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Abstract

Thispaperpresentsamethodfor obtainingclassmembershipprobability
estimatesfor multiclassclassificationproblemsby couplingtheprobabil-
ity estimatesproducedby binaryclassifiers.Thisis anextensionfor arbi-
trarycodematricesof amethoddueto HastieandTibshiranifor pairwise
coupling of probability estimates. Experimentalresultswith Boosted
Naive Bayesshow that our methodproducescalibratedclassmember-
ship probability estimates,while having similar classificationaccuracy
asloss-baseddecoding,a methodfor obtainingthemostlikely classthat
doesnotgenerateprobabilityestimates.

1 Introduction

The two mostwell-known approachesfor reducinga multiclassclassificationproblemto
a setof binary classificationproblemsareknown asone-against-allandall-pairs. In the
one-against-allapproach,we train a classifierfor eachof theclassesusingaspositive ex-
amplesthetrainingexamplesthatbelongto thatclass,andasnegativesall theothertraining
examples.In theall-pairsapproach,we train a classifierfor eachpossiblepair of classes
ignoringtheexamplesthatdonotbelongto theclassesin question.

Although these two approaches are the most obvious, All wein et
al. [Erin L. All wein andSinger, 2000] haveshown thattherearemany otherwaysin which
a multiclassproblemcanbedecomposedinto a numberof binaryclassificationproblems.
We canrepresenteachsuchdecompositionby a codematrix M

����� 1 � 0 ��� 1 � k 	 l , where
k is the numberof classesand l is the numberof binary classificationproblems. If
M 
 c � b �
��� 1 then the examplesbelonging to class c are consideredto be positive
examplesfor thebinaryclassificationproblemb. Similarly, if M 
 c � b ��� � 1 theexamples
belongingto c areconsideredto be negative examplesfor b. Finally, if M 
 c � b ��� 0 the
examplesbelongingto c arenotusedin traininga classifierfor b.

For example,in the3-classcase,theall-pairscodematrix is

b1 b2 b3
c1 � 1 � 1 0
c2

� 1 0 � 1
c3 0 � 1 � 1



Orthogonalto theproblemof choosinga codematrix for reducingmulticlassto binary is
theproblemof classifyinganexamplegiventhelabelsassignedby eachbinaryclassifier.
Givenanexamplex, All wein et al. [Erin L. All wein andSinger, 2000] first createa vector
v of lengthl containingthe � -1,+1� labelsassignedto x by eachbinaryclassifier. Then,
they computetheHammingdistancebetweenv andeachrow of M, andfind therow c that
is closestto v accordingto this metric. The labelc is thenassignedto x. This methodis
calledHammingdecoding.

For thecasein which thebinaryclassifiersoutputa scorewhosemagnitudeis a measure
of confidencein the prediction,they usea loss-baseddecodingapproachthat takes into
accountthe scoresto calculatethe distancebetweenv andeachrow of M, insteadof us-
ing the Hammingdistance. This methodis called loss-baseddecoding. All wein et al.
[Erin L. All weinandSinger, 2000] presenttheoreticalandexperimentalresultsindicating
thatthismethodis betterthanHammingdecoding.

However, bothof thesemethodssimply assigna classlabelto eachexample.They do not
outputclassmembershipprobability estimatesP̂ 
 C � c �X � x � for an examplex. Given
a codematrix M and a binary classificationlearningalgorithm that outputsprobability
estimates,wewould like to coupletheestimatesgivenby eachbinaryclassifierin orderto
obtainclassprobabilitymembershipestimatesfor themulticlassproblem.

HastieandTibshirani[HastieandTibshirani,1998] describeasolutionfor obtainingprob-
ability estimatesP̂ 
 C � c �X � x � in theall-pairscaseby couplingthepairwiseprobability
estimates,whichwedescribein Section2. In Section3, weextendthemethodto arbitrary
codematrices.In Section4 we discussthe loss-baseddecodingapproachin moredetail
andcompareit mathematicallyto the methodby HastieandTibshirani. In Section5 we
presentexperimentalresults.

2 Coupling pairwise probability estimates

Wearegivenpairwiseprobabilityestimatesri j 
 x � for everyclassi �� j, obtainedby training
aclassifierusingtheexamplesbelongingto classi aspositivesandtheexamplesbelonging
to class j asnegatives. We would like to coupletheseestimatesto obtaina setof class
membershipprobabilitiespi 
 x ��� P 
 C � ci �X � x � for eachexamplex. Theri j arerelated
to the pi accordingto

ri j 
 x ��� P 
 C � i �C � i � C � j � X � x ��� pi 
 x �
pi 
 x ��� p j 
 x �

Sincewe additionallyrequirethat∑i pi 
 x ��� 1, therearek � 1 freeparametersandk 
 k �
1��� 2 constraints.This impliesthattheremaynotexist pi satisfyingtheseconstraints.

Let ni j bethenumberof trainingexamplesusedto train thebinaryclassifierthatpredicts
ri j. In order to find the bestapproximationr̂i j 
 x ��� p̂i 
 x ����
 p̂i 
 x ��� p̂ j 
 x ��� , Hastieand
Tibshiranifit theBradley-Terrey modelfor pairedcomparisons[Bradley andTerry, 1952]
by minimizing the averageweightedKullback-Leiblerdistancel 
 x � betweenri j 
 x � and
r̂i j 
 x � for eachx, givenby

l 
 x ��� ∑
i �� j

ni j

�
ri j 
 x � log

ri j 
 x �
r̂i j 
 x � � 
 1 � ri j 
 x ��� log

1 � ri j 
 x �
1 � r̂i j 
 x �"!

Thealgorithmis asfollows:

1. Startwith someguessfor the p̂i 
 x � andcorrespondinĝri j 
 x � .



2. Repeatuntil convergence:

(a) For eachi � 1 � 2 ��#�#$#�� k
p̂i 
 x ��% p̂i 
 x � ∑ j �� i ni jri j 
 x �

∑ j �� i ni jr̂i j 
 x �
(b) Renormalizethe p̂i 
 x � .
(c) Recomputethe r̂i j 
 x � .

Hastieand Tibshirani [HastieandTibshirani,1998] prove that the Kullback-Leiblerdis-
tancebetweenri j 
 x � andr̂i j 
 x � decreasesateachstep.Sincethisdistanceis boundedbelow
by zero,thealgorithmconverges.At convergence,the r̂i j areconsistentwith the p̂i. The
classpredictedfor eachexamplex is ĉ 
 x ��� argmaxp̂i 
 x � .
HastieandTibshiranialsoprove that the p̂i 
 x � arein the sameorderasthe non-iterative
estimatesp̃i 
 x ��� ∑ j �� i ri j 
 x � for eachx. Thus,the p̃i 
 x � aresufficient for predictingthe
most likely classfor eachexample. However, asshown by HastieandTibshirani, they
arenot accurateprobabilityestimatesbecausethey tendto underestimatethe differences
betweenthe p̂i 
 x � values.

3 Extending the Hastie-Tibshirani method to arbitrary code matrices

For anarbitrarycodematrix M, insteadof having pairwiseprobabilityestimates,we have
anestimaterb 
 x � for eachcolumnb of M, suchthat

rb 
 x ��� P 
'&
c ( IC � c �)&

c ( I * JC � c � X � x ��� ∑c ( I pc 
 x �
∑c ( I * J pc 
 x �

whereI is thesetof classesfor which M 
'+,� b ��� 1 andJ is theclassesfor which M 
'+,� b ���� 1.

We would like to obtaina setof classmembershipprobabilitiespi 
 x � for eachexample
x compatiblewith the rb 
 x � andsubjectto ∑i pi 
 x ��� 1. In this case,the numberof free
parametersis k � 1 andthenumberof constraintsis l � 1,wherel is thenumberof columns
of thecodematrix.

Sincefor mostcodematricesl is greaterthank
� 1, in generalthereis noexactsolutionto

this problem.For this reason,we proposeanalgorithmanalogousto theHastie-Tibshirani
methodpresentedin theprevioussectionto find thebestapproximateprobabilityestimates
p̂i(x) suchthat

r̂b 
 x ��� ∑c ( I p̂c 
 x �
∑c ( I * J p̂c 
 x � �

andtheKullback-Leiblerdistancebetween̂rb 
 x � andrb 
 x � is minimized.

Let nb be the numberof training examplesusedto train the binary classifierthat corre-
spondsto columnb of thecodematrix. Thealgorithmis asfollows:

1. Startwith someguessfor the p̂i 
 x � andcorrespondinĝrb 
 x � .
2. Repeatuntil convergence:

(a) For eachi � 1 � 2 ��#�#$#�� k



p̂i 
 x �-% p̂i 
 x � ∑b s . t . M / i 0 b 1 � 1 nbrb 
 x ��� ∑b s . t . M / i 0 b 1 ��2 1 nb 
 1 � rb 
 x ���
∑b s . t . M / i 0 b 1 � 1 nbr̂b 
 x ��� ∑b s . t . M / i 0 b 1 ��2 1 nb 
 1 � r̂b 
 x ���

(b) Renormalizethe p̂i 
 x � .
(c) Recomputethe r̂b 
 x � .

If thecodematrix is theall-pairsmatrix, this algorithmreducesto theoriginal methodby
HastieandTibshirani.A proofof theconvergenceof thisalgorithmwill begivenin afuture
versionof thispaper.

Let B 3 i bethesetof matrix columnsfor which M 
 i �$+ �4�5� 1 andB 2 i bethesetof matrix
columnsfor whichM 
 c ��+6�-� � 1. By analogywith thenon-iterativeestimatessuggestedby
HastieandTibshirani,wecandefinenon-iterativeestimates

p̃i 
 x ��� ∑
b ( B 7 i

rb 
 x ��� ∑
b ( B 8 i


 1 � rb 
 x ���9#
For theall-pairscodematrix, theseestimatesarethesameastheonessuggestedby Hastie
and Tibshirani. However, for arbitrarymatrices,we cannotprove that the non-iterative
estimatespredictthesameclassastheiterativeestimates.

4 Loss-based decoding

In this section,we discusshow to applytheloss-baseddecodingmethodto classifiersthat
outputclassmembershipprobabilityestimates.We alsostudytheconditionsunderwhich
thismethodpredictsthesameclassastheHastie-Tibshiranimethod,in theall-pairscase.

Theloss-baseddecodingmethod[Erin L. All weinandSinger, 2000] requiresthateachbi-
naryclassifieroutputa margin scoresatisfyingtwo requirements.First, thescoreshould
bepositive if theexampleis classifiedaspositive,andnegative if theexampleis classified
asnegative. Second,themagnitudeof thescoreshouldbea measureof confidencein the
prediction.

Themethodworksasfollows. Let f 
 x � b � be themargin scorepredictedby theclassifier
correspondingto columnb of thecodematrix for examplex. For eachrow c of thecode
matrix M andfor eachexamplex, wecomputethedistancebetweenf andM 
 c ��+6� as

dL 
 x � c ��� l

∑
b � 1

L 
 M 
 c � b � f 
 x � b ��� (1)

whereL is alossfunctionthatis dependentonthenatureof thebinaryclassifierandM 
 c � b �
= 0, 1 or � 1.

We thenlabeleachexamplex with thelabelc : for which thisdistanceis minimized:

c : � argminc dL 
 x � c �$�
If thebinaryclassificationlearningalgorithmoutputsscoresthatareprobabilityestimates,
they donotsatisfythefirst requirementbecausetheprobabilityestimatesareall between0
and1. However, wecantransformtheprobabilityestimatesrb 
 x � outputby eachclassifier
b into margin scoresby subtracting1� 2 from thescores,so thatwe consideraspositives
the examplesx for which rb 
 x � is above 1/2, andasnegativesthe examplesx for which
rb 
 x � is below 1/2.



We now prove a theoremthat relatesthe loss-baseddecodingmethodto the Hastie-
Tibshiranimethod,for a particularclassof lossfunctions.

Theorem 1 Theloss-baseddecodingmethodfor all-pairscodematricespredictsthesame
classlabelastheiterativeestimateŝpi 
 x � givenbyHastieandTibshirani,if thelossfunction
is of theform L 
 y ��� � ay, for any a ; 0.

Proof: We first show that, if the lossfunction is of the form L 
 y �4� � ay, the loss-based
decodingmethodpredictsthesameclasslabelasthenon-iterativeestimates̃pi 
 x � , for the
all-pairscodematrix.

Thenon-iterativeestimates̃pi 
 x � aregivenby

p̃c 
 x ��� ∑
b ( B 7 c

rb 
 x ��� ∑
b ( B 8 c


 1 � rb 
 x ���<�� ∑
b ( B 7 c

rb 
 x � � ∑
b ( B 8 c rb 
 x ���=�B 2 c �>�

whereB 3 c is thesetof matrixcolumnsfor whichM 
 c ��+6��� � 1 andB 2 c is thesetof matrix
columnsfor whichM 
 c ��+6��� � 1.

ConsideringthatL 
 y �?� � ay and f 
 x � b �@� rb 
 x � � 1� 2,andeliminatingthetermsfor which
M 
 c � b ��� 0, wecanrewrite Equation1 as

d 
 x � c ��� ∑
b ( B 7 c

�
a 
 rb 
 x � � 1� 2��� ∑

b ( B 8 ca 
 rb 
 x � � 1� 2�
� � a A ∑

b ( B 7 c


 rb 
 x � � 1� 2� � ∑
b ( B 8 c 
 rb 
 x � � 1 � 2�'B

� � a A ∑
b ( B 7 c

rb 
 x � � ∑
b ( B 8 c rb 
 x ��� 1� 2 
$�B 2 c � � �B 3 c � �CBD#

For theall-pairscodematrixthefollowingrelationshipholds:1� 2 
$�B 2 c � � �B 3 c � �@�E�B 2 c �F�
 k � 1��� 2,wherek is thenumberof classes.So,thedistanced 
 x � c � is

d 
 x � c ��� � a A ∑
b ( B 7 c

rb 
 x � � ∑
b ( B 8 c

rb 
 x ��� �B 2 c �'�D
 k � 1��� 2BG#
It is now easyto seethattheclassc : 
 x � which minimizesd 
 x � c � for examplex, alsomax-
imizes p̃c 
 x � . Furthermore,if d 
 x � i ��H d 
 x � j � thenp 
 x � i ��; p 
 x � j � , which meansthat the
rankingof theclassesfor eachexampleis thesame.

Sincethenon-iterativeestimates̃pc 
 x � arein thesameorderastheiterativeestimateŝpc 
 x � ,
wecanconcludethattheHastie-Tibshiranimethodis equivalentto theloss-baseddecoding
methodif L 
 y ��� � ay, in termsof classprediction,for theall-pairscodematrix.

All wein et al. do not considerlossfunctionsof theform L 
 y ��� � ay, andusesnon-linear
lossfunctionssuchasL 
 y ��� e

2 y. In this case,theclasspredictedby loss-baseddecoding
maydiffer from theonepredictedby themethodby HastieandTibshirani.

This theoremappliesonly to the all-pairs code matrix. For other matricessuch that�B 2 c � � �B 3 c � is a linearfunctionof �B 2 c � (suchastheone-against-allmatrix),wecanprove
thatloss-baseddecoding(with L 
 y ��� � ay) predictsthesameclassasthenon-iterativees-
timates. However, in this case,the non-iterative estimatesdo not necessarilypredict the
sameclassastheiterativeones.



Dataset #TrainingExamples #TestExamples #Attributes #Classes
satimage 4435 2000 36 7
pendigits 7494 3498 16 10
soybean 307 376 35 9

Table1: Characteristicsof thedatasetsusedin theexperiments.

5 Experiments

We performedexperimentsusingthefollowing multiclassdatasetsfrom theUCI Machine
LearningRepository[BlakeandMerz,1998]: satimage, pendigits andsoybean. Table
1 summarizesthecharacteristicsof eachdataset.

The binary learning algorithm used in the experiments is boosted naive Bayes
[Elkan,1997], sincethis is a methodthat cannotbe easilyextendedto handlemulticlass
problemsdirectly. For all theexperiments,we ran10roundsof boosting.

Weusethreedifferentcodematricesfor eachdataset:all-pairs,one-against-allandasparse
randommatrix. Thesparserandommatriceshave I 15 log2 k J columns,andeachelement
is 0 with probability1/2 and-1 or +1 with probability1/4 each.This is thesametypeof
sparserandommatrixusedby All weinet al.[Erin L. All wein andSinger, 2000]. In orderto
have gooderrorcorrectingproperties,theHammingdistanceρ betweeneachpair of rows
in thematrix mustbe large. We selectthe matrix by generating10,000randommatrices
andselectingtheonefor whichρ is maximized,checkingthateachcolumnhasat leastone� 1 andone � 1, andthatthematrixdoesnothave two identicalcolumns.

We evaluatethe performanceof eachmethodusingtwo metrics. The first metric is the
error rate obtainedwhen we assigneachexampleto the most likely classpredictedby
themethod.This metric is sufficient if we areonly interestedin classifyingtheexamples
correctly and do not needaccurateprobability estimatesof membershipin eachof the
classes.

Thesecondmetricis squarederror, definedfor oneexamplex as

SE
 x ��� ∑
j

 t j 
 x � � p j 
 x ��� 2 �

wherep j 
 x � is theprobabilityestimatedby themethodfor examplex andclassj, andt j 
 x �
is the true probability of class j for x. Sincefor mostreal-world datasetstrue labelsare
known, but not probabilities,t j 
 x � is definedto be1 if the labelof x is j and0 otherwise.
We calculatethesquarederrorfor eachx to obtainthemeansquarederror(MSE) andthe
averagelog-loss.Themeansquarederroris anadequatemetricsfor assessingtheaccuracy
of probabilityestimates[Zadrozny andElkan,2001]. This metriccannotbeappliedto the
loss-baseddecodingmethod,sinceit doesnotproduceprobabilityestimates.

Table2 showstheresultsof theexperimentsonthesatimage datasetfor eachtypeof code
matrix. As abaselinefor comparison,wealsoshow theresultsof applyingmulticlassNaive
Bayesto thisdataset.

We can seethat the iterative Hastie-Tibshiraniprocedure(and its extensionto arbitrary
codematrices)succeedsin lowering theMSE significantlycomparedto thenon-iterative
estimates,which indicatesthatit producesprobabilityestimatesthataremoreaccurate.In
termsof errorrate,thedifferencesbetweenmethodsaresmall. For one-against-allmatri-
ces,theiterativemethodperformsconsistentlyworse,while for sparserandommatrices,it
performsconsistentlybetter. Figure1 shows how theMSE is loweredat eachiterationof
theHastie-Tibshiranialgorithm,for thethreetypesof codematrices.



Tables3 and4 show the resultsof the sameexperimentson the datasetspendigits and
soybean. Again, theMSE is significantlyloweredby theiterative procedure,in all cases.
For thesoybean dataset,usingthesparserandommatrix, theiterative methodagainhasa
lower error ratethantheothermethods,which is evenlower thantheerror rateusingthe
all-pairsmatrix. This is aninterestingresult,sincein this casetheall-pairsmatrixhas171
columns(correspondingto 171classifiers),while thesparsematrixhasonly 64columns.

Method CodeMatrix ErrorRate MSE
Loss-based(L 
 y ��� � y) All-pairs 0.1385 -
Loss-based(L 
 y ��� e

2 y) All-pairs 0.1385 -
Hastie-Tibshirani(non-iterative) All-pairs 0.1385 0.0999
Hastie-Tibshirani(iterative) All-pairs 0.1385 0.0395
Loss-based(L 
 y ��� � y) One-against-all 0.1445 -
Loss-based(L 
 y ��� e

2 y) One-against-all 0.1425 -
ExtendedHastie-Tibshirani(non-iterative) One-against-all 0.1445 0.1212
ExtendedHastie-Tibshirani(iterative) One-against-all 0.1670 0.0396
Loss-based(L 
 y ��� � y) Sparse 0.1435 -
Loss-based(L 
 y ��� e

2 y) Sparse 0.1425 -
ExtendedHastie-Tibshirani(non-iterative) Sparse 0.1480 0.1085
ExtendedHastie-Tibshirani(iterative) Sparse 0.1330 0.0340
MulticlassNaiveBayes - 0.2040 0.0651

Table2: Testsetresultson thesatimage dataset.
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Figure1: Convergenceof theMSEfor thesatimage dataset.



Method CodeMatrix ErrorRate MSE
Loss-based(L 
 y ��� � y) All-pairs 0.0723 -
Loss-based(L 
 y ��� e

2 y) All-pairs 0.0715 -
Hastie-Tibshirani(non-iterative) All-pairs 0.0723 0.0747
Hastie-Tibshirani(iterative) All-pairs 0.0718 0.0129
Loss-based(L 
 y ��� � y) One-against-all 0.0963 -
Loss-based(L 
 y ��� e

2 y) One-against-all 0.0963 -
ExtendedHastie-Tibshirani(non-iterative) One-against-all 0.0963 0.0862
ExtendedHastie-Tibshirani(iterative) One-against-all 0.1023 0.0160
Loss-based(L 
 y ��� � y) Sparse 0.1284 -
Loss-based(L 
 y ��� e

2 y) Sparse 0.1266 -
ExtendedHastie-Tibshirani(non-iterative) Sparse 0.1484 0.0789
ExtendedHastie-Tibshirani(iterative) Sparse 0.1261 0.0216
MulticlassNaiveBayes - 0.2779 0.0509

Table3: Testsetresultson thependigits dataset.

Method CodeMatrix ErrorRate MSE
Loss-based(L 
 y ��� � y) All-pairs 0.0665 -
Loss-based(L 
 y ��� e

2 y) All-pairs 0.0665 -
Hastie-Tibshirani(non-iterative) All-pairs 0.0665 0.0454
Hastie-Tibshirani(iterative) All-pairs 0.0665 0.0066
Loss-based(L 
 y ��� � y) One-against-all 0.0824 -
Loss-based(L 
 y ��� e

2 y) One-against-all 0.0798 -
ExtendedHastie-Tibshirani(non-iterative) One-against-all 0.0824 0.0493
ExtendedHastie-Tibshirani(iterative) One-against-all 0.0931 0.0073
Loss-based(L 
 y ��� � y) Sparse 0.0718 -
Loss-based(L 
 y ��� e

2 y) Sparse 0.0718 -
ExtendedHastie-Tibshirani(non-iterative) Sparse 0.0798 0.0463
ExtendedHastie-Tibshirani(iterative) Sparse 0.0636 0.0062
MulticlassNaiveBayes - 0.0745 0.0996

Table4: Testsetresultson thesoybean dataset.

6 Conclusions

We have presenteda methodfor producingclassmembershipprobability estimatesfor
multiclassproblems,givenprobabilityestimatesfor aseriesof binaryproblemsdetermined
by anarbitrarycodematrix.

Since research in designing optimal code matrices is still on-going
[UtschickandWeichselberger, 2001], it is important to be able to obtain class mem-
bership probability estimatesfrom arbitrary code matrices. In current research,the
effectivenessof a code matrix is determinedprimarily by the classificationaccuracy.
However, sincemany applicationsrequireaccurateclassmembershipprobabilityestimates
for eachof theclasses,it is importantto alsocomparethedifferenttypesof codematrices
accordingto their ability of producingsuch estimates. Our extensionof Hastie and
Tibshirani’smethodis usefulfor thispurpose.

Ourmethodreliesontheprobabilityestimatesgivenby thebinaryclassifiersto producethe
multiclassprobabilityestimates.However, theprobabilityestimatesproducedby Boosted
NaiveBayesarenotbecalibratedprobabilityestimates.An interestingdirectionfor future
work is in determiningwhetherthe calibrationof the probability estimatesgiven by the



binaryclassifiersimprovesthecalibrationof themulticlassprobabilities.
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