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Abstract

This paperpresents methodfor obtainingclassmembershigprobability
estimategor multiclassclassificatioproblemsby couplingtheprobabil-
ity estimateproducedy binaryclassifiers Thisis anextensionfor arbi-
trary codematricesof amethoddueto HastieandTibshiranifor pairwise
coupling of probability estimates. Experimentalresultswith Boosted
Naive Bayesshaw that our methodproducescalibratedclassmember

ship probability estimateswhile having similar classificationaccurag

asloss-basedecodinga methodfor obtainingthe mostlik ely classthat
doesnot generatgrobabilityestimates.

1 Introduction

The two mostwell-known approache$or reducinga multiclassclassificatiorproblemto
a setof binary classificationproblemsare known as one-against-alandall-pairs. In the
one-against-alhipproachyve train a classifierfor eachof the classesisingaspositive ex-
ampleghetrainingexampleghatbelongto thatclass andasnegativesall theothertraining
examples.In the all-pairsapproachyve train a classifierfor eachpossiblepair of classes
ignoringtheexamplegshatdo notbelongto the classe$n question.

Although these two approaches are the most obvious, Allwein et

al. [Erin L. AllweinandSinger 2000 have shovn thattherearemary otherwaysin which
amulticlassproblemcanbe decomposethto a numberof binary classificatiorproblems.
We canrepresentachsuchdecompositiorby a codematrix M € {—1, O,+1}kx', where
k is the numberof classesand | is the numberof binary classificationproblems. If

M(c,b) = +1 then the examplesbelongingto classc are consideredto be positive
examplesfor the binary classificatiorproblemb. Similarly, if M(c,b) = —1 theexamples
belongingto ¢ are consideredo be negative examplesfor b. Finally, if M(c,b) = 0 the
exampleshelongingto c arenot usedin traininga classifierfor b.

For example,in the 3-classcasetheall-pairscodematrix is

| by b b3
c|+1 +1 0
c | -1 0 +1
C3 0O -1 -1




Orthogonalto the problemof choosinga codematrix for reducingmulticlassto binaryis
the problemof classifyingan examplegiventhe labelsassignedy eachbinary classifier
Givenanexamplex, Allwein et al. [Erin L. AllweinandSinger 200(q first createa vector
v of lengthl containingthe {-1,+1} labelsassignedo x by eachbinary classifier Then,
they computethe Hammingdistancebetweens andeachrow of M, andfind therow c that
is closestto v accordingto this metric. Thelabelc is thenassignedo x. This methodis
calledHammingdecoding.

For the casein which the binary classifiersoutputa scorewhosemagnitudes a measure
of confidencen the prediction,they usea loss-basedlecodingapproachthat takesinto
accountthe scorego calculatethe distancebetweerv andeachrow of M, insteadof us-
ing the Hammingdistance. This methodis called loss-basedlecoding. Allwein et al.
[Erin L. AllweinandSinger 200J presentheoreticalandexperimentalresultsindicating
thatthis methodis betterthanHammingdecoding.

However, bothof thesemethodssimply assigna classlabelto eachexample. They do not
outputclassmembershiprobability estimate?(C = ¢|X = x) for anexamplex. Given
a codematrix M and a binary classificationlearning algorithm that outputsprobability
estimateswe would lik e to couplethe estimategiven by eachbinary classifierin orderto
obtainclassprobabilitymembershigstimategor the multiclassproblem.

HastieandTibshirani[HastieandTibshirani, 1999 describea solutionfor obtainingprob-
ability estimated?(C = ¢|X = x) in theall-pairscaseby couplingthe pairwiseprobability
estimateswhichwe describan Section2. In Section3, we extendthe methodto arbitrary
codematrices.In Section4 we discussthe loss-basediecodingapproachn moredetail
and comparet mathematicallyto the methodby Hastieand Tibshirani. In Section5 we
presenexperimentalesults.

2 Coupling pairwise probability estimates

We aregivenpairwiseprobabilityestimates;  (x) for everyclass # j, obtainedby training
aclassifierusingtheexampleshelongingto class aspositvesandthe exampleselonging
to classj asnegatives. We would like to coupletheseestimatedo obtaina setof class
membershigprobabilitiesp; (X) = P(C = ¢i|X = x) for eachexamplex. Ther;; arerelated
to the p; accordingo

rij(x):P(C:i|C:iVC:j,sz):p.p#x).

Sincewe additionallyrequirethat 3 pi(X) = 1, therearek — 1 free parametersindk(k —
1) /2 constraintsThis impliesthattheremaynot exist p; satisfyingtheseconstraints.

Let njj be the numberof training examplesusedto train the binary classifierthat predicts
rij. In orderto find the bestapproximationfij(x) = £i(x)/(Hi(x) + Pj(x)), Hastieand
Tibshiranifit the Bradley-Terrey modelfor pairedcomparison$Bradley andTerry, 1952
by minimizing the averageweightedKullback-Leiblerdistancel (x) betweenr;j(x) and
fij(x) for eachx, givenby

X

Fij —rij(x)
fij(x)

+(1- rij(X))'Ogi— Fij(%)

0=3mn [ru(x)log

|
Thealgorithmis asfollows:

1. Startwith someguesdor the fi(x) andcorrespondingj;(x).



2. Repeauntil corvergence:
(@) Foreachi=1,2,...,k

P = B0 R0

(b) Renormalizehe p;(x).
(c) Recomputehefij(x).

Hastieand Tibshirani[HastieandTibshirani, 1999 prove that the Kullback-Leiblerdis-
tancebetweerr;;(x) andf;;(x) decreaseateachstep.Sincethisdistances boundedelow
by zero,the algorithmcorverges. At corvergencethefjj areconsistenwith the . The
classpredictedfor eachexamplex is €(x) = argmaxp;(X).

Hastieand Tibshiranialso prove thatthe f(x) arein the sameorderasthe non-iteratve
estimatesi(x) = ¥ jirij(x) for eachx. Thus,the fii(x) aresufficient for predictingthe
mostlikely classfor eachexample. However, asshovn by Hastieand Tibshirani, they

arenot accurateprobability estimatesecausdhey tendto underestimat¢he differences
betweerthe fi(x) values.

3 ExtendingtheHastie-Tibshirani method to arbitrary code matrices

For anarbitrarycodematrix M, insteadof having pairwiseprobability estimatesywe have
anestimate,(x) for eachcolumnb of M, suchthat

() = P(\/C = \/ C=cX=x) = 2Pt

cel celud Y cetua Pe(X)

wherel is the setof classedor which M(-,b) = 1 andJ is the classegor whichM(-,b) =
—1.

We would like to obtaina setof classmembershigrobabilitiesp;(x) for eachexample
x compatiblewith the rp(x) andsubjectto 3; pi(x) = 1. In this casethe numberof free
parameterss k— 1 andthenumberof constraintss | + 1, wherel isthenumberof columns
of thecodematrix.

Sincefor mostcodematriced is greatetthank — 1, in generakhereis no exactsolutionto
this problem.For this reasonwe proposeanalgorithmanalogouso the Hastie-Tibshirani
methodpresentedh the previoussectionto find thebestapproximatgrobabilityestimates
pi(x) suchthat

& _ ZCGI ﬁc(x)
o) = Y ceiug Pe(¥)’

andthe Kullback-Leiblerdistancebetweerfy(x) andrp(x) is minimized.
Let nyp be the numberof training examplesusedto train the binary classifierthat corre-

spondgo columnb of thecodematrix. Thealgorithmis asfollows:

1. Startwith someguesdor the fj(x) andcorrespondingpy(X).
2. Repeauntil corvergence:
(a) Foreachi=1,2,...,k



. ~ o 2bst M(i,p)=1Molb(X) + Yb st. m(ib)=—1Mb(1 = Ib(X))
Bi(X) < Bi(x) _ = _ =
Ybst. M(i,o)=1 Mbfb(X) + b st. M(ib)=—1Mb(1 = Fo(X))
(b) Renormalizehe fi(x).
(c) Recomputehefp(x).

If the codematrix is the all-pairsmatrix, this algorithmreducego the original methodby
HastieandTibshirani.A proofof thecorvergenceof thisalgorithmwill begivenin afuture
versionof this paper

Let By bethe setof matrix columnsfor which M(i,-) = +1 andB_; be the setof matrix
columnsfor whichM(c,-) = —1. By analogywith thenon-iteratve estimatesuggestedty
HastieandTibshirani,we candefinenon-iteratve estimates

B =5 )+ Y (1-rp(x).

beBy beB_j

For the all-pairscodematrix, theseestimatesrethe sameasthe onessuggestethy Hastie
and Tibshirani. However, for arbitrary matrices,we cannotprove that the non-iteratve
estimategpredictthe sameclassastheiterative estimates.

4 Loss-based decoding

In this sectionwe discusshow to applytheloss-basedecodingmethodto classifierghat
outputclassmembershiprobability estimatesWe alsostudythe conditionsunderwhich
this methodpredictsthe sameclassasthe Hastie-Tibshiranimethod,in theall-pairscase.

Theloss-basedecodingmethod[Erin L. AllweinandSinger 200q requiresthateachbi-

nary classifieroutputa mamgin scoresatisfyingtwo requirementsFirst, the scoreshould
be positiveif the exampleis classifiedaspositive, andnegative if the exampleis classified
asnegative. Secondthe magnitudeof the scoreshouldbe a measuref confidencen the
prediction.

The methodworks asfollows. Let f(x,b) be the mamgin scorepredictedby the classifier
correspondingo columnb of the codematrix for examplex. For eachrow c of the code
matrix M andfor eachexamplex, we computethe distancebetweenf andM(c,-) as

I
di(x,c) = bz L(M(c,b)f(x,b)) @
=1

wherelL is alossfunctionthatis dependenbnthenatureof thebinaryclassifiemandM(c, b)
=0,1o0r-1.

We thenlabeleachexamplex with thelabelc* for which this distancds minimized:
c* = argmin, di(x,c))

If thebinaryclassificatiorlearningalgorithmoutputsscoreghatareprobability estimates,
they do notsatisfythefirst requiremenbecause¢he probabilityestimatesreall betweerD
and1. However, we cantransformthe probabilityestimates,(x) outputby eachclassifier
b into mamgin scoreshy subtractingl/2 from the scores sothatwe consideraspositives
the examplesx for which rp(x) is above 1/2, and as negativesthe examplesx for which
rp(X) is belov 1/2.



We now prove a theoremthat relatesthe loss-baseddecodingmethodto the Hastie-
Tibshiranimethod for a particularclassof lossfunctions.

Theorem 1 Theloss-basedecodingmethodfor all-pairscodematricespredictsthe same
clasdabelastheiterative estimate$; (x) givenby HastieandTibshirani,if thelossfunction
is of theform L(y) = —ay, for ary a> 0.

Proof: We first show that, if the lossfunctionis of the form L(y) = —ay, the loss-based
decodingmethodpredictsthe sameclasslabel asthe non-iteratve estimatej; (x), for the
all-pairscodematrix.

Thenon-iteratve estimate$; (x) aregivenby
Pe(¥)= > )+ > (1-rb(X),
be%.,.c begfc
= > )= > ) +[Bd,

beB,¢ beB_¢

whereB. is thesetof matrix columnsfor whichM(c, -) = +1 andB_ is the setof matrix
columnsfor whichM(c,-) = —1.

ConsideringhatL(y) = —ay andf (x,b) = rp(x) — 1/2, andeliminatingthetermsfor which
M(c,b) = 0, we canrewrite Equationl as

d(x,c) = be%H—a(rb(x) -1/2)+ b;_Ca(rb(x) -1/2)

—-a (begﬂ(rb(x) ~1/2)- 3 (0= 1/2))

=-a (begﬂrb()() - be;Crb(x) +1/2(|B_¢| - |B+C|)) .

Fortheall-pairscodematrixthefollowing relationshipholds: 1/2(|B_¢| — |B+c|) = |B—c| +
(k—1)/2,wherek is thenumberof classesSo, thedistanced(x, ) is

d(x,c)=—a< Z rp(X) — Z rb(x)+|B_c|+(k—1)/2>.

beB.¢ beB_¢

It is now easyto seethattheclassc*(x) which minimizesd(x,c) for examplex, alsomax-
imizes f¢(x). Furthermoreif d(x,i) < d(x, j) thenp(x,i) > p(x, j), which meanghatthe
rankingof the classegor eachexampleis thesame.

Sincethenon-iteratve estimate:(x) arein thesameorderastheiterative estimate9¢(x),
we canconcludethatthe Hastie-Tibshiranimethods equialentto theloss-basedecoding
methodif L(y) = —ay, in termsof classprediction,for theall-pairscodematrix. |

Allwein et al. do not considedossfunctionsof theform L(y) = —ay, andusesnon-linear
lossfunctionssuchasL (y) = €7Y. In this casethe classpredictedby loss-basediecoding
may differ from the onepredictedby the methodby HastieandTibshirani.

This theoremappliesonly to the all-pairs code matrix. For other matricessuch that
|B_c| — |B+¢| is alinearfunctionof |B_¢| (suchastheone-against-alnatrix), we canprove
thatloss-basedecodingwith L(y) = —ay) predictsthe sameclassasthe non-iteratve es-
timates. However, in this case the non-iteratve estimatesio not necessarilypredictthe
sameclassastheiterative ones.



Dataset | #TrainingExamples| #TestExamples| #Attributes| #Classes
satimage 4435 2000 36 7
pendigits 7494 3498 16 10
soybean 307 376 35 9

Tablel: Characteristicsf the datasetsisedin the experiments.

5 Experiments

We performedexperimentausingthefollowing multiclassdatasetérom the UCI Machine
LearningRepository[Blake andMerz,1998: sat i mage, pendi gi t s andsoybean. Table
1 summarizeshecharacteristicef eachdataset.

The binary learning algorithm used in the experimentsis boosted naive Bayes
[Elkan, 1997, sincethis is a methodthat cannotbe easily extendedto handlemulticlass
problemddirectly. For all the experimentsye ran 10 roundsof boosting.

We usethreedifferentcodematricedor eachdatasetall-pairs,one-against-ahindasparse
randommatrix. The sparseandommatriceshave [15log, k] columns,andeachelement
is 0 with probability 1/2 and-1 or +1 with probability 1/4 each. This is the sametype of
sparsegandommatrixusedby Allweinet al.[Erin L. Allwein andSinger 2000. In orderto
have gooderrorcorrectingpropertiesthe Hammingdistancep betweereachpair of rows
in the matrix mustbe large. We selectthe matrix by generatingl0,000randommatrices
andselectinghe onefor which p is maximized checkingthateachcolumnhasatleastone
—1andone+1, andthatthe matrix doesnot have two identicalcolumns.

We evaluatethe performanceof eachmethodusingtwo metrics. The first metricis the
error rate obtainedwhen we assigneachexampleto the mostlikely classpredictedby
the method. This metricis sufficientif we areonly interestedn classifyingthe examples
correctly and do not needaccurateprobability estimatesof membershign eachof the
classes.

Thesecondnetricis squarecerror, definedfor oneexamplex as

SEX) = 3 (tj(¥) — pj(¥)?,

]

wherepj(x) is the probabilityestimatedy themethodfor examplex andclassj, andt;(x)

is the true probability of classj for x. Sincefor mostreal-world datasetdrue labelsare
known, but not probabilities t; (x) is definedto be 1 if thelabelof x is j and0 otherwise.
We calculatethe squarecerrorfor eachx to obtainthe meansquarecderror (MSE) andthe
averagdog-loss.Themeansquarecerroris anadequatenetricsfor assessintheaccuray

of probabilityestimate§Zadrozry andElkan,200]. This metriccannotbe appliedto the
loss-basedlecodingmethod sinceit doesnot produceprobability estimates.

Table2 shavstheresultsof theexperimentonthesat i mage datasefor eachtypeof code
matrix. As abaselindor comparisonywe alsoshow theresultsof applyingmulticlassNaive
Bayesto this dataset.

We canseethat the iterative Hastie-Tbshirani procedure(andits extensionto arbitrary
codematrices)succeedn loweringthe MSE significantlycomparedo the non-iteratve
estimateswhichindicatesthatit producegrobability estimateshataremoreaccurateln
termsof errorrate,the differencesetweemrmethodsaresmall. For one-against-alinatri-
ces,theiterative methodperformsconsistentlyworse,while for sparseandommatricesjt
performsconsistentlybetter Figurel shavs how the MSE is loweredat eachiterationof
the Hastie-Tbshiranialgorithm,for the threetypesof codematrices.



Tables3 and4 shawv the resultsof the sameexperimentson the datasetgendi gi t s and
soybean. Again,the MSE is significantlyloweredby theiterative procedurein all cases.
For thesoybean datasetusingthe sparseandommatrix, the iterative methodagainhasa
lower error ratethanthe othermethodswhich is evenlower thanthe errorrate usingthe
all-pairsmatrix. Thisis aninterestingresult,sincein this casetheall-pairsmatrix has171
columns(correspondindo 171 classifiers)while the sparsematrix hasonly 64 columns.

| Method | CodeMatrix | ErrorRate| MSE |
Loss-basedL(y) = -y) All-pairs 0.1385 -
Loss-basedL(y) =e7Y) All-pairs 0.1385 -
Hastie-Tbshirani(non-iteratve) All-pairs 0.1385 | 0.0999
Hastie-Tbshirani(iterative) All-pairs 0.1385 | 0.0395
Loss-basedL(y) = —y) One-against-all| 0.1445 -
Loss-basedL(y) =e™Y) One-against-all| 0.1425 -
ExtendedHastie-Tbshirani(non-iteratve) | One-against-all| 0.1445 | 0.1212
ExtendedHastie-Tbshirani(iterative) One-against-allf 0.1670 | 0.0396
Loss-basedL(y) = —Y) Sparse 0.1435 -
Loss-basedL(y) =e™Y) Sparse 0.1425 -
ExtendedHastie-Tbshirani(non-iteratve) Sparse 0.1480 | 0.1085
ExtendedHastie-Tbshirani(iterative) Sparse 0.1330 | 0.0340
MulticlassNaive Bayes - 0.2040 | 0.0651

Table2: Testsetresultsonthesat i mage dataset.
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Figurel: Corvergenceof the MSE for thesat i mage dataset.



| Method | CodeMatrix || ErrorRate| MSE |

Loss-basedL(y) = —y) All-pairs 0.0723 -
Loss-basedL(y) =e™Y) All-pairs 0.0715 -
Hastie-Tbshirani(non-iteratve) All-pairs 0.0723 | 0.0747
Hastie-Tbshirani(iterative) All-pairs 0.0718 | 0.0129
Loss-basedL(y) = —Y) One-against-all] 0.0963 -
Loss-basedL(y) =e™Y) One-against-alll 0.0963 -
ExtendedHastie-Tbshirani(non-iteratve) | One-against-all| 0.0963 | 0.0862
ExtendedHastie-Tbshirani(iterative) One-against-allf 0.1023 | 0.0160
Loss-basedL(y) = -y) Sparse 0.1284 -
Loss-basedL(y) = €7Y) Sparse 0.1266 -
ExtendedHastie-Tbshirani(non-iteratve) Sparse 0.1484 | 0.0789
ExtendedHastie-Tbshirani(iterative) Sparse 0.1261 | 0.0216
MulticlassNaive Bayes - 0.2779 | 0.0509

Table3: Testsetresultsonthependi gi t s dataset.

| Method | CodeMatrix || ErrorRate| MSE |
Loss-basedL(y) = -y) All-pairs 0.0665 -
Loss-basedL(y) =e7Y) All-pairs 0.0665 -
Hastie-Tbshirani(non-iteratve) All-pairs 0.0665 | 0.0454
Hastie-Tbshirani(iterative) All-pairs 0.0665 | 0.0066
Loss-basedL(y) = —-y) One-against-all| 0.0824 -
Loss-basedL(y) =e7Y) One-against-alll 0.0798 -
ExtendedHastie-Tbshirani(non-iteratve) | One-against-al|| 0.0824 | 0.0493
ExtendedHastie-Tbshirani(iterative) One-against-allf 0.0931 | 0.0073
Loss-basedL(y) = —y) Sparse 0.0718 -
Loss-basedL(y) =e7Y) Sparse 0.0718 -
ExtendedHastie-Tbshirani(non-iteratve) Sparse 0.0798 | 0.0463
ExtendedHastie-Tbshirani(iterative) Sparse 0.0636 | 0.0062
MulticlassNaive Bayes - 0.0745 | 0.0996

Table4: Testsetresultsonthesoybean dataset.

6 Conclusions

We have presenteda methodfor producingclassmembershigprobability estimatesor
multiclassproblemsgivenprobabilityestimategor aseriesof binaryproblemsletermined
by anarbitrarycodematrix.

Since research in designing optimal code matrices is still on-going
[UtschickandWeichselbeger, 2001, it is importantto be able to obtain class mem-
bership probability estimatesfrom arbitrary code matrices. In current research,the

effectivenessof a code matrix is determinedprimarily by the classificationaccurag.

However, sincemary applicationgequireaccurateelassmembershigprobabilityestimates
for eachof the classesit is importantto alsocomparethe differenttypesof codematrices
accordingto their ability of producingsuch estimates. Our extensionof Hastie and
Tibshiranis methodis usefulfor this purpose.

Ourmethodreliesontheprobabilityestimategivenby thebinaryclassifierso producethe
multiclassprobability estimatesHowever, the probability estimateproducedoy Boosted
Naive Bayesarenot be calibratedorobabilityestimatesAn interestingdirectionfor future
work is in determiningwhetherthe calibrationof the probability estimategiven by the



binaryclassifieramprovesthe calibrationof the multiclassprobabilities.
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