
CSE 21 WI 12

Practice Final Exam

1. Define the recurrence a(n + 2) = 4a(n + 1)− a(n) + 1, n ≥ 0, with a(0) = 1, a(1) = 2.

(a) What is the value of a(5)?

(b) Find an explicit closed form solution for a(n);

(c) Prove by induction that the expression in (b) is valid for all n ≥ 0.

2. Let x(n + 1) = 3x(n) + n, n ≥ 1, with x(0) = 1. Find a closed form expression for x(n).

3. An urn contains 3 Red, 4 White and 5 Blue marbles. A fair coin is flipped. If the coin
comes up Heads, 2 Red and 1 White marbles are added to the urn. On the other hand, if
the coin comes up Tails, 1 White marble is removed from the urn.
Three random marbles are now drawn (without replacement) from the urn.

(a) What is the probability that all three marbles have different colors?

(b) What is the probability that all three marbles have the same color if the coin flip was
Heads?

(c) What is the probability that the coin flip was Heads, given that all three marbles have
the same color?

4. A fair coin is repeatedly flipped until two consecutive Heads occur. What is the expected
number of flips until this first occurs?

5. A valid password is required to made up of 5 symbols, coming from the set of 26 letters
{A, B, . . . , Z} and 10 numbers {0, 1, . . . , 9}. However, all the symbols must be different, and
the password can have at most two numbers in it. How many possible valid passwords are
there?

6. Prove by induction that:

n∑
k=1

(2k − 1)2 =

(
2n + 1

3

)
for n ≥ 1.
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7. A box contains 10 light bulbs, 5 of which are bad and 5 which are good. If 4 light bulbs
are drawn at random without replacement from the box, what is the expected number of
good light bulbs drawn?

8. 25 identical marbles, and 15 identical pens are to given to a set of 10 students, which
consists of 5 CSE majors, 3 ECE majors and 2 Bio majors. Suppose that every CSE student
gets at least 2 pens, every ECE major gets at least one marble and at least one pen, and
every Bio student gets at most one marble. In how many ways is this possible?

9. B boys and 3 girls are seated in a row. In how many ways can they be seated so that
every girl is seated next to at least one boy?

10. In how many ways can the numbered circles be joined to the lettered squares so that
every circle is joined to exactly one square and:

(a) there is no other restriction;

(b) every square is joined to at least one circle;

(c) every square is joined to two circles.

CA B

1 2 3 4 5 6

CA B

1 2 3 4 5 6

Example of (b)

Example of (b)
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11. The Ace Ping Pong Ball Company makes cheap ping pong balls. In fact, it is known
that 1 out of 500 balls it makes are defective. There is a test which is 99% effective in
detecting defective balls (i.e., with probability 99

100
it says a defective ball is defective, and

with probability 1
100

it says a bad ball is good). Unfortunately, the test has false positives,
namely 10% of the time it says a good ball is bad. What is the probability that a random
ball which the test says is good actually is good?

12. What is the length of a minimum spanning tree for the graph below?
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13. If f = (123)(45), g = (15)(24)(3) and h = (13542) are three permutations in cycle
form, which of the following compositions is equal to (1)(2453)?
(Note: The composition f ◦ g is equal to (143)(25), i.e., g is applied first, then f).

(a) h ◦ f ◦ g;

(b) g ◦ h ◦ f ;

(c) f ◦ h ◦ g;

(d) f ◦ g ◦ h;

(e) none of the above.

14. A biased coin which comes up Heads 2/3 of the time is flipped 5 times. What is the
expectation and variance of the number of Heads which occur?
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