CSE 105: Introduction to the Theory of Computation Winter 2001

Problem Set 4 Solutions
Instructor: Daniele Micciancio Feb. 22, 2001

Problem 1

For each of the following languages, say whether the language is regular, context-free
or decidable, and prove your answer. In particular,

e if the language is regular give a regular expression for L.

e If L is context free, but not regular, give a context free grammar for L, and
prove that L is not regular using the pumping lemma for regular languages.

e Finally, if L is decidable but not context free, give a Turing machine for L
(the transition function for this Turing machine should be described with state
diagram) and prove that L is not context free using the pumping lemma for
context free languages.

(a)
Ly = {a"b™ "™ | n,m > 0}
(b)
Ly = {a"b*"c*™ | n > 0}

(c)

Ly = {a"b*"c* | n,m, k > 0}

Solution:

(a) The language L; = {a™0™c"*™ | n,m > 0} is context-free. We prove that it
is context free by giving a context free grammar G = ({S,T},{a,b,c}, R, S) for L,
where the set of rules, R, is defined as follows:

S — aSc|T
T — bTc|e

We now prove that L; is not regular using the pumping lemma for regular lan-
guages as follows:



Assume for contradiction that L; is regular, then there exists a number p such that
any string w € Ly of length at least p can be divided into three pieces, w = zyz, such
that the following conditions hold:

1. zy¥2z € Ly for all k > 0

2. y#e
3. |zy| <p

Let w = aPbPc*. Clearly w € L; and |w| > p, and we can divide w into three
parts zyz such that |zy| < p, where |y| > 0. Since |zy| < p, the string zy will consist
of a’s only, and z will consist of 0 or more a’s and p b’s and 2p ¢’s. So z,y, 2z can be
represented as follows: ¢ = a’, y = o/, and 2z = a? " 7bPc?, where ¢ > 0 and j > 0.
Since the first condition states that zy*z € Ly for all £ > 0, we can let k to be any
number and the resulting string should still be in the language L,. Let £ = 0. Then,
Y’z = a*(a?)°aP "I c® = aPIbPc?*. Since j > 0, p—j+p # 2p. Hence, 2%z ¢ Ly,
which is a contradiction. This proves that L, is not regular.

(b) The language L, = {a"b**c*® | n > 0} is decidable. We prove it by giv-
ing a Turing machine that decides L,. The Turing machine, which we denote by
M = (Q,%,T,6,¢s, G, ¢ ), is described as follows: Q = {¢;,1,2,3,4,5,6, ¢4, ¢},
Y = {a,b,c}, T = {a,b,c, /a, /b, /c,U}, the start state is g, the accept state is
Ga, and the reject state is ¢,. We describe the transition function with a state dia-
gram as the problem asks. The state diagram for the Turing machine M is given in
Figure 1.

b— R
Q,é—ﬂ?
, Qb—)ﬁ,R \/3\ c— /4R QC—W’R
N
c— L, L
A —R L= L

Figure 1: State diagram for the TM M that recognizes the language L,

Note that the reject state does not appear in the state diagram because, for simplicity,
the state diagram is described using the convention that all the transitions for the
tape alphabets that are not shown in each state go to the reject state; hence, the
reject state itself and all the transitions to the reject states are omitted.



We now show that the language Ls is not context free using the pumping lemma
for context free languages as follows:

Assume for contradiction that L, is context free. Then, by the pumping lemma
for context free languages, we know that there exists a pumping length p > 0 such
that any string w € Lo, |w| > p, can be divided into five parts, w = uvzyz, such that
lvzy| < p, |vy| > 0, and the string uv*zy*z also belongs to L, for each k > 0.

Consider the string w = a?b?c®. Clearly, w € Lo, and |w| > p. Consider how w
can be divided into five parts uvxyz—in particular, what kinds of symbols v and y
can include. Note that since v and y can be “pumped up” (i.e. repeated more than
once) and the resulting string should still be in the language, none of v and y should
include different symbols (i.e. symbols of the form @b’ or b'c’ for some 4,5 > 0),
since otherwise the resulting string will be out of order and therefore will not be in
the language L, when v and y are repeated more than once. Moreover, because of
the condition |vzy| < p, vry cannot include both a’s and ¢’s. Hence, any “valid”
partition of w into uvxyz must fall into exactly one of the following two cases:

1. Both v and y contain the same symbol —the substring vy is composed of only
a’s, or only b’s or only ¢’s. For example, in the case where v = a* and y = @/,
if we pump down v and y (i.e. k = 0 in uv*zy*z), the resulting string uzz
will have at least one a less than the original string w (because |vy| > 0) while
the number of b’s and ¢’s remain the same, and the relationship between the
numbers of a’s and b’s and ¢’s would no longer hold; hence, uzz ¢ Lo. Similar
arguments hold for the other two cases, where vy consists of only b’s or only
¢’s. Pumping down v and y reduces the number of the symbol that belongs to
v and y by at least one (due to the condition |vy| > 0) and makes the resulting
string no longer belong to L.

2. v and y contain different symbols —the following two sub-cases are possible for
this: v contains only a’s and y contains only b’s or v contains only b’s and y
contains only ¢’s. In both cases, pumping down (or up) v and y will result in
a string that is not in the language L, since the number of at least one symbol
that is not pumped down or up remains the same while the number of at least
one symbol that is pumped down (or up) changes.

Notice that the contradictions described above can be easily obtained by observing
that the structure of the string a?b*c® (p > 0) is pretty strict in that changing the
numbers of any one or two symbols will make the resulting string not in the language
as long as the number of at least one symbol remains the same. In order to make the
string still be in the language after changing the numbers of symbols, one needs to
change all three parts: for example, if the number of a’s is increased by 1, then the
number of b’s and ¢’s need to be increased by 2 and 3, respectively, for the resulting
string to be still in the language. However, we know that increasing the numbers of
all three symbols is not possible since the pumping parts v and y cannot contain all



three symbols due to the condition |vzy| < p. Hence, when the string is pumped in
some way, it no longer belongs to Ly, which is a contradiction. Therefore, We can
conclude that L is not context free.

(¢) The language Ly = {a"b*™c* | n,m,k > 0} is regular, and we prove this by
giving a regular expression for Ls as follows: a*(bb)*(ccc)*. Note that the difference
between L3 and L, is in the relationship between the number of a’s and b’s and ¢’s.
In L3, there is no relationship between n,m,k and the number of a’s can be any
non-negative integer and the number of b’s can be any multiple of 2 and the number
of ¢’s can be any multiple of 3. The absence of the relationship between the numbers
of the symbols (i.e. a’s, b’s, and ¢’s) makes the language L3 regular while its presence
makes Ly not regular (nor context free).

Problem 2

A Turing machine with doubly infinite tape is defined similarly to an ordinary Turing
machine, except that the memory tape is infinite in both directions. Initially the
memory tape contains the input string, and the read/write head is positioned on
the first character of the input. The formal definition is identical to ordinary Turing
machines except that the yields relation gives

qbB = ¢ Ucp

instead of ¢bf = ¢'c8 when 6(q,b) = (¢',c,L). Prove that this type of Turing
machine recognizes exactly the same class of languages as ordinary Turing machines.
In particular you should

(a) show that any ordinary Turing machine can be transformed into an equivalent
Turing machine with doubly infinite tape

(b) show that any Turing machine with doubly infinite tape can be transformed
into an equivalent ordinary Turing machine.

Here “equivalent” means that the two machines recognize the same language. For
both parts you should first give an informal description of the Turing machine you
intend to build, followed by the formal definition of the machine.

Solution:

Part (a): In this case, we have a Turing machine with doubly infinite tape (DIT)
Mp available. We want to show that, given a description of an ordinary Turing
machine Mp', we can simulate My with Mp; this means it is possible to build

!Here the sub-indexes D and O stand for “double” and for “ordinary” respectively.



Mp using Mp’s components (i.e. set of states, transition function, tape alphabet) so
that both My and Mp accept the same language.

Let Mo = (Q,%,T',6, ¢1, Qace, @rej) be the description of an ordinary Turing ma-
chine, and Mp = (Q', X', 1", 8", ¢}, @uees Gre;) e the new DIT Turing machine we want,
to build so L(Mp) = L(Mp).

The idea of the simulation comes from a rather obvious fact: to simulate a machine
with “half” a tape using a machine with one “whole” tape, simply don’t use half of it.
Which “half”? The half containing the input string — from the the cell containing the
first input symbol all the way to the right. Additionally, we need some mechanism
to prevent our simulation violates the computation rule “gaf = ¢'c8 if 6(q,a) =
(¢'ye, L) (i.e. the one which says that any attempt to move off the left hand of the
tape leaves the head back in the first cell). In order to do so, we use a special character
(say #) which will mark where our “half” tape begins; this is, we initially place the
symbol # in the rightmost blank cell at the left of the input in Mp’s tape.

Informally, the execution of Mp is as follows:

Mp= “On input w = wy - - -wy, :

1. First Mp puts its tape into the format described above, this is, it inserts a #
in the first cell to the left of the input w. Therefore, the contents of Mp’s tape
become “... U UH#wiws...w, LL...”

2. We duplicate My’s program into Mp by embedding My’s set of states and tran-
sition function into Mp with only one caveat: if the simulation ever attempts
to move Mp’s head on the symbol #, we set Mp to move its head back to the
first cell to the right of the symbol # (we’ll say that the head bounces back).

3. If the simulation of My ends in an accepting state of My, Mp accepts; otherwise,
M~p rejects.”

Formally, the description of machine Mp = (Q', X', I", ", 41, @ees Grej)- 18 as fol-
lows:

e ) = QU{ry,ry}, where ry, 7y are the states needed to implement (a) the
procedure to prepend a # to the input, and (b) the procedure that makes the
head bounce back,

o X =3,
o "=TU{#},
L4 qizrla

! —
L4 Qacc - Qacca

! —
L4 q'rej - q7‘€j7



e The transition function ¢’ is defined as follows:

(ro,z,L) ifg=ry, forallz ey,

5I(q iL') — (q17#7R) ifq:r% and r = u:
’ (g,#,R) ifxz=4, forallqe€ Q,
d(q, x) otherwise.

Part (b): This case is more elaborated than the previous one. Now, we have only
an ordinary Turing machine Mo = (Q, %, T, 6, 1, @uees Grej) available and we want to
show that, given a description of a Turing machine with doubly infinite tape (DIT)
Mp = (Q,X, T, (5’,q'1,q;cc,q;ej), we can simulate Mp with M.

The idea of the simulation in this case is to add new symbols to My’s tape alphabet
so each new symbol represents two symbols of Mp’s, in a solution known as “folding
the tape”. This new encoding will allow us to operate as there were two tracks on
Meo's tape. For example, if Mp’s double infinite tape contains

Lo U U ua us [ue [un [wo o [vg [vg[oafws [UJU]-]

where u;, v; € ¥’ and the initial position of the input head is on symbol vy, then we
represent this tape in My as

U | Ug | Ug | Ug L L

" Lo

V1 | V2 | U3 | Vs | Us

U
X
in Mp’s tape alphabet.

Thus, My’s tape now contains two “tracks”: the upper track stores the contents
of the left “half” of Mp’s tape (all the cells to the left of the cell where the input
head is) while the lower track stores the contents of the right “half” (all the cells to
the right of, and including, the cell where the input head is). We can now simulate
the operation of Mp by using My’s upper track if Mp’s head is in the left “half” of
the tape and the lower track if Mp’s head is in the right “half” of the tape.

Informally, the machine My executes as follows:

Moo= “On input w = wy - - - wy, :

where will be a new symbol in My’s tape alphabet for all pair of symbols u;, v;

1. First My puts its tape into the format described above, this is, if the tape
initially contains

[wi [ws | ws wa[ - [wn [U[-"]

it gets transformed into

o U u U

#H |l w | we | ws | Vg |- | Wy




Notice that this step involves two procedures: one that inserts the symbol # in
L

’LU,'.

the first cell and another that transforms each symbol w; into a symbol

. While Mp’s head is to the right of the initial position of its input head, My works

on the upper track; while Mp’s head is to the left of its initial tape head position,
My works on its lower track, moving in the direction opposite to the direction
Mp moves.

. If the simulation of My ends in an accepting state of Mp’s, My accepts; other-

wise, Mo rejects.”

Formally, the description of machine My, is as follows:

Q = QIU{SI}U{S:E 1T E E,}U{QTewaQConwtrew}U{qz‘anz'D D g € Q,}a
where states { s } U{s; : © € ¥} are needed to implement the procedure
that inserts a # in the first cell (the #-insertion procedure), { ¢rew,trew } are
auxiliary states to reposition the head on the first cell, { geony } implements the
L

procedure that initially transforms each input symbol w; to a symbol ” (the
i

input conversion procedure), and { ¢7,q¢P : ¢; € Q' } are states to “remember”

that Mp was on state ¢; either using the upper track (U for up) or the lower
track (D for down).

Y=Y

F:EU{ cu,v eI FUA{ ;lé },

q1 = S1,

N
Qacc - Qacc’

— A
q'l‘ej — q'rej7



e The transition function § is defined as follows:

( (84,7, R) if g=s, forallz € ',
(52,9, R) ifg=sy, forallz e ¥\ {U},
(Grew, ¥, L) if ¢ = sy, and z = L,
(QTewaxa L) if qd = Grew, for all z € X' \ { # }7
(QConva ;lé aR) if ¢ = grew and = = #,a
(eoner{ 4 R) i 4 = Geony, for all 7 € S\ {01},
(trew; |—|;L ifq = Qconv; and z = L,
L
trew, U, L if ¢ = trew, f lzeX )
8(g,z) = < ( ) 1t q or all x \{#}
((hDa ; 7R) if ¢ =1trew, and z = ; )
v . v
(CI]'D777 T) lfq = qua r = g', and 6I(qz,y) = (C]j,Z,T),
: where T € { L, R },
(qi’],%,R) if g=¢q7, = ;
I3 :
(QJU’T’S) lfq:qua IE:%‘, and 5,(q11y):(q]azaT)a
{ o where S, T € { L,R}, but S # T,

We can understand this transition function as follows: the first four cases of the tran-
sition function implement the #-insertion procedure, the next two cases implement
the input conversion procedure, the 7-th through 8-th cases allow repositioning the
head on the second cell, the 9-th case implements the simulation when working on
the upper track, the 10-th case handles moving from upper to lower track, the 11-th
case implements the simulation when working on the lower track, and the 10-th case
handles moving from lower to upper track.

Remark 1 It is also possible to simulate Mp with My by inserting a space on the
tape each time Mp attempts to move to the left of the initial input head position.
Since this solution is easier to describe is left as exercise <.




