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Abstract

A novel extensionto external doublehashingproviding
signi�cant reductionto both successfuland unsuccessful
search lengthsis presented.Theexperimentalandanalyti-
cal resultsdemonstratethereductionspossible. Thismethod
doesnotrestrictthehashingtablecon�gurationparameters
andutilizesvery little additionalstorage spaceper bucket.
The runtime performancefor insertion is slightly greater
thanfor ordinaryexternaldoublehashing. 1

1. Intr oduction

Hashingis a well-known data indexing techniquefor
organizingdatastoredexternally. Numerousschemesex-
ist for handling collisions suchas open-addressing;each
recorddeterminesthe probesequenceusedto storeor re-
trieve it. To storea record,it is placedin the �rst un-�lled
bucket of its probesequence;to searchfor a record,buck-
ets designatedby its probesequenceare examinedin or-
der until �nding it or a un-�lled bucket, not containingit,
is encounteredindicatingtherecordis notpresent.Uniform
hashing,introducedby Peterson[14], is anidealizedmodel
thatmapsrecordsto randompermutationprobesequences.
Doublehashingis anef�cient schemeto generatetheprobe
sequencefor a record.RecentlyLueker andMolodowitch
[11] aswell asGuibasandSzemeredi[8] have shown dou-
blehashingto beasymptoticallyequivalentto theidealuni-
form hashing.

In casethe bucket capacityis one, the performanceof
uniform hashinghasbeenanalyzedby Peterson[14], Mor-
ris [13] and Knuth [9]. Ullman [17] raisedan optimality

1 A preliminaryversionappearswithin the Proceedingsof the 8th In-
ternationalSymposiumon ParallelArchitectures,Algorithms& Net-
works,ISPAN'05

questionandpresenteda modelfor discussingit. More re-
cently, Yao [19] hasshown that uniform hashingis opti-
malamongall open-addressingschemeswith respectto the
expectedsuccessfulsearchlength;he posesthequestion–
is uniform hashingalsooptimalamongall open-addressing
schemeswith respectto the expectedunsuccessfulsearch
length. Larson [10] analyzesuniform hashingfor bucket
capacityexceedingone.Blake andKonheim[2] provides
analysisof bucketswith capacityexceedingoneusinglin-
earprobingcollision resolution.

Ourapproachto signi�cantly improvethesearchlengths
is to utilize morethanonehashfunction.Useof morethan
onehashfunction hasbeenpreviously presentedandana-
lyzedfor loadbalancingby Azaretal. [1] andVöcking[18].
Multiple hashfunctionswereusedto improve IP lookups
by BroderandMitzenmacher[3]. Separatechainingcolli-
sionresolutionis utilizedwithin theseefforts.

We consideropen-addressingdoublehashingin which
duringaninsertion,thesearchlengthfor theeachhashfunc-
tion is determinedandonewith theshortestis usedto po-
sition the record.The probesequenceto follow, for future
accesses,is recordedwithin a predictorbit array. During
a fetch, eachhashfunction is evaluatedto determinethe
possibleprobesequencebut only thoseprobe sequences
markedwithin thepredictorbit arrayareactuallyfollowed.
With two hashfunctionssigni�cant improvementsarepos-
sible.

Thepaperis dividedinto sections;externaldoublehash-
ing with choiceis introducedin sectiontwo, theanalysisof
the run-time is presentedin sectionthree,in sectionfour,
theexperimentalandanalyticalresultsarepresentedgraph-
ically.

2. External Double Hashingwith Choice

Externaldoublehashingwith choiceis an extensionof
doublehashingin which d hashfunctionsfrom an appro-
priatefamily of universalhashfunctions[6] areusedrather



thanone.In cased is one,thesearchlengthperformanceof
theschemerevertsto thatof ordinarydoublehashing.The
table,con�guredwith two recordsperbucket,is augmented
with anarrayof s predictorbits. Thehashdomainis parti-
tionedinto s equal-sizedblocksreferredto asvarietiesand
any variety i accesswill be associatedwith the i th predic-
tor bit. For any access,eachof the d hashfunctionsdeter-
mineits associatedpredictorbit.

Wepresenttwo tabledatatypemethodsinsert andfetch
for doublehashingwith choicein �gures 1 and3. The al-
gorithmsarevery similar to thoseof ordinarydoublehash-
ing with the exceptionthat the insertmethodmust try all
d probesequencesto selecta shortestaccesspathandthe
fetch methodmustinterleave theappropriatesubsetof the
d probesequences.In both�gures, thehasharray, contains
pointersto eachof the d hashfunctions;this array is ini-
tializedduringtableconstruction.Thefor statement,in �g-

insert ( Data & data )
shortest = n + 1 ;
for ( j = 0 ; j < d ; j ++ ) f

value = hash[ j ] ( data);
star t [ j ] = value% n ;
str ide[ j ] = 1 + value% ( n � 1) ;
var iety [ j ] = ( value=( n � ( n � 1)) ) % s ;
count = 0; location[ j ] = ( star t [ j ] � str ide[ j ] ) % n ;
do f location [ j ] = ( location [ j ] + str ide[ j ] ) %n ;

if duplicate found in bucket [ location [ j ] ] return false ;
count + + ;

g while bucket [ location ] is full ;
if count < shortest

shortest = count; best[0] = j ; number = 1 ;
elseif count == shortest

best[number + + ] = j ;
g // for ( ...

select one shortest path j from best arra y.

copy data in to bucket [ location [ j ] ] ;
predictor [var iety [ j ] ] = tr ue ; return true ;

Figure 1. Inser t method

ure 1, determineswhich of the d probesequenceswill lo-
cateanun-�lled bucket with thefewestprobes;the indices
of theseshortestprobesequencesarestoredwithin thearray
best. Thesecondphaseof the insertinvolvesselectingone
of theshortestprobesequencesj to useto storetherecord.
Thereareseveralstrategiespossiblehere;we view thebest
entriesto beequally-likely to bechosen.Finally thedatais
copiedinto bucket [ location [ j ] ] andthevar iety [ j ] pre-
dictor is set.

Figure2 containsanexampletablecon�gurationcreated
insertingeightrecordswithin atableconsistingof � vebuck-
etsandforty-eightpredictorbits.Eachrecord,cat,dog,sow
: : :, doe,hasapair of probesequencestogetherwith access
varieties.The cat recordcouldbe insertedeitherin bucket
1 or 2 asits two probesequencesbegin with thesetwo val-
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predictor bits

sequence variety sequence variety

cat: 1, 2, 3, 4, 0 18 2, 4, 1, 3, 0 1
dog: 2, 4, 1, 3, 0 3 3, 2, 1, 0, 4 41
sow: 1, 4, 2, 0, 3 6 4, 2, 0, 3, 1 21
pig: 2, 3, 4, 0, 1 34 4, 2, 0, 3, 1 2
ape: 2, 0, 3, 1, 4 3 2, 4, 1, 3, 0 14
bee: 1, 2, 3, 4, 0 43 4, 1, 3, 0, 2 10
yak: 2, 1, 0, 4, 3 21 3, 2, 1, 0, 4 32
doe: 1, 0, 4, 3, 2 14 1, 2, 3, 4, 0 3

Figure 2. External Doub le Hashing with
Choice

fetc h ( Data & data )
for ( j = 0 , number = 0 ; j < d ; j ++ ) f

value = hash[ j ] ( data) ;
star t [ j ] = value% n ;
str ide[ j ] = 1 + value% ( n � 1) ;
var iety = ( value=( n � ( n � 1) ) ) % s ;
location[j ] = ( star t [j ] � str ide[j ] ) % n ;
if predictor [var iety ] is set

which [number++ ] = j ;
g // for ( ... select possible paths.
while ( number > 0 ) f

for (j = 0; number > 0; j ++) f
location[j ] = ( location[j ] + str ide[j ]) %n ;
if bucket[location[j ]] contains data

copy data record and return true ;
if bucket[location[j ]] is not full

remo ve prob e sequence which [j ] from
consideration and decremen t number.

g // for ( ...
g // while ( ...
return false ;

Figure 3. Fetch method

ues;bothgive riseto shortestpossibleinsertionsequences.
The �rst probesequencewith variety 18 is selected(arbi-
trarily); therecordis insertedin bucket 1, andpredictor18
is set.Thepredictorarrayis indexedby var iety ; a setpre-
dictor bit is designatedby a graysquare . Thedogrecord
is similar; bothprobesequencesgive riseto shortestpossi-
ble insertionsequences.The�rst probesequencewith vari-
ety3 is selected.Thedogrecordis insertedin bucket2 and
predictor3 is set.Thesow recordis similarwith bothprobe
sequencesreachingan emptyslot with oneprobe;thesec-
ondsequenceis selected.Therecordis insertedinto bucket
4 andpredictor21 is set.Whendoeis inserted,the candi-
dateinsertionsequencesarenotthesamelengthandthesec-
ondprobesequenceis shorter. Therecorddoeis insertedin
bucket0 andpredictor3 is set(again).

The recordscat,dog,sow, anddoeareindividually ac-
cessedto demonstratethe fetch method.We utilize the ta-
blewithin �gure 2 andthefetchmethodof �gure 3. Thefor
statementdeterminesthed probesequencesandthewhich
arraycontainsonly thosewith the associatedpredictorbit
set.Herenumbercountsthenumberof probesequencesto
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follow. The while loop interleavesthe probesequencesas
well as removing from considerationthosethat endwith-
outsuccess.For thecatrecord,only its �rst probesequence
mustbefollowedsincepredictor18 is setwhile predictor1
is not. Thesearchlengthis oneprobe.For thedog record,
only its �rst probesequencemust be followed sincepre-
dictor 3 is set but not predictor 41; the searchlength is
oneprobe.The sow recordis similar with only oneprobe
sequencebeingfollowed.Whenaccessingthe doerecord,
sincepredictors21 and3 both areset,we must interleave
the probesequences;the searchlengthis 7/2 probessince
theprobesequencesareequally-likely to begin thesearch.

When accessingant, a record not within the ta-
ble, the probesequencesfor ant, 2,3,4,0,1with variety 18
and 4,2,0,3,1with variety 3, are determined.Since pre-
dictors 18 and 3 are both set, the interleaved probe se-
quencesarefollowedwith a totalof six probesto determine
therecordis notwithin thetable.

3. Analysis of External Double Hashing with
Choice

A table containsn buckets each with capacity for b
recordspossessess predictorbits.We associatewith theta-
ble d hashfunctionsfrom a universalfamily of hashfunc-
tions [6]. The hashingprocess,whenappliedto a record,
producesa permutationof the bucket addresses.Within
doublehashing,a probesequenceis anarithmeticprogres-
sionwith successiveprobesdifferingby a constantreferred
to asthestridewhich is determinedvia theprocess.When
insertinga record,theprobesequenceof eachof thed hash
functionsis createdandthe numberof probesX required
to reachanun�lled bucket is determined.Therecordis in-
sertedby following a probesequencewith the smallestX
value; this sequenceof probesis referredto as the min-
sequence. Of course,the min-sequenceand its associated
X valuewill dependuponthenumberof recordscurrently
storedwithin thetable.ThissmallestX is theminimumor-
derstatisticfor thed values[7]. As thetable�lls, theaver-
ageof individual minimum orderstatistics,denotedL min

s ,
will be of interest.The d hashfunctionsdeterminethe d
triples consistingof the initial probe,the step,andthe va-
riety valuesfor a record;we assumethat the n (n � 1) s
triplesareequally-likely; previousanalysesof doublehash-
ing alsoassumethen (n� 1) pairsof initial probeandstride
valuesareequally-likely [11, 8].

Hashingperformancemetricsare the successfulsearch
lengthaswell asunsuccessfulsearch lengthwhich arecal-
culatedanalyticallyasexpectedvaluesor measuredexperi-
mentallyasaveragevalues.Thesuccessfulsearchlengthis
thenumberof probesto accessarecordstoredwithin theta-
ble.Theunsuccessfulsearchlengthis thenumberof probes
to determinea recordis not storedin the table.Within ei-

ther, for a given recordthe fetch function �rst determines
whetherthepredictorbit is setfor eachhashfunction.Only
theprobesequencesassociatedwith setpredictorbits need
befollowed.The insertionmethodsetsexactly onepredic-
tor bit; a predictorbit is setwith probability1=s duringan
insertoperation.After m insertions,a predictorbit remains
unsetwith probability( 1� 1=s)m andis setwith probabil-
ity

pm = 1 � ( 1 � 1=s) m � 1 � e� m=s : (1)

During a successfulsearchaccessoperation,thed hash
functionseachdetermineavarietyfor thedesiredrecord;at
leastoneof theassociatedpredictorbits mustbeset.Let d̂
countthenumberof setassociatedpredictorbits; theprob-
ability d̂ equalsj for 1 � j � d is, within tablescontaining
m records,

Probf d̂ = j g =
�

d � 1
j � 1

�
p j � 1

m ( 1 � pm ) d� j (2)

andtheexpectednumberof setpredictorbits is
1 + ( d � 1) pm .

Similarly, during an unsuccessfulsearchoperation,the
probability d̂ equalsj for 0 � j � d is, within tablescon-
tainingm records,

Probf d̂ = j g =
�

d
j

�
p j

m ( 1 � pm ) d� j : (3)

andtheexpectednumberof setpredictorbits is dpm .
Both thesuccessfulandunsuccessfulsearchlengthsare

calculatedusing the probability a bucket is �lled together
with the expectednumberof setassociatedpredictorbits.
Tableswith single recordbucket capacityhave beenan-
alyzed[9, 14]; the analysisappearswithin datastructure
andalgorithmtextbookscirca 2005.This analysisutilizes
a samplingwithout replacementapproachto calculatethe
probabilityan insertionrequiresexactly r probesto locate
the desiredbucket in a table containingm records.Evi-
dently extending this approachto larger buckets is dif�-
cult. Tablesalso have beenanalyzedusingsamplingwith
replacement;this approachreadilyextendsto largerbucket
capacities[10, 12] andwill beutilizedhere.

We continueby calculatingf il ledb ( � ) theprobability
a capacityb, arbitrary bucket containsb recordswithin a
table with loading factor � . Both the expectedsuccessful
andunsuccessfulsearchlengthswill utilize thisprobability.
The occupancy countof the �rst un-�lled bucket encoun-
teredon a probesequencewill bearbitrary. The likelihood
aprobesequenceaccessesabucketcontainingi recordsde-
pendsonly on the numberof suchbuckets.This insight is
utilized to calculatetheprobabilitya bucket is �lled.

Let N i ( m ), for 0 � i � b, be theexpectednumberof
bucketscontainingexactly i recordswhenm recordshave
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beeninsertedinto atablecon�guredwith n buckets.There-
currences,following the total expectationrule [15], obtain
theb+ 1 expectedvaluesasa functionof m andn

N0( m + 1) = N0( m ) � N0( m ) =( n � Nb( m ) )

N i ( m + 1) = (4)
N i ( m ) + ( N i � 1( m ) � N i ( m ) ) =( n � Nb( m ) )

Nb( m + 1) = Nb( m ) + Nb� 1( m ) =( n � Nb( m ) )

for 0 � m < bn and0 � i � b. Theinitial conditions,with
all bucketsempty, areN i ( 0 ) = n � i; 0. Finally, thebuckets
are�lled completelywith bn recordsand the �nal values
areN i ( bn ) = n � i;b .

Equations(4) are determinedas follows. Supposem
recordshave beeninserted;duringinsertionof them + 1st

record the number of buckets containing i recordscan
changeby at mostone.Theprobabilityof theseeventswill
varyasthenumberof un�lled bucketsvaries;theexpression
( n � Nb( m ) ) designatesthe numberof un�lled buckets
after m insertions.The probability the numberof buckets
containingi recordsincreasesby oneis N i � 1( m ) =( n �
Nb( m ) ) andtheprobability thenumberdecreasesby one
isN i ( m ) =( n� Nb( m ) ). Furthermore,theprobabilitythe
numbercontainingi recordsdoesnot changeis given by
1 � ( N i � 1( m ) � N i ( m ) ) =( n � Nb( m ) ). Then,us-
ing thetotalexpectationrule,

N i ( m + 1) =
N i ( m ) + ( N i � 1( m ) � N i ( m ) ) =( n � Nb( m ) )

This is theprincipalequationwithin (4).
Theemptybucket countcannotincreaseasm increases

andis a specialcase

N0( m + 1) = N0( m ) � N0( m ) =( n � Nb( m ) )

Similarly, the full bucket count cannotdecreaseas m in-
creasesandis aspecialcase

Nb( m + 1) = Nb( m ) + Nb� 1( m ) =( n � Nb( m ) ):

In general,abucket is �lled with probability

f il ledb ( � ) = Nb( m ) =n (5)

where� = m=( bn ) is theloadingfactor. Figure4 presents
theprobabilityvaluescalculatedusingequations4 for vari-
ousbucketsizes.

Thesesystemsof non-linearrecurrenceequationsevi-
dently do not have closedform solutions;however, useful
approximationsof theform

f il ledb ( � ) � �  (6)

which is alsopresentedwithin �gure 4. The  valuesare
determinedto minimize themeansquareor minmaxerror;

thesechangeonly slightly over a wide rangeof tablesizes
from 102 through106. Table 1 contains valuesfor ta-
bleswith 257 and1000000buckets.However we have no
asymptoticresultsfor theseapproximations.
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3.1. SuccessfulSearch Length

A successfulsearchis conductedfor a record residing
within the table;thesuccessfulsearchlengthL S measures
thetotalnumberof bucketsexaminedto conductthesearch.
Firstwecalculatetheexpectedaverageof themin-sequence
lengthE[ L min

S ]. Thenwe cancalculatetheexpectedsuc-
cessfulsearchlengthE[ L S ]. Sincerecordsarenot moved
within thetableoncethey areinserted,weanticipate

E[ L S ] � E[ L min
s ]:

Moreover, whend is one,wenoteE[ L S ] is E[ L min
S ]:

Supposethe table with n capacityb buckets hasload-
ing factor� ; theprobabilitya bucket is �lled f il ledb ( � )
hasbeencalculatedabove.Theprobabilityaninsertion,us-
ing d hashfunctions,will requireat least� + 1 probesis
f il ledb ( � )d � : Thatis,eachof thed probesequencesmust
hit a �lled bucket � times.Finally, whena tablecontainsm
records,theprobabilitythatL min

S is greaterthan� is

Probf L min
S > � g =

1
m

mX

j = 1

f il ledb ( j =( n b) ) d � :

Thuswehave

E[ L min
S ] =

1
m

X

� � 0

mX

j = 1

f il ledb ( j =( n b) ) d � : (7)
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b  mean sq.  mean sq. minmax  minmax

n = 257 n = 1000000

100
90
80
70
60
50
40
30
20
10
9
8
7
6
5
4
3
2
1 1.000

1.663
2.190
2.640
3.040
3.403
3.738
4.051
4.345
4.623
6.880
8.619

10.086
11.380
12.550
13.627
14.629
15.570
16.461

1.000
1.671
2.201
2.653
3.053
3.417
3.752
4.070
4.369
4.652
6.959
8.735

10.238
11.565
12.766
13.870
14.899
15.866
16.781

1.000
1.661
2.187
2.636
3.035
3.398
3.731
4.044
4.337
4.615
6.868
8.603

10.067
11.359
12.527
13.601
14.601
15.541
16.430

1.000
1.668
2.197
2.648
3.048
3.411
3.746
4.062
4.361
4.644
6.943
8.718

10.219
11.543
12.741
13.843
14.871
15.835
16.748

Table 1.  appr oximation exponents.

We can obtain closedform expressionsfor E[ L min
s ]

whenb is oneandd eitheroneor two. In caseb is one,us-
ing equation4,

f il led1 ( j =n ) = � = j =n:

And we have

Probf L min
s > � g =

1
m

mX

j = 1

( j =n)d � �
� d �

d � + 1
:

If d is one,wehavefor ordinarydoublehashingthefamiliar
expression,

E[ L min
s ] �

X

� � 0

� � =(� + 1) = � � � 1 ln ( 1� � )

which is well-known [9, 10, 13, 14] as the expressionfor
E[ L s ]. If d is two, wehave

E[ L min
s ] �

X

� � 0

� 2 � =(2 � +1) =
1

2�
ln

�
1 + �
1 � �

�
:

The successfulsearchis conductedby interleaving d̂
probesequenceswhered̂ � d is thenumberof setpredic-
tor bits associatedwith the search.Oneof theseprobese-
quenceswill hit the desiredrecordduring its L min

S probe
on average.Within the searchprocess,eachof the last d̂
probeswill accessthe desiredrecordwith equalprobabil-
ity. Accordingly, the successfulsearchlengthL S is given

by

L S =

8
>>>>>><

>>>>>>:

L min
S ; if d̂ is 1;

2(L min
S � 1) + 3

2 ; if d̂ is 2;
3(L min

S � 1) + 2; if d̂ is 3; (8)
...

d (L min
S � 1) + d+1

2 ; if d̂ is d.

Theorem: For tablescon�guredwith n capacityb buckets
containingm recordsusingd hashfunctions,theexpected
successfulsearch lengthE[ L S ] is

E[ L min
S ] ( ( d � 1 ) pm + 1) �

( d � 1)
2

pm (9)

where theloadingfactor � is m=( n b).
Thetheoremfollowsby combiningequations2 and8 via

thetotalexpectationrule.

3.2. UnsuccessfulSearch Length

An unsuccessfulsearchis conductedfor a recordnot re-
siding within the table;the unsuccessfulsearchlengthL U

measuresthetotal numberof bucketsexaminedto conduct
thesearch.Firstwecalculatetheexpectednumberof buck-
ets accessedE[ L 1

U ] by a single probe sequenceto �rst
touchan un�lled bucket andthenthe expectedunsuccess-
ful searchlengthE[ L U ].

For unsuccessfulsearches,theprobabilityasingleprobe
sequenceaccessesi bucketsto �rst touchanun�lled bucket
follows the geometricdistribution. For a singlehashfunc-
tion

Probf L 1
U > � g = f il ledb ( � ) �

from which it follows

E[ L 1
U ] =

1
1 � f il ledb ( � )

:

This formula is, of course,a direct extensionof the result
for ordinarydoublehashing[9, 10, 13, 14] wherethe ex-
pectedvalueis 1=( 1 � � ).

TheunsuccessfulsearchlengthE[ L U ] is givenby

E[ d̂L 1
U ] (10)

sinceall of the d̂ probesequencesmustbe followed until
eachlocatesanun�lled bucket.
Theorem: For tablescon�guredwith n capacityb buckets
containingm recordsusingd hashfunctions,theexpected
unsuccessfulsearch lengthE[ L U ] is

dpm

1 � f il ledb ( � )
(11)

where theloadingfactor � is m=( n b).
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The theoremfollows by combiningequations3 and10
via thetotalexpectationrule.

Both thesuccessfulandunsuccessfulsearchlengthanal-
ysesfollow thesamplingwith replacementparadigm.Since
probesequencesare permutations,the analysiswould be
more accuratelyserved using samplingwithout replace-
ment;howeverour expectedvaluemodelsprovidevery us-
ableresultsasshown in theexperimentalresultssection.

3.3. Asymptotic Choice

Severalcon�gurationsareconsideredto demonstratethe
signi�canceof theapproach.Sincethereareseveralparam-
eters,the numberof hashfunctionsd and the numberof
predictorbits s, we determinea parameterspacepartition-
ing usefulfor presentingsimilar results.Theratio

� =
s

n bd

in which n representsthenumberof bucketswithin the ta-
bleprovidessucha partitioning.
Theorem: For tablescon�guredwith n capacityb buckets
ands predictorbits containingm records let n � b = s=d
remain constantwhile d and s increase. The asymptotic
search lengthsare

E [ L S ] = 1 +
�
2 �

(12)

E [ L U ] =
�

� ( 1 � f il ledb ( � ) )

where theloadingfactor � is m=( n b).
The limiting E[ L S ] is similar to the separatechaining

[9] successfulsearchlength.Moreover the expectedsuc-
cessfulsearchlengthscanbearbitrarily closeto oneby in-
creasing� .

TheE[ L S ] formulacomesfrom expression(9). Increas-
ing d improvesthechancesof obtainingashortermin-probe
sequence,and

lim
d ! 1

E[ L min
S ] = 1

sincethe shortestpossiblemin-probesequencehaslength
one.Then( d� 1) ( 1� ( 1� 1=s)m ) = ( d� 1) pm and
� = s=( n bd) we have

lim
d ! 1

( d � 1) pm = lim
d ! 1

( d � 1)( 1 � ( 1 �
1

n bd �
)m )

= m=( n b� ) = �=� :

Combiningthe two limit expressionsin formula (9) yields
formula12.

TheE[ L U ] expressionhasa similar developmentsince
f il ledb ( � ) doesnot varywith s.

4. Experimental Paradigm and Results

Theexperimentaleffort providesaveragesuccessfuland
unsuccessfulsearchlengthsfor comparisonwith ouranalyt-
ical resultsaswell asindividual table-methodtimings.Ex-
ternaldoublehashingwith choiceis implementedin C; the
codecompiledvia the gcc compilerwith -O3 optimiza-
tions. Timing wasdoneusing the gettimeofday func-
tion which “ticks” once per microsecond.The computa-
tional environmentconsistsof a oneGHz PentiumIII pro-
cessorcon�gured asa server. For our experiments,we uti-
lized tablescon�guredwith 257buckets;recordsweregen-
eratedvia theLinux random functionproducinglong un-
signedvalueswith aperiodof approximately16( 231 � 1 ).
The approximatelyuniformly distributedvaluesprovide a
challengingworkloadwithout locality; theanalysisalsoas-
sumessuchaworkload.Referencelocality will provideim-
provementsdependinguponthedegreeof locality; locality
is not consideredfurtherhere.

For loadfactorsfrom zeroto one,thesuccessfulandun-
successfulsearchlengthaverageswerecalculatedaswell as
theassociatedtimings.An averagevalueis determinedex-
perimentallytogetherwith its 95% con�dence interval of
width 1% of the to-be-determinedaverage.Sincethe data
samplestandarddeviation is unknown andwill vary with
the loadfactor, thetwo-stageapproachof Stein[16] is uti-
lizedto determinethenumberof samplessuf�cing to obtain
the con�denceinterval of desiredwidth. For a given load
factor, Stein's approachinvolvesobtaininga �x ed number
of samples(40 in our experiments)to determinethe sam-
ple meanandstandarddeviation.Thenumberof additional
samplesrequired,for the desired95% con�denceinterval,
is thelargerof zeroand

& �
samplestandarddeviation� 2:021

0.005* samplemean

� 2
'

� 40:

This processis followed for thesuccessfulandunsuccess-
ful searchlengths as well as the successfuland unsuc-
cessfulsearchtimings; the largestof the four numbersis
usedto completetheexperimentfor the load factor. There
is no control on the �nal numberof samplesrequiredes-
pecially when the samplestandarddeviation is large; in
our experimentswith 257 buckets per table, the number
rangedbetween40andafew thousandperdatapoint.All of
our experimentsobtaineda 95%con�denceinterval width

1
100 � sampleaveragesearchlength; thesecon�denceinter-
vals,while not shown, areeasilydetermined.

Both experimentalandanalyticalresultsregardingsuc-
cessful and unsuccessfulsearch lengths are presented
graphically. We conducted,for d = 1; 2; 4; 8; 16; 32 & 64,
� = 1; 2; 4; 8; 16; 32 & 64 andb = 1; 2; 4; 8; 16; 32 & 64
7 � 7 � 7 = 343 con�gurations, experiments provid-
ing both successful and unsuccessfulsearch lengths.
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search lengths for � = s/514d = 1. with d =
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Figure 6. Successful and unsuccessful
search lengths for � = s/257d = 2. with d =
1, 2, 4, 8, 16, 32 and 64

Figures 5 and 6 graphically presenttypical experimen-
tal results for the successfuland unsuccessfulsearch
lengthsas well as expectedvaluesfor b = 2, n = 257,
� = s=(n bd) = 1& 2, and d = 1; 2; 4; 8; 16; 32 & 64.
The successfulsearchlengths(requiring at leastone ac-
cess) become �atter as d increases;the unsuccessful
searchlengths becomelarger as well as clustering. As
d increases,the search lengths more closely approxi-
mate the values from formula 12. Both the unsuccess-
ful searchand the successfulsearchlengthsdecreaseas�
movesfrom 1 to 2.

The analysisof the unsuccessfulsearchlengthsutilizes

thefollowing lemma.
Lemma: For a > b � 1 and c � 0

1 �
a( 1 � e� c=a)
b( 1 � e� c=b)

<
a
b

:

Thiscanbeveri�ed usingl'Hospital's ruleaswell asacon-
tinuity argument.

For unsuccessfulsearcheswith constant� , b, n and � ,
theexpectedsearchlengthincreaseswith increasings and
d. Increasingboths andd by a factorof � � 1, therespec-
tivesearchlengthsareapproximately

� d ( 1 � e� m=� s )
1 � f il ledb ( � )

and
d( 1 � e� m=s )

1 � f il ledb ( � )
:

The previous lemma indicates the unsuccessfulsearch
length increaseis less than � ; this is seenin �gures 5
or 6 with b = 2 and � = 1 or 2 as well as constantn
and� . This discussioncanbe expandedto show as� en-
larges, the unsuccessfulsearch length approachesits
asymptoticvalue.

Similarly theunsuccessfulsearchlengthsdecreasewith
increasings with constantb, d, n, and� . Increasings by a
factorof � � 1, the respective searchlengthsareapproxi-
mately

d ( 1 � e� m=� s )
1 � f il ledb ( � )

and
d( 1 � e� m=s )

1 � f il ledb ( � )
:

The previous lemma indicates the unsuccessfulsearch
length decreaseis lessthan 1=� . Then for example,with
b = 2 and� = 2, with constantd, n and� , theexpectedun-
successfulsearchlengthfor s predictorbits is lessthandou-
ble the searchlengthfor 2s predictorbits asshown in �g-
ures5 and6.

Successfulsearchlengthsareimprovedaswell with in-
creasedd, b, ands. For onehashfunction, the successful
searchlength obtainsno improvementvia predictor bits.
Howevertheimprovementvia additionalhashfunctionsand
predictorbits is evident in �gures 5 and6 asthecurvesbe-
come�atter approximatingaperfecthashfunction.

The expectedsuccessfulsearchlengthsrangebetween
the min-sequencelengthE[ L min

S ] whend is oneandthe
asymptoticlength1 + �= 2� asd ! 1 . Since monotoni-
cally increaseswith b, theapproximatemin-sequencelength

X

� � 0

�  �

 � + 1

decreaseswith increasingb. For  = � = b = 1, the
min-sequencelengthexceedsthe asymptoticlengthfor all
positive � . Generally, the � valuewherethemin-sequence
lengthequalstheasymptoticlengthdependsupon� andb.
In �gure 5,equalityoccursatapproximately� = 0:7; in �g-
ure6, atapproximately0.25.
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Ratherthanpresenting47similar �gures for theremain-
ing con�gurations,we presentsummary�gures in which
eachcurve is replacedby its averagevalue.The summary
�gure for eachcon�gurationconsistsof apairof bargraphs
depicting the averagesuccessfulor unsuccessfulsearch
lengthsfor given�x edb, n and� valueswith d rangingfrom
1 througharbitrarily largevalues.Oneendof a bardenotes
thed is oneaverageandthed ! 1 averageat the other
end.Experimentallythe largestd is 64. Figure7 conveys
theseresultsfor � = 1; the averageasymptoticexpected
successfulandunsuccessfulvaluesfor arbitrarilylarged are
speci�ed within the �gure. Similar graphsfor � = 2 and8
aregivenin �gures 8 and9; all thegraphsareavailable[5].

The average expected asymptotic successfulsearch
length is approximatedby the area under the curve
1 + �= (2� ) for � ranging from 0 to 1. This is calcu-
lated as a proper integral to be 1 + 1=(4� ). For �x ed � ,
with increasingb, the averagemin-sequencelength be-
comeslessthantheaverageasymptoticlength1 + �= 4� .

The averageexpectedasymptoticunsuccessfulsearch
lengthis approximatedby theareaunderthecurve�=� (1 �
f il ledb( � ) for � between0 and1. This obtainsa diver-
gent improperintegral; however expression13 yields our
approximation

1
� n b

X

0� i<n b

i
1 � f il ledb ( i=n b)

: (13)

Theunsuccessfulsearchlengthbargraphs,in �gures 7,
8, and 9, show decreasedaveragesas well as decreased
variationwith b with increased� andb. The �lled bucket
probability f il ledb functionmonotonicallydecreaseswith
b; accordinglytheexpectedunsuccessfulsearchlengthsde-
creasevia formula13.Similarly theaveragemin-sequence
lengthdecreasesmonotonicallywith b. This is directly re-
�ected within the one hash function averagesuccessful
searchlengthsin these�gures; the d is oneendof the bar
graphsdependonly onb.

The average expected successfulsearch lengths are
larger than1 + �= 4� = 1:25 for b = 1; 2 andsmallerfor
b = 4; 8; 16; 32; 64 in �gure 7. Similar behavior is present
within �gures 8 and9. In general,therearetwo regionsde-
pictedin these�gures determinedby whetherthe average
min-sequencelength is greaterthan the averageasymp-
totic successfulsearchlength;thatis, whether

1
nb

X

1� i � nb

X

� � 0

(i=nb) � 

� + 1
> 1 +

1
4�

: (14)

In aregionwheretheaveragemin-sequencelengthis larger,
additionalpredictorbits and hashfunctionslower the ex-
pectedsuccessfulsearchlength; the unsuccessfulsearch
lengthis (slightly) increasedaswell. Otherwise,theuseof
additionalpredictorbits aswell asruntimeto calculatethe
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3
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0.893
0.791

0.667

1 2 4 8 16 32 64
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� = 1
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1.25

Figure 7. Successful and unsuccessful
average search lengths for � = 1.
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1.125
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slotsper bucket

� = 2
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Unsuccessfulsearch length

Figure 8. Successful and unsuccessful
average search lengths for � = 2.

hashvalues,raisesboththeaverageexpectedsuccessfuland
unsuccessfulsearchlengthsloweringtheemsembleperfor-
mance.

Accesscalculationtiming is an issuewhenusingmore
thanonehashfunction; �gure 10 show the increasein “in-
ternal”calculationtimeasthenumberof hashfunctionsin-
creases.Theinsertiontimeis estimatedusingdE[ L 1

U ] disk
accessesplus the internaltime. Table2 presentssome“ex-
ternal” timings using formulae7, 9, and 11 as follows in
which the expectedexternal latency is 4900microseconds
perdiskaccess.

I N time = d � E[ L 1
U ] � 4900+ internaltime

SStime = E[ L S ] � 4900+ internaltime
UStime = E[ L U ] � 4900+ internaltime:

Table2 indicatesfor asfew aseighthashfunctions,which
requireapproximatelythreemicrosecondsto evaluate,the
resultsarevery closeto what could be obtainedusingan
“unlimited” numberof hashfunctions; evaluation of the
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hashfunctionswill dominatetheaccesstime asd increases
withoutbound.

5. Conclusions

External double hashingwith choice provides a very
convenientextensionto ordinary double hashingprovid-
ing improved successfuland unsuccessfulsearchlengths.
Within external storageenvironments,the extra spacere-
quiredof predictorbits is extremelymodestandrealistically
could be maintainedwithin cachememory. We have ob-
served two distinct performancemodes;one in which ad-
ditional hashfunctionsimprovesthe runtimeperformance
andthe otherwhereadditionalhashfunctionsdegradethe
performance.The two modesare determinedby whether
the averagemin-sequencelength is greaterthan the aver-

d � SS US IN

1

2

8

64

2

4

8

2

4

8

2

4

8

2

4

8

7351

7351

7351

6273

5783

5783

5734

5734

5099

5851

5361

5117

5244

2941

1520

5832

6127

1471

6275

3188

1620

6341

3206

1638

15926

15926

15926

31851

31851

31851

127403

127403

127403

1019220

1019220

1019220

Table 2. Expected access times in micr osec-
onds; � = 0.8 and the average disk drive seek
time is 4900 micr oseconds.

ageasymptoticsuccessfulsearchlength accordingto for-
mula14.

It will be interestingto combinechoicewith passbits;
passbitsimprovetheunsuccessfulsearchlength[4, 12].
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