionfrom the programs binaryimage.A

valuez in dimensiony meanghatbasicblock y wasexecutedy timesin a giventimeslice
of execution. Eachdatapointrepresents timesliceof 100 million executedinstructions.
We reducethe dimensionof the datadrasticallyby usinga randomlinear projectionto 2

dimensionsasin [?]. After this randomprojection,we use X -meangto clusterthe data
andto find k.

In Tablesl and2 we seethatdependingntheparametegivento thealgorithms(for Pelley
andMoore,it isnumspl i t s, for ourtestit is «), we canobtaina differentnumberfor k.
However, it is far moreintuitive how to choosenx thanhow to choosenumspl i t s, since
the former is the standardstatisticaltest parameterwhile the latter is a heuristicwhich
mustreflectsomenotionof previousknowledgeof thedata.Notethatin this datasetthere
is no“correct” valueof k, sowe cannotcomparehe clusteringresultsof thetwo methods.



5 Discussion and conclusions

We have shown that a statisticaltestbasedon the distortion of a datasetcanbe usedto

determinewhetherthat datashouldbe split into 2 clusters,or shouldremainasone. This

statisticaltestis very intuitive, sinceits purposeis to determinewhethertwo split centers
arerepresentingnecluster(in which casewe do notwantto keepthe split), or if they are
actuallyrepresentingnorethanonecluster(in which casewe do wantto keepthe split).

This testtakesasa parametethe confidencdevel «, which canbe setin the sameway as
atypical x2 test. The systemworks well on real 2-d datasetst finding the correctk, and
thelocationsof thetrue clustercenters.
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A Proof of theorem 1
Assumewe have oneunivariateGaussiarprobability distribution, centeredat u with vari-
anceo?. Theprobabilityof z accordingto this Gaussians
: 1 —(z —p)?
c 22) —
p(x7 ,U’7 g ) - \/W exp 202

Now if we have a pointc > p andwe wantto measurehe varianceof datagenerated
from the Gaussiarfrom this new point, we wantto calculatethe expectationof the squared
distanceo thepointe:

Blo—o?) = 2 [ (= ofplesmod)is
= 2/:o(az—c)2\/2;7exp _(2;2u)2da:

Notethatherewe have madetheassumptiorthatwe wantthevariancewith respecto only
half of the Gaussiarfwhich is why we integratewith lowerboundy ratherthan—oo). Thus
we multiply theintegral by two, to re-normalizep(x; p, 02).

Usingthefollowing substitutions,

Yy = T—u Zz = p-—c
dy = dzx m:ﬁ

we obtainthefollowing equations:

2 ok 2 -y’
Ble=0f] = 2m [ +u—oew gy
co—p _y2
= Qm/ (y + z)* exp 5y
0 20

TE 2 _242
= 2 2 —d
m/o (y* + yz+z)exp2(72 y

co—p _yz co— [ _y2
= 2m [/ y? exp —2dy+2z/ yexp —dy+

) co— _y2
54
z /] exp 202 y]



Takingeachtermin turn andusingstandardiefinitions:

oTE _312 2
2 — dy =
m/o Yy~ exp 5,2 Yy o
co—p _y2 9 _ g2
— co—
4zm/0 y exp de = 4dzm(—o”exp F)
Ay —
_ (p 0)02
2no?
_ do(p—2o)
B V2
2 oTH _312 2
2 — dy =
z m/o exp 5.2 Yy z
= (u—¢)?
Now we canrecombingheterms:
5  do(p—c)
El(z—¢)? = 2+ 24 (u—2c)?
(2 =) T+ =0)
, 4do(p—c)
2 2
= P+ (p-c)?+———
(1 —c) o

Thisis thenthevariancearoundpoint ¢ for half of a Gaussian.

Now we wantto find the ¢ for which this expectationis minimized. Taking the derivative
with respecto ¢, we obtain:

%E[(:c 0 = 2—2u- \%
Settingthis to zerogivesthe minimumsolution:
c = p+ 2—0
V2r

Now if we placethe minimumsolutionfor ¢ backinto the expectedvariancethenwe get:
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Thisistheminimumexpectedvarianceor onecentemwhichis modelinghalf of aGaussian.
For two centersvhich modelboth halves,the minimumexpectedvarianceis simply twice
that,or202 (1 - 2). |



