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CSE 105 
Theory of 

Computation 



Today’s Agenda 
• Undecidability 

– Review 
– Other problems involving TM’s  

 

 
Reminders and announcements: 
• No Sipser 5.3 
• Reading Quiz 8 due Mon May 23 by 11:59 pm  
• HW 7 (Last!!)  due Fri May 27 by 11:59 pm 
 

 

2 



 

Status:  Language Hierarchy 

Regular 

Context-Free 
Decidable 

Turing-
Recognizable 

CF  but not Regular:     {0 n1n|  n > 0} By pumping lemma (Regular) 
Decidable but not CF: { anbncn | n > 0} By pumping lemma (CF) 
Turing-Recognizable but  
Not Decidable:  ATM  By Diagonalization 
   HALTTM , ETM 
   REGULARTM By Reduction  
Not Turing Recognizable: ?  By counting  3 

Presenter
Presentation Notes
We finally have an example language that is NOT TR:  The complement of ATM  (and complement of HALT)  Are there languages that are neither TR for them and their complement?  By counting argument, at least, there are uncountably many languages that are NOT TR.    



REVIEW:  UNDECIDABLE PROBLEMS 
ATM AND HALTTM  

Will it ever stop?  Proving languages undecidable 
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ATM = {<M,w> | M is a TM, M accepts w} is 
undecidable  

 

 Can we show there is a TM D which is not = Mi for any i? 
 

<M1> <M2> <M3> <M4> <M5> … <D> … 

M1 Acc Rej Acc Rej Rej Rej 

M2 Acc Acc Acc Acc Acc Acc 

M3 Rej Rej Rej Rej Rej Rej 

M4 Acc Rej Acc Rej Acc Rej 

M5 Acc Acc Acc Rej Rej Rej 

... 

D 

… 
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Proof:  Assume (towards contradiction) that ATM IS decidable.  
List all TM:          M1,    M2, … 
List all ENCODINGS of TM:   <M1>, <M2>, … 

Presenter
Presentation Notes
D<D> runs MATM on encoding <D <D>>, and will tell us if <D> is in L(D) or not.  If MATM accepts, then D rejects, and v v.  But  THIS IS  our CONTRADICTION!



Proof by Diagonalization: 
Thm: ATM = {<M,w> | M is a TM, M accepts w} is 

undecidable.   
Assume (towards contradiction) that ATM is 

decidable, so some TM MATM decides ATM. 
• Construct TM D as follows: 

– D(<M>):       //input is a string description of a TM 
• MATM(<M,<M>>)  // MATM is a decider, so it will either accept 

or reject (no infinite looping) 
• If MATM accepts,  reject 
• If MATM rejects,  accept   // do the opposite of MATM 
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If N is a TM with L(N) = φ, what is the result of D(<N>)? 
A. Accept 
B. Reject 
C. Does not halt 
D. Not sure 

 
 

Presenter
Presentation Notes
A



Proof by Diagonalization: 
Thm: ATM = {<M,w> | M is a TM, M accepts w} is 

undecidable.   
Assume (towards contradiction) that ATM is 

decidable, so some TM MATM decides ATM. 
• Construct TM D as follows: 

– D(<M>):       //input is a string description of a TM 
• MATM(<M,<M>>)  // MATM is a decider, so it will either accept 

or reject (no infinite looping) 
• If MATM accepts,  reject 
• If MATM rejects,  accept   // do the opposite of MATM 
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If N is a TM with L(N) = Σ*, what is the result of D(<N>)? 
A. Accept 
B. Reject 
C. Does not halt 
D. Not sure 

 

Presenter
Presentation Notes
B



Proof: 
Thm: ATM = {<M,w> | M is a TM, M accepts w} is 

undecidable 
• Assume (towards contradiction) that ATM is 

decidable, so some TM MATM decides ATM. 
• Construct TM D as follows: 

– D(<M>):       //input is a string description of a TM 
• MATM(<M,<M>>)  // MATM is a decider, so it will either accept 

or reject (no infinite looping) 
• If MATM accepts,  reject 
• If MATM rejects,  accept   // do the opposite of MATM 
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What is the result of D(<D>)? 
A. Accepts <D> iff it Rejects <D>, a contradiction 
B. Rejects 
C. Does not halt 
D. Not sure 
 



Proof: 
Thm: ATM = {<M,w> | M is a TM, M accepts w} is 

undecidable 
• Assume (towards contradiction) that ATM is 

decidable, so some TM MATM decides ATM. 
• Construct TM D as follows: 

– D(<M>):       //input is a string description of a TM 
• MATM(<M,<M>>)  // MATM is a decider, so it will either accept 

or reject (no infinite looping) 
• If MATM accepts,  reject 
• If MATM rejects,  accept   // do the opposite of MATM 

• Run D(<D>). Observe that D(<D>) accepts when 
D(<D>) rejects, and D(<D>) rejects when D(<D>) 
accepts, a contradiction. Therefore the 
assumption is false, and ATM is undecidable. 
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Review:  Reductions 
For 2 problems P1 and P2,  P1 reduces to P2  if any 
solution for P2 can be used to solve P1  

 
 
 
 

 
Another strategy for showing undecidability:   
• If know P1 is undecidable, show that  

– P1 reduces to P2 .  
– Then conclude that P2  is undecidable.  
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P1 P2 
Yes 
No 

Yes 
No (May be)  

Harder 
(May be) 
Easier 

Presenter
Presentation Notes
This can be applied to solve any kind of problems, but let’s illustrate with yes/no (accept/reject) type problems. P1 is no harder than P2 to solve; P2 MAY be harder than P1.   A.  HALT is the more heavy duty problem.  



 
ATM     =   {<M,w> | M is a TM, M accepts w}  
HALTTM = {<M,w> | M is a TM, M halts on w}  

 
Is ATM  ⊂ HALTTM  ? 

 
A. Yes,  a proper subset 
B. Yes, but they are equal  
C. No, they both have the same type of 

elements but nothing else in common  
D. Don’t Know 
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Presenter
Presentation Notes
A 



Review:  Thm. 5.1: HALTTM is undecidable. 

We show ATM reduces to HALTTM  
• Proof by contradiction: Assume that HALTTM is 

decidable, and some TM MHALT decides it. 
• Construct a TM MATM that decides ATM: 

 
 
 
 
 

 
 

• But ATM is undecidable, a contradiction. So the 
assumption is false and HALTTM is undecidable. 
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MATM(<M,w>):  
“Run MHALT (<M,w>) //see if M will halt on w  
If MHALT rejects, then reject.  
Else, run M(w)     //we know M halts on w 

If it accepts, then accept. 
If it rejects, then reject.” 

 

Which are deciders? 
A. MHALT 
B. M 
C. HALTTM  
D. ATM 
E. None or more than 

one.  
 
 
 
 

Presenter
Presentation Notes
ONLY MHALT.  We don’t know M is.  HALTTM and ATM are languages, not deciders. 



TH. 5.2: ETM   = {<M> | M is a TM and L(M) = φ}               
is undecidable 

We show ATM reduces to  ETM 
Proof:  Assume ETM is decidable, with TM R.  We 
show then  that ATM  is decidable, a contradiction.    
• Using R,  we construct a TM MATM that decides ATM: 
MATM   =  
 
 
 
 
Correctness: MATM   is a decider since R is, and 
accepts <M,w> iff  L(X) is nonempty iff M accepts w.  
• But ATM is undecidable, a contradiction. So the 

assumption is false and ETM is undecidable. 
 

“ On input <M,w>:  
1. Run R on <M>.   
2. If R accepts, reject.  
      If R rejects, accept. “ 
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Is MATM a decider? 
A. Yes, since R is 
B. Yes, since M is 
C. No  
D. Not sure 

Presenter
Presentation Notes
Have to make an emptiness problem for a language into an acceptance problem for M on w.    How do we do that?  Make a TM that accepts any string iff  M accepts w.  We might as well make that string to be w! 



TH. 5.2: ETM   = {<M> | M is a TM and L(M) = φ}               
is undecidable 

We show ATM reduces to  ETM 
Proof:  Assume ETM is decidable, with TM R.  We 
show then  that ATM  is decidable, a contradiction.    
• Using R,  we construct a TM MATM that decides ATM: 
MATM   =  
 
 
 
 
Correctness: MATM   is a decider since R is, and 
accepts <M,w> iff  L(X) is nonempty iff M accepts w.  
• But ATM is undecidable, a contradiction. So the 

assumption is false and ETM is undecidable. 
 

“ On input <M,w>:  
1. Run R on <M>.   
2. If R accepts, reject.  
      If R rejects, accept. “ 
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What is the language of  MATM ? 
A. ATM 
B. ETM 
C. {<M> | M is a TM and L(M) ≠ φ}  
D. None of the above 

Presenter
Presentation Notes
NONE  Since C leave out the w part!  Have to stick in any w in Sigma * there!   So doing this doesn’t work!  We need another idea!. 



How do we turn Emptiness decider 
into an Acceptance decider? 

• We first define an auxiliary TM X using 
both M and w 
– X rejects all inputs except possibly  w 
– X will accept w  IFF M accepts w  

• So L(X) is empty IFF M does not accept w 

X =  “On input x: 
1. If x ≠ w, then reject. 
2. If x = w, run M on w and accept if M does” 
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TH. 5.2: ETM   = {<M> | M is a TM and L(M) = φ}               
is undecidable 

We show ATM reduces to  ETM 
Proof:  Assume ETM is decidable, with TM R.  We 
show then  that ATM  is decidable, a contradiction.    
• Using R,  we construct a TM MATM that decides ATM: 
MATM   =  
 
 
 
 
Correctness: MATM   is a decider since R is, and 
accepts <M,w> iff  L(X) is nonempty iff M accepts w.  
• But ATM is undecidable, a contradiction. So the 

assumption is false and ETM is undecidable. 
 

“ On input <M,w>:  
1.Construct TM X as follows:   X =  “On input x: 
a) If x ≠ w, then reject. 
b) If x = w, run M on w and accept if M does” 
// Note that L(X) is empty iff M does not accept w.   
2.   Run R on <X>.  If R accepts, reject. If R rejects, accept. “ 
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Which are deciders? 
A. MATM ,R, X, M 
B. R, X  
C. R, MATM  
D. R, M 
E. None above 

Presenter
Presentation Notes
C. 



Review:  TH. 5.3: REGULARTM   = {<M> | M is 
a TM and L(M) is regular} is undecidable 

Proof: Assume that  REGULARTM is decidable, with 
TM R.  We show that ATM  is decidable, a 
contradiction.    
• Construct a TM MATM that decides ATM: 
MATM   = “ On input <M,w>:  
 
 

 
• Correctness: MATM   is a decider since R is, and 

accepts <M,w> iff  L(X) is Σ* iff M accepts w.  
• But ATM is undecidable, a contradiction. So the 

assumption is false and REGULARTM is 
undecidable. 
 

***First, construct TM X such that  *** 
• L(X) is regular  if M accepts w 
• L(X) is not regular if M does not accept w  
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Presenter
Presentation Notes
M’ on input x accepts if it is of form on1n.  If not, it runs M on w, and accepts x iff m accepts w.   So the language will be sigma*  iff M accepts w.   Another reduction!We showed that if REGULAR is decidable, then ATM is.  So  ATM reduces to REGULAR,  a potentially  harder problem.  



 
 

TM X  should be such that 
• L(X) is regular  if M accepts w 
• L(X) is not regular if M does not accept w 
To construct TM X, we choose: 
• An example of a simple regular language:  

{0,1}* 
• An example of a simple non-regular language: 

{0n 1n | n ≥ 0} 
 

 
 

X =  “On input z: 
1. If z  is of the form 0n 1n then accept. 
2. If z does not have that form, then  

• run M on w and accept if M accepts w.” 
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Review:  TH. 5.3: REGULARTM   = {<M> | M is 
a TM and L(M) is regular} is undecidable 

We show ATM reduces to REGULARTM 
 Proof: Assume that  REGULARTM is decidable, with TM R.  
We show that ATM  is decidable, a contradiction.    
• Construct a TM MATM that decides ATM: 
• MATM   = “ On input <M,w>: 
    1. Construct  TM X as follows: 
       X =  “On input z: 

1. If z  is of the form 0n 1n then accept. 
2. If z does not have that form, then  run M on w and accept 

if M accepts w.” 
//Note that L(X) is regular iff M accepts w   
2.  Run R on <X>.  If R accepts, accept. If R rejects, 
reject. “ 

• Correctness: MATM   is a decider since R is, and accepts 
<M,w> iff  L(X) is Σ* iff M accepts w.  

• But ATM is undecidable, a contradiction. So the 
assumption is false and REGULARTM is undecidable. 
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Presenter
Presentation Notes
M’ on input x accepts if it is of form on1n.  If not, it runs M on w, and accepts x iff m accepts w.   So the language will be sigma*  iff M accepts w.   Another reduction!We showed that if REGULAR is decidable, then ATM is.  So  ATM reduces to REGULAR,  a potentially  harder problem.  



Many Proofs for showing a Language T  having  property 
P  is undecidable follow a common pattern… 

• Always a proof by contradiction 
– Assume T is decidable by TM MT 

• T checks for property P, and always halts with accept 
or reject 

• Use MT  to construct TM  MATM(<M,w>) to 
decide ATM  

• Within MATM, construct  special TM X such that 
1. If M accepts w, then L(X) has property P (or not P) 
2. If M does not accept w, then L(X) has property not P 

(or P) 
3. Run MT with input <X> to distinguish whether 

property P holds or not to decide  if M accepts w 

• Show that MATM decides ATM for the contradiction 
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Presenter
Presentation Notes
We can assume within X know M and w!  There are parms inside MATM.  OR some other language we know to be decidable 



Ex: T = {<M> | M is a TM and if M accepts w 
then it also accepts wR } is undecidable 

We show that ATM  reduces to T. 
Proof:  By Contradiction.  Assume that  T decidable, with 
TM RT.  We show that ATM  is decidable, a contradiction.    
• Construct a TM MATM that decides ATM: 
MATM   = “ On input <M,w>:   ?? 
• Correctness: MATM   is a decider since RT is, and accepts 

<M,w> iff …… M accepts w.  
• But ATM is undecidable, a contradiction. So the 

assumption is false and ETM is undecidable. 

 
 

What property does RT check for? 
A. Whether M accepts a string w 
B. Whether when M accepts a string w, it also accepts it’s reverse 
C. Whether M is decidable 
D. None of the above  

 

Presenter
Presentation Notes
B!



Assume T is decidable by TM R 
• R checks whether  given TM M, if M accepts 

a string w, then it also accepts it’s reverse 
• Use R  to construct TM  MATM(<M,w>) to 

decide ATM  
• First construct TM X with language L(X) such 

that 
1. If M accepts w, then if X accepts a string, it also 

accepts its reverse  
2. If M does not accept w, then X does not have this 

property 
• Then run MT with input X to distinguish 

between these two, and decide ATM 
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How can we construct X? 
Let’s make X very simple!   
We’ll construct X so that  
• L(X) = { 01 ,10}   OR 
   = {01} 
• If M accepts w, then X accepts both 01 and 10 
• If M does not accept w, then X accepts only 01 

(and not 10 or any other string)  
• X = “ On input w: 

 
 

• Then within MATM run MT with input <X> to 
distinguish between these 2, and decide ATM 
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1. If w ≠ 01 or 10, reject. 
2. If w = 01,  accept 
3. If w = 10, run M on w.  If it accepts, accept” 



Ex: T = {<M> | M is a TM and if M accepts w 
then it also accepts wR } is undecidable 

We show that ATM  reduces to T. 
Proof:  By Contradiction.  Assume that  T decidable, with TM RT.  We 
show that ATM  is decidable, a contradiction.    
• Construct a TM MATM that decides ATM: 
MATM   = “ On input <M,w>:   
1. Construct X = “ On input w: 

 
 
 
 
 

2. Run RT with input <X>;  If RT  accepts, then accept” 
 
Correctness: MATM   is a decider since RT is, and accepts <M,w> iff RT   
accepts <X>  iff L(X) = {01,10} iff M accepts w.  So L(MATM ) = ATM  
• But ATM is undecidable, a contradiction. So the assumption is false 

and ETM is undecidable. 
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1. If w ≠ 01 or 10, reject. 
2. If w = 01,  accept 
3. If w = 10, run M on w.  If it accepts, accept” 
***Note:  L(X) = {01,10}  IFF M accepts w 

Presenter
Presentation Notes
B!



Status Report:  Undecidable Problems 

• ATM   (Diagonalization) 
• HALTTM  (ATM reduces to HALTTM ) 
• ETM   (ATM reduces to ETM ) 
 = {<M> | M is a TM and L(M) is empty}  

• REGULARTM   (Th 5.3, ATM reduces to it) 
 = {<M> | M is a TM and L(M) is regular} 

• EQTM     (Th 5.4,  ETM reduces to EQTM ) 
 = { <M1,M2> | M1, M2 are TMs and L(M1) = L(M2) } 
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Presenter
Presentation Notes
Next time:  A non TR language!!  
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