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The nearest-neighbor method is perhaps the simplest of all algorithms for pre-
dicting the class of a test example. The training phase is trivial: simply store
every training example, with its label. To make a prediction for a test example,
first compute its distance to every training example. Then, keep the k closest
training examples, where k£ > 1 is a fixed integer. Look for the label that is most
common among these examples. This label is the prediction for this test example.

This basic method is called the kNN algorithm. There are two design choices
to make: the value of k, and the distance function to use. When there are two
alternative classes, the most common choice for k£ is a small odd integer, for ex-
ample £ = 3. When each example is a fixed-length vector of real numbers, the
most common distance function is Euclidean distance:
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An obvious disadvantage of the kNN method is the time complexity of mak-
ing predictions. Suppose there are n training examples in d dimensions. Then
applying the method to one test example requires O(nd) time, compared to just
O(d) time to apply a linear classifier such as a perceptron. If the training data are
stored in a sophisticated data structure, for example a kd-tree, then finding nearest
neighbors can be done much faster if the dimensionality d is small. However, for
dimensionality d > 20 about, no data structure is known that is useful in practice
[KFO7].

If the distance function satisfies the triangle inequality, then this inequality can
be used to reduce the number of distance calculations needed. The fundamental
fact that is useful is the following.



Lemma: Suppose d(-, -) is a distance metric that satisfies the triangle inequal-
ity d(z,z) < d(z,y) + d(y, z). Then d(u, w) > |d(u,v) — d(v, w)].

The LAESA algorithm uses this lemma as follows. Given a training set T’
and a test point x, the algorithm returns the nearest neighbor y in 7" of x. The
algorithm uses a fixed set of basis points B whose distances to every point in 7’
are computed in advance:

compute d(b, ) forall b € B
let y = argmin,d(b, x)
forallt € T

compute g(¢,x) = max; |d(t,b) — d(b, z)|

// invariant: d(t,z) > g(t,z) fort € T
for all r in 7" sorted by increasing g(r, x)

if g(r,x) > d then return y

compute d(r, x)
if d(r,x) < d(y,z) thenlety =r

A major advantage of the kNN method is that it can be used to predict labels
of any type. Suppose training and test examples belong to some set X, and labels
belong to some set Y. Formally, a classifier is a function X — Y. Supervised
learning problems are categorized as follows.

The simplest case is |Y'| = 2; this is a binary classification problem. The
standard perceptron is only useful for this type of problem.

If Y is finite and discrete, with |Y'| > 3, this is a multiclass classification
problem.

If Y = R we have a regression task.
If Y = R? with ¢ > 1 we have a multidimensional regression task.

If Y is a powerset, that is Y = 27 for some finite discrete set Z, we have
a multilabel problem. For example Y might be the set of all newspaper
articles and Z might be the set of labels {SPORTS, POLITICS, BUSINESS,
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If X = A*and Y = B* where A and B are sets of symbols, then we
have a sequence labeling problem. For example, A* might be the set of
all English sentences, and B* might be the set of part-of-speech sequences
such as NOUN VERB ADJECTIVE.



The nearest neighbor method is the only algorithm that is usable for all these types
of problem. Of course, we still need a useful distance function d : X x X — R,
which may not be obvious to design for some sets X. Note that a kNN method
with £ > 2 requires some sort of averaging or voting function for combining the
labels of multiple training examples.

The nearest-neighbor method suffers severely from what is called the “curse of
dimensionality.” This curse has multiple aspects. Computationally, as mentioned
above, if d > 20 the method is very slow. More subtly, the accuracy of the method
tends to deteriorate as d increases. The reason is that in a high-dimensional space
all points tend to be far away from each other, so nearest neighbors are not mean-
ingfully similar. Practically, if examples are represented using many features, then
every pair of examples will likely disagree on many features, so it will be rather
arbitrary which examples are closest to each other.

In many domains, data are represented as points in a high-dimensional space,
but for domain-specific reasons almost all points are located close to a low-dimensional
subspace. In this case the “effective dimensionality “ of the data is said to be small,
and nearest-neighbor methods may work well.

A useful way to judge the impact of the curse of dimensionality is to plot the
distribution of interpair distances in the training set. If n is large it is enough to
take a random sample of all n(n — 1)/2 pairs. It is desirable for the distribution to
have large spread compared to its mean. If it does, then the effective dimension-
ality of the data is small.

For examples that are real-valued vectors using a p-norm distance with p < 2
instead of Euclidean distance can be beneficial [AHKO1]. This distance function
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Note that the definition includes taking the absolute value of x; — y; before raising
it to the power p. The case p = 1 is called Manhattan distance: d;(z,y) =
> i |xi — yi|. The case p = 0 is called Hamming distance: dy(x,y) = >, I(z; #
y;) where I(«) is an indicator function: I(«) = 1 if « is true and () = 0
otherwise.

The nearest-neighbor method has an important theoretical property. First we
need a definition. The Bayes error rate for a classification problem is the minimum
achievable error rate, i.e. the error rate of the best possible classifier. This error
rate will be nonzero if the classes overlap. For example, suppose that z € R and
x given y follows a Gaussian distribution with mean 4, and fixed variance. The
two Gaussians overlap so no classifier can predict y correctly for all x, and the
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Bayes error rate is nonzero. (Notice that the Bayes error rate has no connection
with Bayes’ rule.)

The Bayes error rate is the average over the space of all examples of the mini-
mum error probability for each example. The optimal prediction for any example
x 1s the label that has highest probability given x. The error probability for this
example is then one minus the probability of this label. Formally, the Bayes error
rate is

B = [ pla)lt - maxp(ifo)

where the maximum is over the m possible labels ¢ = 1 to ¢ = m.

The theoretical property of the INN method is that in the limit where the num-
ber of training examples tends to infinity, the error rate of a 1NN classifier is at
worst twice the Bayes error rate. This result was proved by Cover and Hart in
1967. For a sketch of the proof see [Rip96, page 192].

Theorem: For sufficiently large training set size n, the error rate of the 1NN clas-
sifier is less than twice the Bayes error rate.

Proof: The critical fact is that if the number n of training examples is large
enough, then the label probability distributions for any point and its nearest neigh-
bor will be essentially the same. In this case, for any point z, the expected error
rate of the INN classifier is

> plilo)[1 = p(ilz)).
i=1
To prove the theorem we need to show that
> wlilo)[1 = p(il2)] < 2[1 —maxp(ilz)).
i=1

Let max; p(iJx) = r and let this maximum be attained with i = j. Then the

lefthand side is
r(L=r)+ ) plile)[1 - p(ilo)]
i#J

and the righthand side is 2(1 — r). The summation above is maximized when all
values p(i|x) are equal for i # j. The value of the lefthand side is then
l—rm—-1—(1-r)
m — 1 m— 1
m-4+r—2

m—1

A= rl=-r)+(m-1)
= r(l=—r)+(1—r)

4



Nowr <landm—2+7r <m—1s0A < 2(1 —r) which is what we wanted to
prove. m

An alternative version of this result is the statement £* > FE /2. This says that
with a large enough training set, no classifier can do better than half the error rate
of a INN classifier. Conversely, we can obtain an estimated lower bound for the
Bayes error rate by measuring the error rate of a INN classifier, then dividing by
two.

Can a nearest-neighbor method actually come close to the Bayes error rate?
The answer is yes. If k& — oo while k/n — 0 then the error rate of kNN converges
to the Bayes error rate as n — oo. The result is strongest with &/ log n — oo also.
Note that because these results are for n — oo they do not say which k is best for
any particular finite n.

The three results above are true regardless of which distance metric is used. If
the sample size is large enough, then any distance metric is adequate. Of course,
for reasonable finite sample sizes, different distance metrics typically give very
different error rates.
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