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Consider a family of probability distributions defined by a set of parametersθ.
The distributions may be either probability mass functions (pmfs) or probability
density functions (pdfs). Suppose we have a random sample drawn from a fixed
but unknown member of this family. The random sample is a training set ofn ex-
amplesx1 to xn. We assume that the examples are independent so the probability
of the set is the product of the probabilities of the individual examples:

f(x1, . . . , xn; θ) =
∏

j

fθ(xj; θ).

Previously we have thought of the distributionθ as fixed and the examplesxj

as unknown, or varying. However, we can think of the training data as fixed
and consider alternative parameter values. This is the point of view behind the
definition of the likelihood function:

L(θ; x1, . . . , xn) = f(x1, . . . , xn; θ).

Note that iff(x; θ) is a probability mass function, then the likelihood is always
less than one, but iff(x; θ) is a probability density function, then the likelihood
can be greater than one, since densities can be greater than one.

The principle of maximum likelihood says that we should use as our model
the distributionf(·; θ̂) that gives the greatest possible probability to the training
data. Formally,

θ̂ = argmaxθL(θ; x1, . . . , xn).

This valueθ̂ is called the maximum likelihood estimator (MLE) ofθ. Note that in
general eachxj is a vector of values, andθ is a vector of real-valued parameters.
For example, for a Gaussian distributionθ = 〈µ, σ2〉.
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As a first example of finding a maximum likelihood estimator, consider the
parameter of a Bernoulli distribution. A random variable with this distribution
is a formalization of a coin toss. The value of the random variable is 1 with
probabilityθ and 0 with probability1− θ. Let X be a Bernoulli random variable.
We have

P (X = x) =
θ if x = 1

1− θ if x = 0
.

For mathematical convenience write this as

P (X = x) = θx(1− θ)1−x.

Suppose the training data arex1 throughxn where eachxj ∈ {0, 1}. We maximize
the likelihood function

L(θ; x1, . . . , xn) = f(x1, . . . , xn; θ) = θh(1− θ)n−h

whereh =
∑

i xi. The maximization is over the possible values0 ≤ θ ≤ 1.
We can do the maximization by setting the derivative with respect toθ equal

to zero. The derivative is

∂

∂p
θh(1− θ)n−h = hθh−1(1− θ)n−h + θh(n− h)(1− θ)n−h−1(−1)

= θh−1(1− θ)n−h−1[h(1− θ)− (n− h)θ]

which has solutionsθ = 0, θ = 1, andθ = h/n. The solution which is a maximum
is clearlyθ = h/n while θ = 0 andθ = 1 are minima. So we have the maximum
likelihood estimatêθMLE = h/n.

The log likelihood function is simply the logarithm of the likelihood function.
Because logarithm is a monotonic strictly increasing function, maximizing the log
likelihood is precisely equivalent to maximizing the likelihood, or to minimizing
the negative log likelihood.

For an example of minimizing the negative log likelihood (NLL), consider the
problem of estimating the parameters of a univariate Gaussian distribution. This
distribution is

f(x; µ, σ2) =
1

σ
√

2π
exp[−(x− µ)2

2σ2
].

The NLL for one examplex is

l(µ, σ2; x) = log L(µ, σ2; x) = − log σ − log
√

2π − (x− µ)2

2σ2
.
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Suppose we have training data{x1, . . . , xn}. The maximum likelihood estimates
are

〈µ̂, σ̂2〉 = argmin〈µ,σ2〉[−n log σ − n log
√

2π − 1

2σ2

∑
i

(xi − µ)2].

This expression is to be minimized simultaneously over two variables, but we can
simplify it into two sequential univariate minimizations. The first is

µ̂ = argminµ
∑

i

(xi − µ)2

while the second is

σ̂2 = argminσ2 [−n log σ
√

2π − 1

2σ2
T ]

whereT =
∑

i(xi − µ̂)2. In order to do the first minimization, write(xi − µ)2 as
(xi − x̄ + x̄− µ)2. Then∑

i

(xi − µ)2 =
∑

i

(xi − x̄)2 − 2(x̄− µ)
∑

i

(xi − x̄) + n(x̄− µ)2.

The first term
∑

i(xi − x̄)2 does not depend onµ so it is irrelevant to the mini-
mization. The second term equals zero, because

∑
i(xi − x̄) = 0. The third term

is always positive, so it is clear that it is minimized whenµ = x̄.
To perform the second minimization, take the derivative and set it equal to

zero:

∂

∂σ
[−n log σ − n log

√
2π − 1

2
σ−2T ] = −nσ−1 − 1

2
(−2σ−3)T

= σ−1(−n + Tσ−2)

= 0 if σ2 = T/n.

Maximum likelihood estimators are typically reasonable, but they may have is-
sues. Consider the Gaussian variance estimatorσ̂2

MLE =
∑

i(xi − x̄)2/n and the
case wheren = 1. In this casêσ2

MLE = 0. This estimate is guaranteed to be
too small. Intuitively, the estimate is optimistically assuming that all future data
pointsx2 and so on will equalx1 exactly.

It can be proved that in general the maximum likelihood estimate of the vari-
ance of a Gaussian is too small, on average:

E[
1

n

∑
i

(xi − x̄)2; µ, σ2] =
n− 1

n
σ2 < σ2.
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This phenomenon can be considered an instance of overfitting: the observed
spread around the observed meanx̄ is less than the unknown true spreadσ2 around
the unknown true meanµ.
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