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ian
io UCSD CSENo e�
ient algorithm is known to �nd the shortest ve
tor in a latti
e (in arbitrary di-mension), or even just 
omputing its length λ1. A 
entral tool in the algorithmi
 study oflatti
es (and their appli
ations) is the LLL algorithm of Lenstra, Lenstra and Lovasz. TheLLL algorithm runs in polynomial time and �nds an approximate solution x to the shortestve
tor problem, in the sense that the length of the solution x found by the algorithm is atmost γ · λ1, for some approximation fa
tor γ. The approximation fa
tor γ = 2O(n) a
hievedby LLL is exponential in the dimension of the latti
e. Later in the 
ourse, we will studyalgorithms that a
hieve (slightly) better fa
tors. Still, the approximate solutions found byLLL are enough in many appli
ations. We design and analyze the LLL algorithm in twosteps:(1) We �rst de�ne a notion of �redu
ed� basis, and show that the �rst ve
tor of a redu
edbasis is an approximately shortest ve
tor in the latti
e.(2) Next, we give an e�
ient algorithm to 
ompute a redu
ed basis for any latti
e.1. Redu
ed basisRemember the Gram-S
hmidt orthogonalization pro
ess:
b∗

i = bi −
∑

j<i µi,jb
∗
j where µi,j =

〈bi,b
∗

j 〉

〈b∗

j ,b∗

j 〉We de�ne proje
tion operations πi from R
m onto ∑

j≥i Rb∗
j :

πi(x) =

n
∑

j=i

〈x,b∗
j〉

〈b∗
j ,b

∗
j〉

b∗
j .Noti
e that the Gram-S
hmidt orthogonalized ve
tors 
an be expressed as b∗

i = πi(bi).We 
an now de�ne LLL-redu
ed basis. For reasons that will be 
lear in the running timeanalysis of the algorithm, we introdu
e a real parameter 1/4 < δ < 1 and de�ne LLL-redu
edbasis with respe
t to δ.De�nition 1. A basis B = [b1, . . . ,bn] ∈ R
m×n is δ-LLL redu
ed if:

• |µi,j| ≤ 1
2
for all i > j

• for any any pair of 
onse
utive ve
tors bi,bi+1, we have
δ‖πi(bi)‖2 ≤ ‖πi(bi+1)‖2.The �rst 
ondition (usually 
alled �size redu
tion�) is easy to a
hieve using a variant ofthe Gram-S
hmidt pro
edure, and it is dis
ussed in the next se
tion. In order to understandthe se
ond 
ondition it is useful to 
onsider the 
ase when i = 1 and δ = 1. For i = 1,the proje
tion π1 is just the identity fun
tion (over the linear span of the latti
e) and the
ondition be
omes simply ‖b1‖ ≤ ‖b2‖, i.e., the �rst two ve
tors in an LLL redu
ed basisare sorted in order to in
reasing length. (Introdu
ing a fa
tor δ < 1, relaxes the in
reasing
ondition to hold approximately within a fa
tor δ.) For i > 1, the LLL redu
ed basisde�nition requires a similar 
ondition to hold for the proje
ted basis πi(B).



Another geometri
 interpretation of the se
ond 
ondition is the following. Noti
e that
‖πi(bi+1)‖2 = ‖b∗

i+1 + µi+1,ib
∗
i ‖2 = ‖b∗

i+1‖2 + ‖µi+1,ib
∗
i ‖2 = ‖b∗

i+1‖2 + (µi+1,i)
2‖b∗

i ‖2.So, the se
ond 
ondition in the de�nition of LLL-redu
ed basis 
an be equivalently rewrittenas
(δ − µ2

i+1,i)‖b∗
i ‖2 ≤ ‖b∗

i+1‖2.So, although the Gram-S
hmidt ve
tors b∗
i 
an get shorter and shorter, their length 
annotde
rease too qui
kly. Spe
i�
ally, for any 1/4 < δ < 1, if we set α = 1

δ− 1

4

, then(1) ‖b∗
i ‖2 ≤ α‖b∗

i+1‖2.For example, if δ = 3/4, then α = 2 and ea
h ‖b∗
i+1‖ is least half the length of ‖b∗

i ‖. Using(1) repeatedly, we get(2) ‖b∗
1‖2 ≤ αi−1‖b∗

i ‖2 ≤ αn−1‖b∗
i ‖2.Sin
e this is true for all i = 1, . . . , n, the �rst ve
tor in an LLL redu
ed basis satis�es

‖b1‖ ≤ α(n−1)/2 min ‖b∗
i ‖ ≤ α(n−1)/2λ1where we have used the lower bound λ1 ≥ mini ‖b∗
i ‖ on the length of the shortest ve
tor ina latti
e. In parti
ular, if δ = 3/4, the �rst ve
tor in an LLL redu
ed basis is a γ = 2(n−1)/2approximate solution to SVP. Simiarly, one 
an also show that the set of ve
tors in an LLLredu
ed basis are a solution to the approximate SIVP.Exer
ise 1. Prove that if B is a δ-LLL redu
ed basis, then maxi ‖bi‖ ≤ α(n−1)/2λn where

α = (1− 1/δ)−1.In many appli
ations, the length of the shortest latti
e ve
tor λ1 is not known, but it 
anbe estimated using Minkowski's theorem λ1 ≤
√

n det(B)1/n. Combining the bound ‖b1‖ ≤
α(n−1)/2λ1 with Minkowski's theorem we get ‖b1‖ ≤

√
nα(n−1)/2 det(B)1/n. A stronger bound
an be obtained relating the length of b1 in an LLL redu
ed basis dire
tly to the determinantof the latti
e as follows. Take the produ
t of (2) for i = 1, . . . , n, to get

‖b1‖n ≤
∏

i

α(i−1)/2‖b∗
i ‖ = αn(n−1)/4 det(B).So, we have

‖b1‖ ≤ α(n−1)/4 det(B1/n),whi
h 
an be interpreted as a weak (but algorithmi
) version of Minkowski's theorem.Remark 1. Even if Minkowski's bound 
an be e�
iently 
omputed given a latti
e basis, noe�
ient algorithm is known to �nd latti
e ve
tors a
hieving the bound, even approximatelyfor approximation fa
tors that are signi�
antly better than exponental in the dimension ofthe latti
e.Our analysis of LLL redu
ed basis is summarized in the following theorem.Theorem 1. For any 1/4 < δ ≤ 1, if B is a δ-LLL redu
ed basis, then
• ‖b1‖ ≤ α(n−1)/2λ1

• maxi ‖bi‖ ≤ α(n−1)/2λn

• ‖b1‖ ≤ α(n−1)/4 det(B)1/n



where α = 1/(δ − 1/4) ≥ 4/3.In the following se
tions we give an algorithm to 
ompute a δ-LLL redu
ed basis for anylatti
e in time polynomial in the input size and (1 − δ)−1. It is not known whether theLLL algorithm runs in polynomial time when δ = 1, whi
h is the value that gives the bestresults. Still, we 
an a
hieve essentially the same result by setting δ = 1 − 1/ncand stillmaintain polynomial running time. This gives polynomial time solutions to SVP and SIVPfor exponential approximation fa
tors.Corollary 1. There is a polynomial time algorithm that solves SVP and SIVP within ap-proximation fa
tor γ(n) = (2/
√

3)n. The algorithm also produ
es nonzero latti
e ve
tors oflength at most (2/
√

3)n/2 · det(L(B))1/n.The LLL algorithm is designed to work in the Eu
lidean norm. Still, sin
e all norms arewithin a fa
tor n from the Eu
lidean norm, is also provides solutions to latti
e problems inother norms within essentially the same approximation fa
tor.2. The Nearest Plane AlgorithmThe size redu
tion 
ondition (|µi,j| ≤ 1/2) in the de�nition of LLL redu
ed basis 
an bea
hieved using an integer variant of the Gram-S
hmidt orthogonalization pro
edure. Boththe size redu
tion 
ondition and the asso
iated algorithm have ni
e geometri
 interpretationswhi
h we are going to explain �rst.It is easy to see that any point in the linear span of a latti
e 
an be written as the sum ofa latti
e point x ∈ L(B) plus a ve
tor in the fundamental parallelepiped
y ∈ P(B) = {Bx : 0 ≤ xi < 1}.Moreover, su
h a de
omposition is unique. In other words, the sets x + P(B) (indexed by

x ∈ L(B)) form a partition of span(B). A subset S ⊆ span(B) su
h that {x+S : x ∈ L(B)}form a partition of span(B) is 
alled a fundamental region for the latti
e, and P(B) is anexample of fundamental region. There are many other examples of interesting fundamentalregions. For example, one 
an 
onsider the 
entered half open parallelepiped
C(B) =

{

Bx : − 1

2
≤ xi < +

1

2

}

.Another important fundamental region is the Voronoi 
ell of the latti
e V(B), i.e., the set ofall points that are 
loser to the origin than to any other latti
e point.1Noti
e that the partition asso
iated to P(B) 
an be easily 
omputed, in the sense thatgiven a target point t ∈ span(B), one 
an e�
iently �nd the latti
e point Bx su
h that
t ∈ Bx + P(B). (Just solve By = t and round the solution to the latti
e point B⌊y⌋.)The partition asso
iated to the 
entered parallepiped C(B) 
an also be 
omputed similarly,rounding to the 
losest integers B⌊y⌉. On the other hand, the partition asso
iated to theVoronoi 
ell seems hard to 
ompute: by de�nition, �nding whi
h Voronoi 
ell Bx + V(B)1In order to get a partition, one need also to in
lude boundary points, with some 
are to avoid in
ludingthe same point in multiple regiones. For example, the norm relation ‖x‖ ≤ ‖y‖ 
an be extended to a totalorder by de�ning x ≤ y if and only if ‖x‖ < ‖y‖ or ‖x‖ = ‖y‖ and x pre
eeds y lexi
ographi
ally. Then,the half-open Voronoi 
ell 
an be de�ned as the sef of all points x su
h that x ≤ (x−y) for any latti
e point
y ∈ L(B).



Algorithm 1 Nearest Plane Algorithm. On input a latti
e basis B and a target ve
tor t,output a latti
e point v ∈ L(B) su
h that 〈t−v,b∗
i 〉/‖b∗

i ‖2 ∈ [−1/2, 1/2) for all i = 1, . . . , n.NearestPlane(B = [b1, . . . ,bn℄,t):if n = 0 then return 0else B∗ ← GramSchmidt(B)

c←
⌊

〈t,b∗

n〉
‖b∗

n‖
2

⌉return cbn + NearestPlane([b1, . . . ,bn−1], t− cbn)
ontains a given target point t is equivalent to �nding the latti
e point Bx 
losest to t, andinstan
e of the CVP.The size redu
tion 
ondition in the de�nition of LLL redu
ed basis 
an be easily interpretedas partitioning the spa
e a

ording to still another fundamental region: the orthogonalized
entered parallelepiped C(B∗), where B∗ is the Gram-S
hmidt matrix of B.Exer
ise 2. Prove that C(B∗) is a fundamental region for latti
e L(B).The 
ell Bx + C(B∗) 
ontaining a given target t 
an be easily found using the NearestPlane algorithm, a simple variant of the Gram-S
hmidt algorithm given as Algorithm 1.Algorithm 1, on input a rank n > 0 latti
e B and a target t pro
eeds as follows. Let
B′ = [b1, . . . ,bn−1] be the sublatti
e generated by the �rst n− 1 basis ve
tors. The latti
e
L(B) 
an be de
omposed into hyperplanes of the form

L(B) = cbk + L(B′) ⊂ cb∗
k + span(B′).The algorithm sele
ts the hyperplane c = ⌊〈t,b∗

k〉/‖b∗
k‖2⌉ 
losest to the target, and re
ur-sively sear
h for a latti
e point in cbk + L(B′) 
lose to t, or equivalently, a latti
e point inthe lower dimensional sublatti
e L(B′) 
lose to t − cbk. The base 
ase of the algorithm iswhen the rank of the latti
e is redu
ed to 0 and the only possible output is the origin 0.Lemma 1. On input a latti
e basis and a target ve
tor t, Algorithm 1 outputs a latti
e ve
tor

v ∈ L(B) su
h that 〈t − v,b∗
i 〉/‖b∗

i ‖2 ∈ [−1/2, 1/2) for all i = 1, . . . , n. In parti
ular, if
t ∈ span(B), thent ∈ v + C(B∗).Proof. For the base 
ase, the property is va
uously true. So assume n > 0 and that thelemma holds for lower rank latti
es. Let B = [C|b] where C = [b1, . . . ,bn−1], and noti
e that
B∗ = [C∗|b∗

n]. By indu
tive hypothesis, the re
ursive 
all returns a latti
e point v ∈ L(C)su
h that (t − cbn) − v = C∗z for some z su
h that zi ∈ [−1/2, +1/2]. The output of thealgorithm v + cbn satis�es
〈t− (v + cbn),b∗

i 〉 = 〈(t− cbn)− v,b∗
i 〉 ∈ [−1/2, 1/2) · ‖b∗

n‖2for all i = 1, . . . , n− 1 and
〈t− (v + cbn),b∗

n〉 = 〈t,b∗
n〉 − c〈bn,b∗

n〉 ∈ [−1/2, 1/2) · ‖b∗
n‖2where we have used the fa
t that 〈bn,b

∗
n〉 = ‖b∗

n‖2. �Remark 2. The fundamental region C(B∗) 
ontains a sphere 
entered in 0 of radius mini ‖b∗
i ‖/2 ≤

λ(L(B))/2. Sin
e NearestPlane maps all points in v + C(B∗) to v ∈ L(B), if t is withindistan
e mini ‖b∗
i ‖/2 from the latti
e, then NearestPlane(B, t) returns the latti
e point

v ∈ L(B) 
losest to t.



Algorithm 2 Size Redu
eSizeRedu
e(B):for i=2 to n
x← NearestPlane(B,bi − b∗

i )
bi ← bi −Bxoutput BAlgorithm 3 The LLL basis redu
tion algorithmLLL(B,δ):SizeRedu
e(B)if δ‖πi(bi)‖2 > ‖πi(bi+1)‖2 for some ithen swap(bi,bi+1); return LLL(B,δ)else return BObserve that if bi − b∗

i ∈ Bx + C(B∗), then −1/2 ≤ µi,j < 1/2 for all j < i. So, givena latti
e basis B, a size redu
ed basis for the same latti
e 
an be easily obtained usingAlgorithmIt is 
lear that the �nal B is a basis for the original latti
e be
ause we only exe
utedelementary integer 
olumn operations in step 3. Moreover, it is easy to verify that afteriteration i, the size redu
tion 
ondition holds for all j < i. Finally, at iteration i, the Gram-S
hmidt 
oe�
ients µi′,j with j < i′ < i do not 
hange. So, upon termination, the basis issize redu
ed. 3. The LLL algorithmThe LLL algorithm alternates two steps, aimed at a
hieving the two properties of anLLL redu
ed basis. On
e we have size-redu
ed the input basis B, there is only one wayB 
an fail to be LLL redu
ed: violate the se
ond 
ondition, i.e., δ‖πi(bi)‖2 > ‖πi(bi+1)‖2for some index i. If this happens, the algorithm swaps bi and bi+1. Several pairs mightviolate the se
ond property. Whi
h one is sele
ted for the swapping does not matter. In theoriginal LLL algorithm i was 
hosen to be the smallest unordered pair, but any sele
tion isequally good. In fa
t, one 
an even swaps several disjoint pairs at the same time, leadingto a parallel variant of the LLL algorithm. After the swap, the basis is not ne
essarily sizeredu
ed anymore. So, one must repeat the whole pro
ess from the redu
tion step. The LLLalgorithm is summarized as AlgorithmCleary, upon termination the basis is LLL-redu
ed be
ause it is size redu
ed and no pairsneed to be swapped. So, if the algorithm terminates, then it is 
orre
t. We now prove thatthe algorithm terminates and it is a
tually polynomial time.In order to show that the algorithm is polynomial time, we have to prove that the numberof iterations is polynomial in the input size, and ea
h iteration takes polynomial time. We�rst bound the number of iterations.3.1. Bounding number of iterations. We now bound the number of iterations performedby the algorithm, i.e., we analyze the maximum number of swaps that 
an o

ur. This isa

omplished by asso
iating a positive integer to the basis B, and showing that ea
h timewe swap two ve
tors this integer de
reases by at least a 
onstant fa
tor.



Remember the de�nition of determinant
det(B) =

∏ ‖b∗
i ‖ =

√

det(B⊤B).From the se
ond formula it is 
lear that if B is an integer matrix, then the square of thedeterminant is an integer.Lemma 2. For every integer basis B ∈ Z
m×n, we have det(L(B))2 ∈ ZTherefore, we 
an asso
iate to the basis B the following positive integer

D =
n

∏

k=1

det(L(b1, · · · ,bk))
2 ∈ ZWe want to show that D de
reases at least by a fa
tor δ at ea
h iteration. First we will showthat Size Redu
tion does not 
hange D. Then we will show that ea
h swap de
reases D atleast by δ.To prove that Size Redu
tion doesn't 
hange D we remember that SizeRedu
e does nota�e
t the b∗

i 's. Sin
e D 
an be expressed as a fun
tion of the b∗
i 's, the potential D isun
hanged by the size redu
tion operation.At this point we need to look at the e�e
t that a swap has on D. Let us look at the e�e
tof a single swap say between bi and bi+1. Let D be the integer asso
iated to the basis Bbefore a swap, and D′ the 
orresponding integer after the swap.Noti
e that for all j 6= i the latti
e L(b1, · · · ,bj) is not 
hanged by the swap. To provethis look at the two 
ases j < i and j > i. When j < i then there is no 
hange in thebasis [b1, · · · ,bj ], so the value of det(L(b1, · · · ,bj)) remains the same. On the other hand,if j > i the only 
hange is that two basis ve
tors in [b1, · · · ,bj ] are swapped, so the latti
e

L(b1, · · · ,bj) does not 
hange and the determinant det(L(b1, · · · ,bj)) stays also the same.So, the only fa
tor in D that is a�e
ted by the swap is the one 
orresponding to latti
e
L(b1, · · · ,bi). Here we are repla
ing the last ve
tor bi by bi+1. Therefore

D
D′

=

∏

j≤i ‖b∗
j‖2

(
∏

j<i ‖b∗
j‖2) · ‖πi(bi+1)‖2

=
‖πi(bi)‖2
‖πi(bi+1)‖2

≥ 1

δbe
ause swaps are performed only when ‖πi(bi+1)‖2 < δ‖πi(bi)‖2.This proves that
D′ ≤ δDand by indu
tion on n,
D(n) ≤ δnDwhere D is the value asso
iated to the initial basis and D(n) is the value after n iterations.Sin
e D is a positive integer, D ≥ 1 and (1

δ
)n ≤ D or equivalently(3) n ≤ log 1

δ
DThis proves an upper bound on the number of iterations as a fun
tion of the initial valueof D. Sin
e D is 
omputable in polynomial time from the input basis, then its size mustbe polynomial in the input size. An estimate of how big D is 
an be easily obtained usingHadamard inequality.



3.2. Bounding the numbers. We proved that the number of iterations is bounded by apolynomial in the input size. In order to bound the running time of the algorithmwe still needto show that ea
h iteration also takes polynomial time. The number of arithmeti
 operationsperformed at ea
h iteration is 
learly polynomial. So, in order to prove a polynomial boundon the running time we only need to show that the size of the numbers involved in the entire
omputation also is polynomially bounded.The LLL algorithm uses rational numbers, so we need to bound both the pre
ision requiredby this number and their magnitude. In the analysis of the Gram-S
hmidt algorithm we havealready shown that the denominators in the µi,j 
oe�
ients must divide Dj. Noti
e that
D =

∏

Dj and therefore all entries in µi,j and b∗
i 
an be written as integers divided by D.By de�nition, after size redu
tion, the µi,j are at most 1/2 in absolute value, so their bit-sizeis bounded by logD. We now bound the length of the ve
tors. Using Di =

∏i
j=1 ‖b∗

i ‖2, weget
‖b∗

i ‖2 =
Di

Di−1
≤ Di ≤ D.Finally,

‖bi‖2 = ‖b∗
i ‖2 +

∑

j<i

µ2
i,j‖b∗

j‖2 ≤ D + (n/4)D ≤ nD.So, all numerators and denominators of the numbers o

urring in the exe
ution of the algo-rithm have bit-size polynomial in logD.4. A Simple Appli
ation in Number TheoryWe give a simple appli
ation of LLL to algorithmi
 number theory: showing that we 
ane�
iently write any prime p ≡ 1 (mod 4) as the sum of two squares. Remember the proofthat any su
h prime is the sum of two squares: all ve
tors [a, b]⊤ in the latti
e
B =

[

1 0
i p

]have the property that a2 + b2 is a multiple of p. So if we 
an �nd a nonzero latti
e ve
torof squared norm less than 2p, it must be a2 + b2 = p. Minwoski's theorem assures us thatsu
h short ve
tors exist. The question is: how 
an we �nd it? Answer: using LLL!Run the LLL algorithm on the latti
e basis, to obtain a redu
ed basis b1,b2 for thesame latti
e. We know, from Theorem 1 that ‖b1‖ ≤ α1/4 det(B)1/2. Squaring, and using
det(B) = p, we get ‖b1‖2 ≤

√
αp < 2p as desired, provided δ > 3/4.5. The Closest Ve
tor ProblemThe LLL algorithm 
an be used also to solve the approximate CVP. No new algorithm isneeded: we will show that prepro
essing the latti
e basis using the LLL algorithm and thenapplying the NearestPlane algorithm to the target ve
tor produ
es approximate solutions toCVP within essentially the same approximation fa
tor as the LLL algorithm for SVP. (SeeAlgorithm 4.)Theorem 2. Algorithm 4 solves CVP within a fa
tor γ(n) = (2/

√
3)n



Algorithm 4 Approximate CVP algorithmApproximateCVP(B,t) :
B← LLL(B)return NearestPlane(B, t)Proof. The algorithm runs in polynomial time be
ause it involves just two polynomial time
omputations. Proving that the algorithm is 
orre
t requires to look again into the detailsof LLL basis redu
tion and the Nearest Plane algorithm. We want to prove that if B isLLL redu
ed, then NearestPlane solves the approximate CVP. The proof is by indu
tion onthe rank of B. The base 
ase when the rank is n = 0 is trivial. So, assume B is an LLLredu
ed basis of rank n > 0. NearestPlane sele
ts a hyperplane index c = ⌊〈t,b∗

n〉/‖b∗
n‖2⌉and makes a re
ursive 
all on input the sublatti
e C = [b1, . . . ,bn−1] and target t − c · bn.First of all noti
e that if B is LLL redu
ed, then C is also LLL redu
ed. So, we 
an invokethe indu
tive hypothesis on the re
ursive 
all. Let v ∈ L(B) be a latti
e ve
tor 
losest to t.We distinguish two 
ases:Case 1: If v ∈ cbn +L(C), then the 
orre
tness of the �nal output follows by indu
-tion. Spe
i�
ally, on input C and t− cbn, the re
ursive 
all to NearestPlane returnsa latti
e point w ∈ L(C) su
h that

‖(t− cbn)−w‖ ≤ γ(n− 1) · ‖(t− cbn)− (v − cbn)‖ ≤ γ(n) · ‖t− v‖.So, Algorithm 4 returns a latti
e ve
tor cbn +w at a distan
e from the target t whi
his within a fa
tor γ(n) from optimal.Case 2: Otherwise, it must be v ∈ c′bn + L(C) for some c′ 6= c. Let t = t′ + t′′,where t′ ∈ span(B) and t′′⊥span(B). Then the distan
e between t and v is atleast √

‖t′′‖2 + ‖b∗
n‖2/4. On the other hand, NearestPlane returns a latti
e ve
tor wwithin distan
e √

‖t′′‖2 +
∑

i ‖b∗
i ‖2/4 from t.Using the property (1) of LLL redu
esbasis we get

‖t−w‖
‖t− v‖ ≤

√

‖t′′‖2 +
∑

i ‖b∗
i ‖2/4

‖t′′‖2 + ‖b∗
n‖2/4

≤
√

∑

i ‖b∗
i ‖2/4

‖b∗
n‖2/4

≤
√

∑

i

αn−i.Setting γ =
√

∑

i α
n−i =

√

(αn − 1)/(α− 1) ≤
√

3(2/
√

3)n 
on
ludes the proof.
�


