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This chapter explains the EM algorithm at multiple levels of generality. Sec-
tion 1 gives the standard high-level version of the algorithm. Section 2 then ex-
tends this explanation to make EM applicable to problems with many training
examples. Next, Section 3 explains how EM can be used for fitting a mixture of
arbitrary component distributions. Finally, Section 4 explains how the EM algo-
rithm can be viewed as a double maximization, and Section 5 explains Jensen’s
inequality, the basic mathematical fact that underlies all versions of the EM algo-
rithm.

At the lowest, most concrete level, there are different EM algorithms for fitting
many particular probabilistic models; a mixture of Gaussians is just one example.
The previous chapter describes EM at this lowest level. At an intermediate level,
EM for any mixture model involves an E-step that computes degrees of mem-
bership, and an M-step that does weighted maximum likelihood; this level is the
topic of Section 3 below. More abstractly, EM is an iterative method for maximiz-
ing likelihood; this level is explained in Section 1. At an even higher level, EM
involves two maximizations; this point of view is explained in Section 4.

Many other tutorial explanations of expectation-maximization exist, includ-
ing [Bil98, Del02, Bor04]. Three are especially recommended: [Min98, Rus98,
Roc07].

1 The general EM algorithm

To simplify notation, assume initially that the entire training data constitute one
outcomer of a random variabl&'. Also leté be all the parameters of the model



p(z;0). The goal, according to the principle of maximum likelihood, is to choose
¢ to maximize the likelihood function, which i5(0; z) = p(x; 0).

Let Z be any discrete auxiliary random variable whose distribution, like that
of X, is a function of). Let z range over the possible outcomesZénd note that
by definitionp(z; 0) = > p(x, 2;0).

Suppose we have a current estim@téor the parameters. Multiplying inside
this sum byp(z|x; 0;) /p(z|x; 0;) gives that the log likelihood is
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Note that) _p(z|z;6;) = 1 andp(z|z;6,) > 0 for all z. ThereforeD is the
logarithm of a weighted sum, so we can apply Jensen’s inequality, which says
log > wjv; > > wilogvy, giveny  w; = 1 and eachw; > 0. Here, we let the
sum range over the valuesof Z, with the weightw; beingp(z|z; 6;). We get
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Separating the fraction inside the logarithm to obtain two sums gives
= <Zp(z\x; 0,) log p(x, z; 9)) - <Zp(z\x; 0,) log p(z|x; 0;) ) :

SinceE < D and we want to maximiz®, consider maximizing”. The weights
p(z|z;6;) do not depend of, so we only need to maximize the first sum, which

is
> p(z|x; 6;) log p(w, 2; 6).
In general, the E-step of an EM algorithm is to computelx; 6,) for all z. The
M-step is then to find to maximize) __ p(z|xz; 6;) log p(z, 2; 6).
How do we know that maximizing’ actually leads to an improvement in the
likelihood? Withé = 6,

p(z, z;6;)
p(z|z; 6:)

which is the log likelihood at);,. So any# that maximizesE must lead to a
likelihood that is better than the likelihood @t

E= Zp 2|;6,) log ? = p(zl|z;0,) log p(w; 6;) = log p(x; b))
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2 EM with independent training examples

The EM algorithm derived above can be extended to the case where we have a
training set{xy, ..., z,} such that each; is independent. In this case the log

likelihood is
D = "logp(;; 6)

Let the auxiliary random variables be a §&t, .. ., Z,,} such that the distribution
of eachZ; is a function only ofr; andf. By an argument similar to above,
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Using Jensen’s inequality separately for eagives
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As before, to maximizéZ we want to maximize the sum
Z ZP(%’%’; 0:)log p(;, 2; 6).

The E-step is to compute z;|x;; 6;) for all z; for eachi. The M-step is then to
find
;11 = argmax, Z Zp(zﬂxl, 0;) log p(x;, 23 0).

3 EM for mixture models

For a mixture model withi' components each is between 1 and’. The sum to
maximize is
>N p(klas; 0,)[log p(k; 0) + log p(|k; 0))].
) k

Using the mixture model notation from above, we hafe 0) = o andp(z;|k; 0) =
f(x;; \x). The sum to maximize is then

E =Y plklzi; 6,)[log ax + log f (5 Ax)]-
i k



For the E-step we use Bayes' rule:

i = plbla ) = A

For the M-step, the two terms inside the square brackefs involve disjoint
sets of parameters, so we can do two separate maximizations. The first one is to

maximize
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wherec, = ) . w;, subject to the constraift;, o, = 1. Using a Lagrange
multiplier, one can show that the solution is
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The second one is to maximize
>N wilog f(ais M)
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This can be divided intd{ separate maximizations, each of the form
A, = argmax, Z wi log f (x4 N).

Each of these maximizations is a weighted maximume-likelihood problem, as claimed
previously.

4 EM as double maximization
This section gives a simplified explanation of a point of view on the EM algorithm
due originally to [NH98].

The standard EM algorithm uses the weights|z; 6;), but other weightsg,
may also be used. For any such weights, the log likelihood can be written

D =logp(x;0) =1log Y _ plx, z; 0)%
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and Jensen'’s inequality is applicabledif, g. = 1 andg, > 0 for all z. In this
case
;0
D>E= Zgzlogm.

z

The overall goal is to maximiz#), so consider choosing. and choosing to
maximizeE'. However, rather than choosiggandé simultaneously, suppose we
choosey, first based o = 6;, and then choos¢based on the neyy..

The first maximization is of

E = Zgz(lng(l’, Z;et) - loggz)'

with 6, fixed. Introducing a Lagrange multipliex for the constraind__g. = 1
gives the unconstrained objective function

F=X1-) g.)+ Y g:(logp(x,26,) —logg.).

The partial derivatives are
oF
99
Solving for when the partial derivatives equal zero yields

= A+ (=1) +logp(z, 2; 6;) — log g..

log g, = constant+ log p(z, z; 6,).
The constraind _g. = 1 gives

p(x, 2;0;) p(z, z;6;)
. = = = p(z|z; 6
9= w6 - plwdy  PEmO)

which are the weights used in the standard EM algorithm. As shown above, with
these weights and with = 6,, £ = log p(z; ;) which is the log likelihoodD at
0;.

In the double maximization version of EM, both the E and M steps are maxi-
mizations. The E-step is to solve

;0
w, = argmax, Z g. log p(z,2:6,)

z

while the M-step solves

;.1 = argmax, Z w, log p(x, z;0).

z
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5 Jensen’s inequality

The mathematical fact on which the EM algorithm is based is known as Jensen’s
inequality. It is the following lemma.

Lemma: Suppose the weights; are nonnegative and sum to one, and let egch

be any real number fgf = 1 toj = n. Let f : R — R be any concave function.

Then
f<Z w;T;) > Z wj f ().

Proof: The proof is by induction on. For the base case= 2, the definition of
being concave says that

flwa+ (1 —w)b) > wf(a)+ (1 —w)f(b).

The logarithm function is concave, so Jensen'’s inequality applies to it.
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