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Motivation

Many applications require multiclass

categorization

Algorithms that easily handle the
multiclass case include C4.5 and CART

@ Some do not easily handle the
multiclass case, as AdaBoost and SVM

© Alternative: reduce the multiclass
problem to multiple binary classifications

Reducing multiclass to multiple binary problems

binary
classifiers
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Paper proposes general framework that unifies several methods, namely:
binary margin-based algorithms coupled through a coding matrix
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Binary margin-based learning algorithm

Input: total of m binary labeled training examples

(X1 Y1)s-s (Xmy Yin) Such that
x1 Xandyl {-1,+1}

Qutput: real-valued function (hypothesis)
f:X>A

Binary margin of a training example (x, y) is defined as:
z=yf(x)

(y) z > 0 if and only if f classifies x correctly

1 m
Classification error: - E [y.f(x)<0]

@ It is difficult to minimize classification error

© Instead, minimize some loss function of the margin
L(z) = L(y f(x)) of each example (x,y)

Algorithms that use margin-based loss: support-
vector machines (SVM), AdaBoost, regression,
decision trees, etc.

Example: neural networks and least square
regression attempt to minimize squared error

(y - fO0)2 = yA(y - 1)) = (yy - yf(x))*>= (1 - yf(x))?
L) =(@1- 2)?
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Loss function of popular algorithms L ZA ® [0,¥)

14

12

adaboost exp(-z)
regression (l—z)2
logistic log(1+exp(-2*z))
swm (1-z),

10}

lossL(z)
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margin z = y f(x)

Scenario: training sequence has labels drawn from set with
cardinality k > 2 and the algorithm(s) assume k = 2

Two popular alternatives: one-against-all and all-pairs

binary
classifiers
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Output coding for solving multiclass problems

Code word (each column corresponds to a binary classifier)
Oass| vetical  horizontal diagonal dosed ave aunve
line line line ane opnto opnto =6
|eft right
o 4 -1 -1 +1 -1 -1
11 +# -1 -1 -1 -1 -1
2 4 +1 +1 -1 +1 -1
3 4 -1 -1 -1 +1 -1
9] -4 -1 +1 +1 -1 -1
k=10

k = number of classes (rows) and | = number of classifiers (columns)

Error correcting output code ECcoC, proposed by Dietterich and Bakiri, 1995

Code word (each column coresponds to a binary classifier)
Qass| vertical  horizntal  dagord dossd aune aune
line line line arne opnto opento
left right
o 4 -1 -1 +1 -1 -1
1 # -1 -1 -1 -1 -1
2l -4 +1 +1 -1 +1 -1
3 4 -1 -1 -1 +1 -1
9 4 -1 +1 +1 -1 =

Associate each classr with arow of a*“coding matrix”
Train each binary classifier

Each example labeled y is mapped to M(y,s)

Obtain | hypothesesf, to f|

Given test example x, choose the row y of M that is“closest” to binary
predictions (f,(x),..., f,(x)) according to some distance (e.g. Hamming)

10
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Summary of paper contributions

Unified view of margin classifiers
Possibility of “0” entry in ECOC matrix
Decoding when matrix has “0” entries

Bound on training error (general)

Bound on testing error (restricted to AdaBoost)

Experimental results

Idea: allow entries “0”

The coding matrix M is taken from the extended set
{-1, 0, +1}kx!

The entry M(r, s) = 0 indicates we do not care how
f, categorizes examples with label r

One-against-al - k by k

+1 -1
-1 +1
-1 -1
-1 -1
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Algorithm

Associate each classr with arow of a coding matrix
MT {-1,0, +1}kxI
Train the binary classifier for each column s=1,.. .l

For training classifier s, example labeled y is mapped
to M(y,s). Omit examples for which M(y,s) =0

Obtain | classifiers

Given test example x, choose therow y of M that is
“closest” to binary predictions (f,(x),..., f,(X))
according to some distance (e.g. modified Hamming)

13

Distance

Two intuitive options

a) “Quantize” predictions and then use a generalized
Hamming distance

L1 String A 1/-1] 00 [-1
D(u,v) = Q 27UV String B 11|10 -1
< 2 Distanceparcels |0 1 |05/ 05| 0

b) Loss-based decoding: for each row, calculate the margin z, of
each classifier s and sum their losses L(z,) adopting the same L
used by the binary classifier. Sounds better because the
magnitude of predictions are an indication of a level of
“confidence”

14
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Hamming vs. loss-based decoding
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Figure 2: An illusiration of the multiclass prediction procedure for Hamming decoding (top) and
loss-based decoding (bottom) for a 4-class problem using a code of length 7. The expo-
nential function was used for the loss-based decoding.

Losses for classes 3 and 4 in fig. 2

prediction = [0.5 -7 -1 -2 -10 -12 9]
row 3 =[+1 0 -1 -1 -1 +1 +1]
row4 =[-1-1+1 0-1-1 +1]
row r_loss = exp(-prediction .* row.r)
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Bound on training error
Training error

le
rL(0)
Average binary loss
1 m
e=—-aa M9t

1l
[y

i s=1

Minimum distance between pair of rows

r =min{D(M (r).M(r,)):r, * 1,}

One-againgt-all>r =2 All-pairs>r =1+ 22 (1 - 1)
+1 -1 -1 -1 +1 +1 +1 O 0 O
-1 +1 -1 -1 -1 0 0O +1 +1 O
-1 -1 +1 -1 O -1 0 -1 0 +1
-1 -1 -1 +1 o o0 -1 0o -1 -1

17
Bound on training error
le
rL(0)
Simulation: AdaBoost with L(0) = 1
k-1 _ ke
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2¢ 2
70 70
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Bound on training error

epi-z)

Requirement:

3 L(0)>0

L(2)+L(-2
2

Do not need to be convex:
sin(z) + 1
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“igure 1: Some of the margin-based loss functions discussed in the paper: the exponential loss

used by AdaBoost (top left); the square loss used in least-squares regression (top right);
the “hinge” loss used by support-vector machines (bottom left); and the logistic loss used
in logistic regression (bottom right)

19

Experimental results
Tradeoff between simple binary problems
and robust coding matrix

Hamming versus loss-based decoding
(AdaBoost and SVM)

Comparison among different output codes
(AdaBoost and SVM)

20
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Experiment 1 - synthetic data

Set thresholds to have exactly 100 examples per class
Label test examples using these thresholds
Use AdaBoost

Weak hypotheses: set of thresholds

threshold t would label x as +1 if [x | <t and -1 otherwise

10 rounds
0 3 classes o=
; +» | 8classes
. T
21
Comparisons:
a) Hamming vs. loss-based decoding
b) simple binary problems vs. robust matrix
complete code one-against-all
N T | e T
Hamening decading —&— Hamming desading ——,
[ 4 50 _4
S / S0 “/
an // =l 40 —
?G &0 '//‘
i - 10 e e .
— —
¢ 3 4 5 -] T B : 3 &4 5 ] T 8
AdaBoost used in both simulations
22
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k by k
+1 -1 -1 -1 41 1 41 -1 -1
-1 +1 1 -1 +1 +1 +1 -1 +1 -1 -1
4 -1+ -1 -1 -1+l 1 1 +#1 1 Y k=4
-1 41 -1 +1 -1 o+ -1 -1 -1 -1 +1
complete code one-against-all
T | e T3
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Comparison: different output codes
Experiments with UCI databases
SVM: polynomial kernels of degree 4
AdaBoost: decision stumps for base hypotheses
5 output codes: one-against-all, complete, all-pairs,
dense and sparse
design of dense and sparse: try 10,000 random codes, pick
a code with high r
#Examples
Problem Train | Test | #Attributes | #Classes
dermatology 306 - 34 60
satimage 4435 | 2000 36 6
glass 214 - 9 7
segmentation | 2310 - 19 7
ecoli 336 - 8 8
pendigits 7494 | 3498 16 10
yeast 1484 - 8 10
vowel 528 462 10 11
soybean 307 | 376 35 19
thyroid 9172 - 29 20
audiology 226 - 69 24
isolet 6238 | 1559 617 26
letter 16000 | 4000 16 26
Table 1: Description of the datasets used in the experiments. 24
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Tamming Decoding
Problem | One-vs-all | Complete | AllPais | Densc Sparse

Germatology B 1 3 39 36

safimage 149 123 1.7 123 13.2

glass 310 310 26 286 271

segmentation 00 0.1 00 0.1 01

ccoli 215 18.5 19.1 176 19.7

pendigits 89 86 30 9.3 6.2

yeast 447 419 425 49 9.5

vowel 673 593 502 626 545 Hamming Decoding

soybean 82 - 90 56 5.0 Problem | One—vs-all | Complete | All-Pairs | Dense | Sparse

thyroid 7.8 - - 123 8.1 ‘dermatology 32 36 3T 36 25

audiology 29 - 21 21 31 satimage 409 143 504 150 274

ket Jhos - s o o glass 376 343 295 343 324

= ecoli 158 142 13.9 152 142

Loss-based Decoding (L1) pendigits 39 20 262 25 26

dermatology a2 A o e o yeast 7.9 24 4038 425 481

satimage 2 ’ N M

P ot o o a 262 vowel 604 53.0 39.2 535 502

segmentation 0.0 0.1 0.0 0.1 0.7 soybean 2.5 9.6 90 90

coli 17.3 176 188 185 19.1 Loss-based Decoding

pendigits 46 8.6 29 88 6.8 dermatology 33 3.6 3.6 39 3.1

yeast 416 a0 426 32 49.8 satimage 409 139 27.8 143 133

vowel 369 1 09 oL 1 glass 386 348 310 348 324

soybean 72 - 88 48 32 L

A s - o o %0 ecoli 16.1 13.6 133 143 148

auiology 102 - i 192 o pendigits 25 1.9 3.1 21 27

isolet 53 _ i 01 08 yeast 729 40.5 40.9 39.7 472

Jtter 14 - 74 200 266 vowel 50.9 513 39.0 517 47.0
Toss-based Decoding (Exp.) soybean 21.0 10.4 88 9.0

Germatology a2 39 31 1z 31

‘:‘”“"ge 2‘3 ; lé 2 ;? ;i g 2‘; 8 Table 3: Results of experiments with output codes with datasets from the UCI repository using the

Seamentation 00 50 00 oo o0 support-vector machine (SVM) algorithm as the base binary learer. For each problem five

ecoli 158 164 182 170 170 different classes of output codes were tested were used and then evaluated with Hamming

pendigits 46 72 29 8.1 a8 decoding and the appropriate loss-based decoding for SVM.

yeast 416 421 423 430 493

Vowel 569 sa.1 517 600 49.8

soybean 72 - 88 48 5.6

thyroid 65 - - 14 72

audiology 19.2 - 2.1 192 19.2

isolet 53 - - 9.4 9.7

letter 146 - 7.1 283 223

Table 2: Results of experiments with output codes with datasets from the UCI repository using Ada-
Boost as the base binary learner. For each problem five output codes were used and then
evaluated (see text) with three decoding methods: Hamming decoding, loss-based decod-
ing using AdaBoost with randomized predictions (denoted L1 ). and loss-based decoding
using the exponential loss function (denoted Exp)

25
() Show error obtained with Hamming minus error with loss-based decoding
é_z Negative height indicates loss-based outperformed Hamming decoding
One-vs-all Complete All-Pairs Dense Sparse
m=7= =g---- ]
| - A—
[kl ] ||'|l1| e
_“!'_1"‘ L
Figure 4: Comparison of the test error using Hamming decoding and loss-based decoding when the
binary learners are trained using AdaBoost. Two loss functions for decoding are plotted:
the exponential loss (“Exp”, in black) and 1/(1 + ezy-ﬁ”)) when using AdaBoost with
randomized predictions (“L;”, in gray).
One-vs-all Complete All-Pairs Dense Sparse
._I-I. [ III_|| -|--|-_-‘,.I_.I‘I. - _-_-I_
Figure 5: Comparison of the test error using Hamming decoding and loss-based decoding when the
binary learner is support vector machines.
26
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( Entry (r, c) shows error of row r classifier minus error of column c classifier

k_} Positive height indicates classifier ¢ outperformed classifier r
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Figure 6: The difference between the test errors for pairs of error correcting matrices using support
vector machines as the binary learners.

( Entry (r, c) shows error of row r classifier minus error of column c classifier

k_} Positive height indicates classifier ¢ outperformed classifier r
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Conclusions

Bounds give insight about the tradeoffs

but can be of limited use in practice

Experiments show that in most cases:

based is better than Hamming decoding
-against-all is outperformed (SVM)

Loss

One

Choosing / designing the coding matrix
IS an open problem and the best

approach is possibly task-dependent

(Crammer & Singer, 2000)
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