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Question 1: Minimize Customer Waiting Time

n customers (C1, C2, … Cn) arrive at your auto-repair shop and you want to service each one of them. 
The i-th customer’s job takes Ti minutes. 
You can service exactly one customer at a time.
In what order should you service them to minimize the total waiting time i.e. ∑(Waiting time for Ci) ?

Example:
n = 4
T1 = 4, T2 = 3, T3 = 10, T4 = 8 

Waiting Time For C1 = 0
Waiting Time For C2 = 4
Waiting Time For C3 = 7
Waiting Time For C4 = 17

Total Waiting Time = 28

C1 C2 C4C3

T1 = 4

T1 + T2 = 7

T1 + T2 +T3= 17



Question 1: Minimize Customer Waiting Time

Example:
n = 4
T1 = 4, T2 = 3, T3 = 10, T4 = 8 

Waiting Time For C2 = 0
Waiting Time For C1 = 3
Waiting Time For C4 = ?
Waiting Time For C3 = ?

Total Waiting Time = ?

C2 C1 C3C4

T2 = 3



Question 1: Minimize Customer Waiting Time

Example:
n = 4
T1 = 4, T2 = 3, T3 = 10, T4 = 8 

Waiting Time For C2 = 0
Waiting Time For C1 = 3
Waiting Time For C4 = 7
Waiting Time For C3 = 15

Total Waiting Time = 25

C2 C1 C3C4

T2 = 3

T2 + T1 = 7

T2 + T1 +T4= 15



T2 is added to the waiting time 
for C1, C4 and C3.

T1 is added to the waiting time 
of C4 and C3.

T4 is added to the waiting time 
of C3.

T3 is NOT added to any 
customer’s waiting time.

Intuition: The time taken to complete a job is added to the waiting time of all customers whose job is done 
after this (Ti is added to the waiting times of all customers serviced after Ci).

Key Idea: Do the shortest job first.
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Waiting Time For C2 = 0
Waiting Time For C1 = 3
Waiting Time For C4 = 7
Waiting Time For C4 = 15

Total Waiting Time = 25

C2 C1 C3C4

T2 = 3

T2 + T1 = 7

T2 + T1 +T4= 15



Proof Of Correctness (Exchange Argument):

Let G be the greedy solution. G = [G1, G2, …, Gn]. 

Let OS be any other solution. OS = [O1, O2, …, On].

Case 1: O1 = G1:
Both G and OS select the same first job and hence agree with each other at step 1.

Case 2: O1 != G1:
We will change the ordering of OS by exchanging O1 with Oi (where Oi = G1) and show that the resulting 
sequence (OS’) is no worse than OS.  
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O1 O2 O5 (=G1)O3 OnO4 ...

O1O2O5 O3 OnO4 ...

OS

OS’



Claim: Total Waiting Time WT (OS’) <= Total Waiting Time WT(OS)

We know that T(Oi) <= T(O1).
Let there be K jobs between O1 and Oi. (Here K = 3, i.e. O2, O3 and O4)
Let D be total time to do these K jobs. (Here D = T(O2) + T(O3) + T(O4))

Let’s see how the waiting times for jobs are affected.

Waiting time for each of the K jobs between O1 and Oi is reduced by T(O1) - T(Oi).
Waiting time for Oi is reduced by D + T(O1).
Waiting time for O1 is increased by D + T(Oi).
Waiting times for all jobs after Oi remain unaffected.

Thus, WT(OS’) = WT(OS) - K[ T(O1) - T(Oi) ] - [ D + T(O1) ] + [ D + T(Oi) ]
= WT(OS) - K[ T(O1) - T(Oi) ] - [ T(O1) - T(Oi) ] = WT(OS) - (K+1)[ T(O1) - T(Oi) ] <= WT(OS).

O1 O2 Oi (=G1)O3 OnO4 ...

O1O2Oi O3 OnO4 ...
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Proof Of Correctness Continued (Exchange Argument):

Case 2: O1 != G1:
We will change the ordering of OS by exchanging O1 with Oi (where Oi = G1) and show that the resulting 
sequence (OS’) is no worse than OS.  

Thus, we get a sequence OS’ that agrees with G for the first job and is at-least as good as OS.

Proof By Induction On The Number Of Customers (n).

Base Case: n = 0 or n = 1. There’s just one possibility and so the greedy solution is optimal.
Hypothesis: Assume that the greedy solution is optimal for k (0 <= k <= n-1) events.

Let G be the greedy solution. G = G1 + Greedy (Remaining events)
Let OS be any other solution. By the modification process,  if OS doesn’t do G1 first, we can get OS’ such that 
OS’ = G1 + (Some solution for the remaining events) and WT(OS’) <= WT(OS).

WT(G) = WT(G1) + WT(G2, G3,...Gn) <= WT(G1) + WT(Some solution for the remaining events) 
= WT(OS’) <= WT(OS)
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Alternative Proof Of Correctness (Greedy Stays Ahead Argument):

Let g1, g2, g3, g4, … gn be the greedy solution.
Let o1, o2, o3, o4, … on be any other solution.

Let G(k) and O(k) denote the total waiting time for the first k customers serviced by the greedy and other 
solution respectively. Argue that: G(k) <= O(k) for 1 <= k <= n.

Base Case: For k = 1, G(k) = O(k) = 0. (Waiting time for the first customer is 0)

Hypothesis:
Suppose G(k) <= O(k) for 1 <= k <= n-1.
G(n) = G(n-1) + Waiting time for (n)-th customer serviced = G(n-1) + (T(g1)+T(g2)+...T(gn-1))
O(n) = O(n-1) + Waiting time for (n)-th customer serviced = O(n-1) + (T(o1)+T(o2)+...T(on-1))

1. G(n-1) <= O(n-1) (IH)
2. T(g1)+T(g2)+...T(gn-1) <= T(o1)+T(o2)+...T(on-1) [Why?]

Thus, G(n) <= O(n) implying that the greedy solution is optimal.
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One Dimensional Set Cover

Given points x1, x2, …, xn and intervals [s1, e1], …, [sm,em], find the smallest subset of intervals that covers all 
the points. 
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Pick the interval that covers the most points

Would this strategy work?

 
NO!



Pick the interval that covers the most points starting at the left.

 
Yes!

Does this work on the previous example at least?



Greedy Algorithm

Sort points: x1 <= x2 <= …

Repeat:

Let xj be the first uncovered point.

Pick the interval that covers xj and as many as possible of xj+1 xj+2, ..



2)     Define some way of ordering the choices of OS to line up with GS

Greedy stays ahead

Steps for Greedy stays ahead:

1) Define the progress measure

3)      Prove by induction on i, the number of choices, that after i steps, GS has made at least as
          much progress as OS.

4)     Use this at the last step of GS to show that GS is at least as good as OS



1) Define the progress measure

{Points covered by the intervals of OS} is a subset of {points covered by the intervals of GS}

And

Number of intervals in OS >= Number of intervals in GS



Define some way of ordering the choices of OS to line up with GS

Let GS be  [s1, e1], [s2,e2] , …        s1 <= s2 <= …

Let OS be  [s*1, e*1], [s*2,e*2], ..        s*1 <= s*2 <= … 



Prove by induction on i, the number of choices, that after i steps, GS has made at least as
much progress as OS.

For all i:

{Points covered by the first i intervals of OS} is a subset of {points covered by the first i intervals of GS}

Base case is true by our choice of [s1, e1] i.e. Pick the interval that covers the most points starting at 
the left. 

 



Induction Step

Say it holds for i. Let xj be the first point not covered by the first i intervals of OS. 

Either: the first i intervals of GS already cover xl; or [s*i+1, e*i+1] is a candidate interval for the (i+1)th 
round of our algorithm in which case [si+1, ei+1] goes at least up to xl

 
x1 x3 xj-1

 
x2

OS

GS

xj xl

s*i+1 e*I+1


