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Abstract

Existing techniques can enhance the locality of arrays
indexed byaffinefunctions of induction variables. This pa-
per presents a technique to localizenon-affinearray ref-
erences, such as the indirect memory references common
in sparse-matrix computations. Our optimization combines
elements of tiling, data-centric tiling, data remapping and
inspector-executor parallelization.

We describe our technique,bucket tiling, which includes
the tasks of permutation generation, data remapping, and
loop regeneration. We show that profitability cannot gener-
ally be determined at compile-time, but requires an exten-
sion to run-time. We demonstrate our technique on three
codes: integer sort, conjugate gradient, and a kernel used
in simulating a beating heart. We observe speedups of 1.91
on integer sort, 1.57 on conjugate gradient, and 2.69 on the
heart kernel.

1. Introduction

Researchers have long sought to increase data locality
and exploit parallelism in loop nests [34, 32, 16, 5, 33, 18].
These works succeed in optimizing a large class of loop-
based stencil computations, such as matrix multiplication.
However, each assumesaffinearray index expressions and
loop bounds. The affine assumption allows matrix and poly-
hedral algebra and leads to uniform dependence vectors and
memory strides. Furthermore, many codes satisfy this as-
sumption. Nonetheless, as shown in Table 1, many impor-
tant problems, such as sparse matrix algorithms, unstruc-
tured mesh calculations, and some sorting methods, contain
non-affine array references and loop bounds.

Furthermore, non-affine references impede performance.
On an Alpha 21164a, a loop which computes100; 000 it-
erations ofA[B[i]]++ takes 6.3 cycles per iteration when
B[i] = i, compared to 40 cycles per iteration whenB[i] =
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grant DABT63-97-C-0028.

NAR % of total iteration
code static dynamic count

heart loop 13.3% 12.4% 96568512
CG 9.6% 31% 311031
EP 7.1% 16% 26354769
FT 4.5% 1.3% 175104
IS 18% 25% 547085

MG 1.7% trace 4.6
apsi 5.0% 0.5% 12.1

fpppp 5.2% 4.5% 74734200
mgrid 3.7% trace 4.6
su2cor 8.9% 85% 18156

go 42% 61% 14.5
Distuf 29% 35% 16223

Zeus2D 12% 5.8% 2228
Zeus3D 1.5% 1.6% 149815
SuperLU 24% 45.1% 1510

bls1 7% 11.5% 15514
las1 3.9% 21.9% 12471
sis1 1.4% 7.2% 11333

Table 1. Using SUIF2, we developed a tool to
quantify the occurrences of non-affine refer-
ences (NARs) in three ways: the fraction of
static and dynamic references which are non-
affine and the average iteration count of the
containing loop nests. Codes are grouped by
benchmark.

i2 mod N orB[i] = random(). A conjugate gradient code
spends 93% of its execution time in a loop nest with an in-
direct memory reference. Despite the efforts of the ven-
dor compiler to mask latencies, the load nevertheless stalls
the processor an average of 24 cycles per iteration. Indirect
loads in an integer sort stall the processor 29 cycles per iter-
ation. Yet, existing techniques cannot localize these codes.

What keeps previous solutions from localizing non-
affine references? We claim non-affine index expressions
add four complications. To localizeA[f ], wheref is a non-
affine function of induction variables, we:
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strategy IS permutation remapping generality remap base array? cost analysis
tiling block-style n/a n/a compile-time
shackling block-style n/a n/a compile-time
remapping block-style linear n/a compile-time
inspector-executor for parallelism only for kism duplicate removal yes limited run-time
inspector-executor for locality general non-linear yes future work
bucket tiling general non-linear no future work

Table 2. Summary of recent locality-improving work, compared to bucket tiling.

� can’t tile: Tiling can only express a restricted class
of iteration-order permutations. Localizing non-affine
references requires an arbitrary permutation of the it-
erations, since the original access pattern may be arbi-
trary.

� can’t just reorder: If f = B[i], reordering thei loop
increases locality toA, but reduces locality toB. We
must also remap the storage forB.

� can’t remap A: Remapping the base arrayA requires
accessingA throughf , which of course results in the
nonlocal memory references we are trying to avoid.1

� can’t assume benefit: f being non-affine is a neces-
sary, but not sufficient, predictor of poor performance.
Yet, a compile-time analysis cannot establish the suf-
ficient predictions. Thus, we must extend profitability
analysis to run-time.

Table 2 compares related works on these four issues.
Tiling partitions a computation into polyhedral regions,
called tiles [34, 13, 1]. Data-centric tiling [18] partitions the
data into polyhedral regions, and thenshacklesthe associ-
ated computation to each region. The shackle initially takes
the form of conditional guards. If the shackle defines poly-
hedral computations (as is the case with affine subscripts),
then the guard can be pushed into the loop bounds. Both
tiling and shackling increase locality by reordering orper-
mutingcomputations. However, these existing techniques
rely on loops to express permutations. The advantage of
this restriction is that the analysis and transformations can
be completed at compile time. The disadvantage is that
loops cannot express a general enough permutation to lo-
calize non-affine references. Furthermore, these works have
not incorporated data remapping or run-time cost analysis.

Other researchers have used linearstorage remapping
to increase the spatial locality of affine memory refer-
ences [2, 20, 18, 15]. For example, they might remap from
row- to column-major order, or to storage aligned with di-
agonals. Leung’s work [20] also addresses issues particu-
lar to non-affine index expressions. Other researchers com-
bine iteration and data reordering [6, 7, 14]. All of these
works use linear remappings. Just as iteration permutations

1In Section 2, we will see why remappingA is undesirable.
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Figure 1. The process of bucket tiling.

via tiling cannot optimize non-affine references, linear data
remappings also do not suffice.

Loop nest modifications, such as strip mining and in-
terchange, cannot express these general permutations. In-
stead, we compute the permutation at run-time, using the
inspector-executorframework [30]. Saltzet al. originally
developed this framework to parallelize unstructured codes
for distributed memory machines. As such, their solu-
tion copies thebase array(e.g.,A in the case ofA[B[i]]).
To parallelize a computation involvingA[B[i]], whenA
is initially distributed amongst the processors, there must
be a “processor-local” version ofA. Recently, Ding and
Kennedy [10] have applied the original inspector-executor
technique to increase locality. A direct application of
inspector-executor cannot localize non-affine references, as
it remapsA. RemappingA would perform as badly as the
original computation.

Thus, localizing non-affine references requires a general
iteration permutation, as well as a non-linear data remap-
ping. To generate a permutation and remap the data, we
must introduce a computation to do so at run-time. How-
ever, this new computation must also perform well.

In the remainder of this paper, we describe a technique,
bucket tiling, which satisfies these criteria. Figure 1 visual-
izes the process of bucket tiling. As we will see in Section 2,
bucketizing, the first stage of a bucket sort, provides the ba-
sis of bucket tiling. A bucket, or counting, sort first splits
the set into a number of buckets (bucketizing), then sorts
each bucket. Then, in Section 3, we describe the three main
tasks of bucket tiling: permutation generation, loop regen-
eration, and data remapping. Next, Sections 4, 5, and 6
describe themechanismandcost issuesof these three tasks.
Then, in Section 7, we explore bucket tiling’s effectiveness
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on three examples. Finally, in Section 8.1, we discuss future
work, including performance prediction.

2. Classifying Reference Patterns

To quantify the performance effects of bucket tiling
mechanisms, we introduce a classification of reference pat-
terns. The reference pattern of a computation accessing an
array can be one of four types: sequential,k-sequential,
k�m-sparse-sequential, andm-random. Asequentialpat-
tern references cache lines consecutively and thus has the
best performance. Ak-sequentialpattern consecutively
referencesk cache lines in tandem. Intuitively, sequen-
tial access traces one finger through memory;k-sequential
traces a number of fingers through memory, with the fin-
gers touched in no particular or predictable order. Ak�m-
sparse-sequentialpattern cyclesk times throughm cache
lines; each pass references memory sparsely, but in mono-
tonically increasing order.2 Finally, anm-randompattern
referencesm cache lines in an unpredictable order. Figure 2
visualizes the four reference patterns.

We now define a metric of performance,spatial foot-
print, which bounds the number of lines a cache must have
for the computation to obtain spatial reuse.3

Definition 1 Thespatial footprint, F , of a computation is
the sum of contributions from the reference pattern of each
array reference in the computation:1 for sequential,k for
k-sequential,m for k � m-sparse-sequential, andm for
m-random.

Thus, a sequential pattern always yields good perfor-
mance; ak-sequential pattern performs well only whenk
is small. Both ak�m-sparse-sequential and anm-random
pattern perform poorly only ifm is too large.

2.1. Bucketizing reduces spatial footprint

The reference pattern of an arrayA indexed by a non-
affine function is at worstm-random, for some largem.
Bucketizing fixes this bad behavior (Obs. 2), without itself
being bad (Obs. 1).

Observation 1 Bucketizing a functionf into n buckets is
n-sequential.

Observation 2 Assume a bucket has at mosts cache lines.
Processing a bucket, after bucketizing, is at worsts-
random.

2For example, an index expression ofi2 mod m in a loop running
1 � i � N isN=

p
m�m-sparse-sequential.

3A computation hasspatial reuseif it loads a cache line and eventually
uses multiple elements from that line before it is replaced.
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Figure 2. The four reference patterns for
A[B[i]], if B is initialized to random values.

These observations follow easily from the properties of
bucketizing. Notice two important consequences. First, by
bucketizing, we can control the spatial footprint of non-
affine references. Second, the benefit of bucketizing de-
pends on both the footprint of the initial reference and our
choice off .

2.2. Net effect of bucket tiling

Directly applying the inspector-executor technique to lo-
calizing non-affine references, transforms am-random pat-
tern to a 1�sequential pattern; we have effectively lin-
earized storage. However, to accomplish this improvement
requires introducing a computation with the same, unfortu-
nate pattern as the original computation.

In contrast, bucket tiling transformsm-random tok-
random, for some constantk. To do so, it introduces abuck-
etizingcomputation which has an-sequential (forn buck-
ets) reference pattern. We now describe the tasks necessary
to support this transformation.

3. The three tasks of bucket tiling

Our solution for localizing non-affine references in-
volves three tasks: permutation generation, data remapping,
and loop regeneration. We introduce these concepts with
the following loop nest on the left and shackled [18] ver-
sion on the right:
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Figure 3. We use bucketizing, the first stage of
a bucket sort, to generate a permutation, �f ,
which induces a new index function f 0.

original shackled

do i = 1 to N
D[i] = C[i] +A[f(i)]

do b = 1 to numbuckets
foreachi s.t. f(i) 2 blockb
D[i] = C[i] + A[f(i)]

If the shackle,fi : f(i) 2 blockbg, defines a polyhe-
dral region of computation, theforeach becomes ado loop
which scans the polyhedron [1]; this is the case whenf(i)
is an affine function ofi. In this paper, we develop support
for the case when theforeach loop cannot be implemented
with do loops. Our strategy is to generate a replacement it-
eration order. If this new iteration order is legal, localizes
the computation, and allows the shackle to be implemented
with do loops, the transformation has proven successful.

Thus, our first task:permutation generation. To gener-
ate the new iteration order, webucketizeff(i)g at run-time.
Bucketizing induces a permutation, which we call�. For
example, bucketizingff(i)g into three buckets might be-
have as in Figure 3.

Our second task,loop regeneration, implements the
foreach loop asdo loops. Ancourt and Irigoin [1] devel-
oped a strategy for scanning polyhedra withdo loops. We
must provide mechanisms for doing likewise with buck-
ets; we refer to our process for regeneratingdo loops as
bucket scanning. A straightforward solution implements the
foreach as a singledo loop, iterating up to the size of a
bucket. As with loop coalescing [35], we maintain legality
by extracting the old induction variables; this extraction is
precisely defined by a set of permutations, one for each of
the original induction variables. In our example, the coa-
lescing strategy produces:

permute iterations

do b = 1 to numbuckets
do k = 1 to bucketsize(b)
i = �i(b; k)
D[i] = C[i] +A[f(i)]

However, loop regeneration alone may exacerbate the
problem. Our final task,data remapping, ensures that
bucket tiling actually increases performance. For example,
if we bucketize intok buckets and the original loop accesses
Am-randomly, then the permuted loop accesses bothC and
D in ak�m-sparse-sequential pattern. Thus, the coalesced
implementation may not perform well. On an Alpha 21164a

with N = 2 million andf yielding random values from 1 to
2 million, coalescing increases execution time from 160 to
440 cycles per iteration. To remedy this problem we remap
the storage ofC andD. The permuted,remappedcompu-
tation takes 61 cycles per iteration.

Of course, we have ignored the run-time cost of comput-
ing �, which will affect overall performance. Furthermore,
we were only able to increase performance because the orig-
inal code performed poorly. For example, with integer sort,
if the input is initially sorted, performance is degraded by
a factor of three using our technique; whereas, if the input
is random, there is a50-75% improvement. In Section 8.1,
we briefly issue ofperformance prediction. In most cases,
a static analysis cannot predict performance. Consequently,
future work will develop low-overhead dynamic techniques
to estimate, for example by sampling, the projected benefit.

4. Permutation Generation

Bucket tiling requires a general class of permutations.
We use the permutations generated by bucketizing. In this
section, we develop the mechanism and cost issues of buck-
etizing. We do so in three stages:spottingthe problematic
array reference,choosingthe function from that array’s in-
dex expression to bucketize, andgeneratingthe permutation
from that function.

Each mechanism described in the remainder of this pa-
per has implications on three aspects of performance: addi-
tional time overhead in both the main and setup computa-
tions, and increased space requirements. Thus, we describe
how each mechanism impacts these performance aspects.

As it reorders iterations, a permutation is legal only if it
respects the loop’s data dependences. In this paper, we use
the conservative restriction that there are no loop-carried de-
pendences.

4.1. SpottingA

First, we must spot the problematic array references.
Mechanism: If a computation contains more than one

distinct non-affine reference, bucket tiling cannot apply.
However, we can reduce the number of non-affine refer-
ences in a computation in two ways, both of which divide
the computation into two computations, each with fewer
non-affine references than the original. Then, we recur-
sively apply bucket tiling to each computation. The two
mechanisms are loop splitting and copying.The former only
applies when fusion is legal, and the latter only reduces the
number of right-hand side non-affine references.

Cost consequences: Copying increases memory us-
age and adds time overhead. It is beyond the scope of this
paper to analyze the cost consequences of loop fusion; see
[8] and [16] for in-depth treatments.
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4.2. Choosingf

Having spotted the single problematic array reference,
we next choose a function,f , to bucketize. Choosingf is
only a matter of identification (i.e. pointing it out); hence
there are no mechanism issues.

Cost consequences: We examine two cost conse-
quences of a choice off : the affected loops and bucket
tiling’s effect on spatial footprint.

Definition 2 Givenf , a loop with induction variablei is in
the set ofaffected loops,Af , if f is a function ofi.

Therefore, a choice off determines the set of affected
loops. As an example consider a problematic array refer-
enceA[I [p] + i; J [p] + j;K[p] + k; d].4 If we choosef
to be the entire index expression, then the set of affected
loops is the set of all loops:fp; d; i; j; kg. If we choosef to
be only the non-affine component5 then the set of affected
loops isfpg.

In order to compare the set of affected loops with the
loops on which an array reference depends, we present two
useful notations:

Definition 3 For an array referencea, we denoteia as the
index expression ofa, andIa as the set of induction vari-
ables on whichia depends.

This notation allows us to express, for example,Ia =
Af , which means thata’s index expression depends on all
of the affected loops of a given choice off . We have de-
finedAf andIa as sets of loops or induction variables; we
assume there is a one-to-one mapping between loops and in-
duction variables. We denote the iteration space associated
with a particular set of loops, such asAf , by space(Af ).

The second cost consequence of a choice off is on spa-
tial footprint. SupposeiA = f + g. Initially, the spatial
footprint of the computation isF(iA) = F(f) + F(g).
After bucketizingf , the new spatial footprint is at most
F(f 0) + k.6 Therefore, the change in spatial footprint is
F(iA)� (F(f 0)� k) = F(f)�F(f 0). Recall though that
bucketizing boundsF(f 0) by s.

Therefore, if we choosef so thatF(f) � s, then we
haven’t improved performance. However, we need not al-
ways choosef to be the entire index function. We need only
maximizeF(f)�F(f 0).

4.3. Generating�

Having spottedA and chosenf , we now bucketizef .

4This reference is from the heart loop in Section 7.1.
5If Ak is the size of thekth dimension ofA, then the non-affine com-

ponent of the heart-loop’s problematic reference isI[p] + (J[p] +K[p] �
A2) � A1.

6f 0 is the index function induced by bucketizing; see Figure 3.

Mechanism: Bucketizing f generates a permutation
which reorders the iterations of the loop nest. We represent
the permutation as a collection of permutations�i, one for
each original induction variablei. We callpermute the pro-
cess of bucketizingf , and hence generating the�i’s. The
following is a template forpermute(f; n), which bucke-
tizesf into n buckets.

permute(f, n)

foreach~i 2 space(Af )

bucketsize(bucket(f;~i; space(Af ); n))++
allocate necessary memory
foreach~i 2 space(Af )

b = bucket(f;~i; n)
k = tallies(b)++
8j 2 Af �j(b; k) = j

We define bucket(f;~i; I; n), the bucket into which
f(~i) falls, to be f(~i)=maxsize. Here, maxsize =
range(f; I)=n is the maximum number of problem ele-
ments per bucket;range(f; I) is the maximum minus the
minimum value off over the spaceI .

We cannot providepermute as a general-purpose li-
brary routine, as we need to loop over the iteration space
of the computation being optimized. Instead, we pro-
vide apermute-generator,pgen, which statically generates
permute, and which in turn dynamically generates the�i.
pgen(f; I), given the indexing functionf and an iteration
space over which to bucketizef , producespermutef (n).
We have developed apgen which produces C code.

Cost consequences: Thepermute function we gener-
ate determines part of the overhead of bucket tiling. Recall
from Observation 1 that bucketizing inton buckets is cheap:
the spatial footprint of generating one�i is n-sequential.
Therefore, the overall spatial footprint of generating all the
�’s is (njspace(Af )j)-sequential. Notice the interplay be-
tween a choice off and the overhead of bucketizing.

5. Loop Regeneration

Next, we describe loop regeneration. Recall that this task
implements aforeach loop (for each iteration within the
current bucket) withdo loops. We call the strategies for loop
regeneration developed in this sectionbucket scanning. In
this section, we provide mechanisms for optimizing perfor-
mance in this space of possibilities. We start from an initial
implementation which always works. Then, we provide two
refinements to improve performance.

5.1. Initial Implementation: Coalescing

Mechanism: Our initial solution scans each bucket with
a single loop, in the manner of loop coalescing [27]. Loop
coalescing extracts the original induction variables from the
single, new one. For example, coalescing applied to the
following loop nest produces the single loop on the right:
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original original coalesced

do i = 1 to N
do j = 1 to M

S

do k = 0 to N �M � 1
i = k div M + 1
j = k modM + 1
S

In this case, a static transformation can restore the original
induction variables. With bucket tiling, the mapping from
coalesced to original is not statically determinable.

However, we can extract the original induction variables
using the�’s generated in Section 4. To scan thebth bucket,
replace theforeach with a do loop which iterates over a
new induction variablek, such that1 � k � bucketsize(b).
Inside the newdo loop, extract each induction variable via
i = �i(b; k). For example:

shackled shackled coalesced

do b = 1 to numbuckets
foreach(i; j) 2 bucketb
S

do b = 1 to numbuckets
do k = 1 to bucketsize(b)

i = �i(b; k)
j = �j (b; k)
S

Cost consequences: Since coalescing is always le-
gal [35], this strategy provides a reasonable starting point.
How well does it perform, using the three metrics of time
overhead in the setup and main computations, and space
requirements? The only setup overhead this strategy adds
is to generate the�’s. Coalescing more adversely affects
the main computation: it introduces the outerb loop, adds
extra loads to to recover the original induction variables,
and increases the spatial footprint by replacing sequential
array accesses with sparse-sequential array accesses. For a
given choice off , we must extractjspace(Af )j induction
variables; notice the interplay between a choice off and
the overhead of bucket scanning. Finally, this strategy in-
creases memory requirements by requiring all�’s from the
permutation generation phase to persist through the main
computation.

5.2. Performance Improvements

To improve the performance of this initial implementa-
tion, we suggest two operations: permutation hoisting, and
loop collapsing.

5.2.1 Hoisting

Hoisting provides another mechanism for removing refer-
ences to original induction variables.

Mechanism: This operation eliminates a reference to
induction variablei, if two conditions hold:i must be the
induction variable of the outermost loop inAf , and each
array referencea in the loop nest must have the property
that if i 2 Ia thenIa = fig. Thus, if in the above loop
nestS is D[i] = C[j; i] � A[B[j]], then hoisting does not
apply, becauseIC = fi; jg. On the other hand, ifS is

D[i] += C[j] � A[B[j]], hoisting does apply and eliminates
the reference to�i.

The initial coalesced version scans each bucket with a
single loop in an order determined by the original iteration
order. If the above two conditions hold, hoisting restores
the outer loop and creates a new coalesced inner loop; the
new loop scans iteration points within the(b; i)th bucket.
For example, hoisting applied to the above loops produces:

hoisted

do b = 1 to numbuckets
do i = 1 to N

do k = istart(b; i) to istart(b; i + 1)
j = �j(b; k)
D[i] += C[j] � A[B[j]]

Hoisting, when used in tandem with remapping, replaces an
array referencea with a0[b; i; k].

How do we generate theistart array? We can inte-
grate this process with permutation generation by inserting
a computation ofistart as follows: before each iteration
of the inner loop, and after the last iteration, for all buck-
ets b, istart(b; i) is set equal to the current bucket tally,
tallies(b).

Cost consequences: Hoisting adds the minimal setup
overhead of computingistart. It adversely affects the main
computation by adding multiple loads of references that
used the hoisted�s, and the additional addressing arith-
metic, if used in tandem with remapping. However, hoisting
benefits the main computation by removing a reference to
one�. Relative to just remapping, hoisting benefits stor-
age by allowing the removal of a� without an storage-
expanding remapping. It also adds the storage for theistart
array. The size of this array isnN , if we usen buckets and
the iteration count of thei loop isN .

5.2.2 Collapsing

In certain situations, we can collapse thek andb loops into
a single loop.Loop collapsing[35] is a special case of loop
coalescing, defined as follows.

Mechanism: Collapsing works whenjIAj = 1. If this
condition holds, we can scan the buckets with a single loop
that iterates over1 � k � jIAj. This doesn’t eliminate the
one load of�i. However, if a further condition holds, then
we can scan the buckets with the original loop, and hence
eliminate the load of�i. This further condition depends on
a concept we callvicinity, defined as follows:

Definition 4 The vicinity of an arraya, Va, is the set of
all references in the same loop nest asa which satisfy the
following “chaining” relation. a1 is chained toa2 when

1. a1 = a2 = a, or

2. 9a3 such thata2 is chained toa3, and either

(a) a1 is in the same statement asa2, or
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(b) a1 dataflow depends [23] ona2.7

For example, in the following loop nest,VA =
fD;C;A;B;E; F;Gg.

do j = 1 to M
do i = 1 to N
D[i] = C[i] +A[B[i]] + E[j]

do i = 1 to N
F[i] = G[i] +D[i]
H[i] = K[i] + L[i]

The condition for eliminating�i is given as follows. If
we chose an arrayA from Section 4.1, thenVA must include
all references in the loop nest, and we must have remapped
all a 2 VA.

Cost consequences: Collapsing does not affect setup
overhead. It reduces the main computation’s overhead by
reducing loop overhead; further, in tandem with remap-
ping, it allows the remapped arrays to have the same di-
mensionality as their original counterparts. If the original
arrays were one-dimensional, normal remapping produces
two-dimensional remapped versions. With collapsing, we
can use one-dimensional remapped versions, hence reduc-
ing addressing arithmetic. Collapsing does not affect mem-
ory requirements.

6. Data Remapping

The final aspect of bucket tiling is data remapping.
Mechanism: Remapping replaces a reference to ar-

ray a with one to a new arraya0[b; k], where1 � b �
numbuckets, and1 � k � bucketsize[b]. The details
of remapping and its consequences on performance varies
with two factors: whethera is exposedand the relation be-
tweenIa andAf , for thef chosen in Section 4.

First, where we need to copy depends onhow a is ex-
posed. An array reference isupwards-exposedif a dataflow
edge has a source outside and a sink inside this computa-
tion; similarly for downwards-exposed[26]. If a is not ex-
posed, then textually replace every occurrence ofa with a0.
If a is upwards-exposed, we must “gather”a into a0 using
the permutation generated in Section 4. Ifa is downwards
exposed, we must “scatter”a0 back toa, according to the
inverse of the generated permutation.

Second, whether we need a final reduction operation de-
pends on the relation betweenIa andAf . If Ia = Af (i.e.
ia depends on all affected loops’ induction variables), then
we do not need a reduction. However, ifIa � Af , then
remapping has only generated a set of partial computations.
We must use ascatteraddoperation [31], to reduce the set
of partial computations. For example, consider assignments

7A true dependence exists from creation to use of variables with the
same name. Dataflow, orvalue, dependences restrict this definition to vari-
ables of the same value.

to D[i], D[j], andD[i; j] The first two require a scatteradd
reduction, whereas the last one does not.

Cost consequences: How does remapping impact the
three performance metrics? First, it has a negative effect
on setup overhead, as we now must gather and scatter the
remapped arrays.

On the other hand, remapping positively affects the main
computation. Data remapping eliminates references to orig-
inal induction variables and reduces the main computation’s
spatial footprint from sparse-sequential to sequential. If we
remove all uses of an original induction variablei, we need
not load�i. Also, if remapped arrays are not downwards-
exposed, we can further eliminate the corresponding�.
However, if we remap a downwards-exposed reference, we
need to maintain the�’s to perform the scatter operation.

Finally, remapping increases memory requirements. The
increase for an referencea is as follows. IfIa = Af , then
remapping createsa0 with the same size asa (ja0j = jaj);
remapping, in this case, addsa to the memory requirements.
If Ia � Af , then remapping creates ana0 with a potentially
larger footprint (c.f. array privatization [21, 24]). How
much do we expand storage? The final size in all cases
is the number of iterations inAf . The initial size of a ref-
erencea is the number of iterations inIa. For example, if
the above loops containedD[i] += C[j; i] � A[B[j]], then
jC 0j = jCj, jB0j = N jBj, andjD0j = M jDj.

7. Optimization Examples

In this section, we apply our technique to three codes:
a computation used in the simulating of a heart, sparse
matrix-vector product, and integer sort.

7.1. Heart loop

First, we study a kernel used by scientists to simulate the
beating of a heart. The kernel is a five-deep loop nest:

do p = 1 to N
do d = 1 to 3

do k; j; i = 1 to 4
A[d; p] = A[d; p] + �[i; j; k]�

uid[I[p] + i; J[p] + j;K[p] + k; d]

The straightforward code given above performs excep-
tionally poorly for two reasons. First, notice that the itera-
tion counts of the inner loops are small. Therefore, the orig-
inal implementation loads in the long TLB lines but does
not fully use them before they are replaced. We can rem-
edy this problem by referencing the
uid array withd in
the fastest (left-most for Fortran) dimension. This fix pro-
vides a fairer baseline for our improvements. The second
reason for poor performance is the non-affine components
of 
uid’s index expression, those referencing theI , J , and
K arrays. TheI , J , andK arrays represent the changing
location of the muscle fibers as the heart beats. Since this
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Figure 4. Bucket tiling the heart loop.

varies dramatically over time, it will exhibit properties of
randomness. For the purposes of our experiments we ini-
tializedI , J , andK with random values; if the computation
performs well in this setting, we predict it will perform well
with the actual values.

To optimize this code, we chose to use1000 buckets.
The following code gives a high-level view of the bucket
tiled code. In the real implementation, we used a version
of permute specialized to also perform the remappings. In
the future, we will work on ourpermute-generator,pgen
(from Section 4.3), to perform this optimization.

�i = permute(1000)
I0 = remap(I; �i)
J0 = remap(J; �i)
K0 = remap(K;�i)
A0 = remap(newdatapt; �i)
: : : original;withA 7! A0; I 7! I0; J 7! J0;K 7! K0 : : :

A = remap(A0; �
�

i
1)

We experimented with three variants: the original code,
a tweaked version withd in the fastest dimension, and a
bucket tiled tweaked version. Figure 4 shows that on the
largest problem size (N = 502691), we achieve a speedup
of 2.69 versus the tweaked implementation and 4.16 versus
the original implementation.

7.2. Integer sort

Next, we look at integer sort. Our baseline implementa-
tion comes from NAS version 1.8

do i = 1 to numkeys
keyden[key[i]]++

do i = 2 to maxkey
keyden[i] += keyden[i � 1]

do i = 1 to numkeys
rank[i] = keyden[key[i]]--

Figure 5 compares the performance of untiled and tiled
two-million-key integer sort on a Alpha 21164a. We ex-
perimented with a range of problem sizes, as shown on the

8Version 2.3 of the IS benchmark performs only the first two phases of
an integer sort. It does not generate a sorted array.
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Figure 5. Bucket tiling integer sort.

horizontal axis; we set the number of keys equal to the key
range for each problem size. For a small number of keys,
the reduction in cache and TLB misses does not outweigh
the increased overhead introduced by tiling. When sorting
ten million keys, the one-level tiled version is 1.78 times
faster than unoptimized code.

We also experimented with atwo-levelbucket-tiled im-
plementation. This is an instance ofmulti-level bucket
tiling, which we will explore in future research. We briefly
describe multi-level bucket tiling in Section 8.2. The two-
level tiling improves performance over the one-level imple-
mentation, achieving a speedup of 1.91.

7.3. Sparse matrix-vector

As our last example, we study sparse matrix-vector prod-
uct. This computation occurs in many scientific computa-
tions, including conjugate gradient and eigenvalue solvers.

do j = 1 to N
sum = 0
do k = rowstart[j] to rowstart[j + 1]

sum += A[k] �X[colindex[k]]
Y [j] = sum

Figure 6 shows the results for conjugate gradient (CG),
from the NAS Parallel Benchmarks version 2.3, which in-
cludes sparse matrix-vector product as its primary computa-
tion. We experimented with a range of matrix sizes. While
we tiled only the sparse matrix-vector product portion of the
computation, we nonetheless achieve pleasant speedups for
even the smallest problem sizes. With a matrix of 5.495 mil-
lion nonzero elements, the bucket tiled code is 1.57 times
faster than the vanilla code. Remember that this speedup
is for the entire conjugate gradient calculation, even though
we only optimized the sparse matrix-vector product.

Unlike integer sort, conjugate gradient does not suffer
from TLB misses. However, integer sort must recompute
the inspector phase for every sort. Conjugate gradient, on
the other hand, uses a fixed sparse matrix, with varying vec-
tor. Therefore, with conjugate gradient, we can extract the
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Figure 6. Bucket tiling conjugate gradient.

inspector phase out of all loops, thus amortizing the over-
head across the entire computation.

8. Future Work

In this section, we describe three issues of future work.

8.1. Parameters for performance prediction

Under what circumstances is our techniqueprofitable?
For example, the NAS EP benchmark contains non-affine
array references which use a very small segment of memory.
Naively applying bucket tiling to EP would add overhead,
without an offsetting decrease in cache or TLB misses.

Based on our observations in Section 7, we hypothesize
that performance varies with five aspects of the data and
computation: randomness, range, non-affine extent, affine
extent, and reuse. This paper illustrates the effect of the first
four on performance, in Figures 7(a)-(d). We performed
these experiments on a 500MHz Alpha 21164a. Figure 7(a)
shows that the benefit of bucket tilingA[B[i]]++ depends
on therandomnessof B; (b) shows that the benefit for the
same loop depends on therangeof values contained inB.
For (c) and (d) we experimented with a doubly-nested loop
computingA[B[i]][j] andA[j][B[i]]; (c) shows that the ben-
efit depends on the extent of the non-affine portion (extent
of i, in this case); (d) shows that the benefit depends on the
extent of the affine portion (extent ofj).

8.2. Multi-level bucket tiling

Figure 8 visualizesmulti-level bucket tiling for a one-
dimensional loop nest containingA[B[i]].9 The one-level
technique we have described in this paper corresponds to

9Compare this figure with the plots in Figure 2. In those figures, the
vertical axis was “memory location” and the horizontal axis was “time”.
Figure 8 generalizes this concept.
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aspects of the computation and data.
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horizontal cuts of the data space. Ak-level bucket tiling
createsk cuts, either horizontal or vertical. We experi-
mented with using two cuts: one horizontal and one ver-
tical. In [25], we explored this strategy on a simultaneous
multithreading processor (SMT). For SMT, we found that
this two-level strategy greatly benefits SMT, but does not
benefit a standard shared memory multiprocessor. As Fig-
ure 5 shows, two-level bucket tiling is of positive, but not
substantial benefit for a Alpha 21164a, a conventional su-
perscalar processor.

8.3. Unification Issues

Some of the bucket tiling mechanisms are likely to be
independent of the others. For example, spottingA and
predicting performance depend only on features of the data
and the original computation. Other steps have interdepen-
dences. For example, a choosingf interacts with bucket
scanning. Yet the factors represent incomparable quanti-
ties. How do we compare increased storage requirements
due to remapping with number of cache misses or increased
computation due to bucketizing?

In addition, the choices made for one reference might
impact the choices made for others. As an example, con-
sider integer sort, where one array is referenced indirectly in
two places. If we naively apply the mechanisms presented
in this paper to each of these occurrences, we will have in-
troduced twice the overhead necessary. As a more compli-
cated example, imagine a code which accesses an array in
two locations with two different non-affine index expres-
sions. The solution to the global problem is an instance of
Mace and Wagner’s global shape problem [22].

9. Related Work

Finally, we summarize related work not considered in
Section 1.

Unstructured code optimization: Work on optimiza-
tion in the presence of non-affine array references is sparse.
A combined compile- and run-time extension of tiling for

loops with pointer-based data structures [36] was developed
in the Illinois Concert System. Their technique focuses
on thread-based parallelization of object-oriented programs,
unlike our work which focuses on locality for C and Fortran
programs.

Sparse-matrix computations: Im and Yelick [12] op-
timize sparse matrix-vector product using machine models
and models of sparse matrix structure. Given these models,
their technique packs a sparse matrix in a format amenable
to cache or register tiling. The Sparse-BLAS [4] library ex-
tends the Basic Linear Algebra Subroutines to sparse matrix
computations. Bik [3] and Kotlyar [19] generate a sparse
version of a given dense computation. Knijnenburg and Wi-
jshoff [17] match patterns in the sparse matrices against a
set of templates, such as block or diagonal. For each tem-
plate, they have a tailored solution. While these works offer
portability, they are specific to sparse computations and lim-
ited to the subroutines the developers have provided.

Inspector-executor: Three groups have applied the
inspector-executor technique [30, 28] to parallelizing un-
structured codes on distributed memory machines. Daset
al. introduced index array flattening [9]. In that paper, the
authors developed a technique for parallelizing codes with
indirect memory references. They did not discuss the issue
of determining profitability. If the user specifies (perhaps
irregular) data objects and tasks, Fu and Yang’s RAPID
system [11] partitions the sparse-matrix tasks to processors.
Rauchwergeret. al. use an inspector to discover candidate
arrays for privatization and operations for reduction [29].

10. Conclusion

To optimize non-affine array references requires coping
with unpredictable access to a potentially large segment of
memory. There are two problems with this type of access.
First, being to a large segment of memory means that cache
performance will suffer. Second, being unpredictable, we
cannot use a compile-time solution to improve performance.
Our solution, bucket tiling, replaces large-unpredictable ac-
cess with unpredictable access to a small, controllable seg-
ment. Consequently, it does not matter that the accesses are
to unpredictable locations.

We accomplish this transformation bybucketizing, at
run-time, a portion of the index function of the problematic
array reference. Bucketizing has the nice property that, not
only does it control the size of the unpredictable accesses,
but the bucketizing itself performs well.

In this paper, we provided mechanisms necessary for au-
tomating our technique. Further, we defined the cost con-
sequences for each mechanism. We briefly definedperfor-
mance parametersnecessary for predicting the performance
of a non-affine array reference. Finally, we applied bucket
tiling to three computations: integer sort, conjugate gra-
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dient, and a loop nest used in simulations of heart’s beat-
ing. We observed sizeable speedups, due to substantially
reduced cache and TLB misses.
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