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CSE 105 
Theory of 

Computation 



Today’s Agenda 

• Review 
– Counting Infinite Sets 
– Diagonalization 

• ATM:  The Acceptance Problem for TM’s 
 

Reminders and Announcements: 
• Reading Quiz 7 Due Mon May 16 by 11:59 pm  
• HW 6 out, Due WED May 18 by 11:59 pm 
• Exam 2 Grades available on gradescope by Monday eve 
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COUNTING INFINITE SETS 
 

This could take forever! 
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Review:  1-1 Correspondence 
If a function f: A  B is  

– 1-1 (meaning, if a1 ≠  a2 then f(a1) ≠ f(a2)) 
AND 

– Onto B (meaning, for every b in B, there is 
an a in A with f(a) = b) 

Then f is a 1-1 correspondence.   
  
Sets A and B have the same size if there is a 

1-1 correspondence between A and B 
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Review:  Countable Sets 

N 1 2 3  4 … 
E   2 4 6 8 … 
Take f(n)  = 2n for n in N.  It’s 1-1, and 

onto E, so a 1-1 correspondence! 
Therefore the Natural Numbers N and the 

Even Numbers E are sets of the same size  
even though E is a proper subset of N! 

Def:  A set A is countable if it is finite, or 
the same size as N. 
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Lemma: The set of all Turing 
machines is countable.  

 Proof:  Each TM M can be encoded as a string <M> 
over a fixed alphabet Σ = {0,1,_,$,(,),;} .  We can 
eliminate the strings of Σ* that are not legal 
encoding of TM’s, and list the encodings of all 
TM’s as follows:   

 
N   1 2 3  4 … 
TM   M1 M2 M3 M4 … 
 
This list is in 1-1 correspondence with the elements 

of N.  QED. 
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Presenter
Presentation Notes
We use binary strings with delimiters to separate the parts.  So even if we need more and more states, for example, we will write them as binary numbers.  By convention, we can have the start be q1, accept q2, final q3, etc.  We can encode the alphabet and tape alphabet similarly, and we can code the transitions as tuples.  



PARADOXXODARAP 
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XODARAPPARADOX 



This sentence is false. 

A. TRUE 
B. FALSE 
C. Not enough information to decide 

between (a) and (b) 
D. Other 
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Presenter
Presentation Notes
What makes this tricky?  Its self referential, and speaks about its own truth!    Not just SELF Reference, also refers to truth….



A Puzzle 

The giant guarding the bridge: “We will 
play a game to decide which way you will 
die. You may say one thing, and one thing 
only.  
If what you say is true, I will strangle you 
with my bare hands. If what you say is 
false, I will cut off  your head." 
After some soul-searching, Lief replies  
“My head will be cut off”.   
 Does Lief live and make it across the bridge? 

A. Yes 
B. No 
C. Not enough information  

From The Deltora Quest novel  “The Lake of Tears“ by Emily Rodda 
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Presenter
Presentation Notes
The giant is foiled:  if he cuts off Lief’s head, then what Lief said is true, but then the giant must strangle him.  If the giant strangles him, then what Lief said is false,  and the giant must cut off his head.  At this point in the book, the  giant can’t carry out his threat, and the spell he is under melts, he turns into a bird, and Lief is able to cross the bridge….



DIAGONALIZATION 
  
 
 

It’s all about the diagonal! 
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Review: The Real Numbers R are not countable 
THM 4.17: R is uncountable (i.e., not countable). 
Proof:  By contradiction.  Suppose  there was a 1-1 

correspondence  f : NR.     
     Number n in N Real number f(n) 

 
 
 
 
 
Construct real number x whose ith digit (after the 

decimal point) ≠ ith digit of f(i) (after the decimal pt) 
Then x is a real number, but x ≠ f(n) for any n 
Therefore, f is not onto R, CONTRADICTION to f a 1-1 

correspondence.  So R is not countable.   QED 
 

1   3.12159… 

2 55.55555… 

3   0.2345678… 

4   0.5223344.. 

…      … 

3 

 4 

5 

6 

… 

 digits  of x 

This technique is called Diagonalization 
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THE TM ACCEPTANCE PROBLEM 
ATM 
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What is ATM ? 
ATM  =  {<M,w>| M is a TM that accepts input string w} 
 
ATM   is: 
A. A Turing Machine 
B. Pairs of Turing Machines and Strings 
C. A language of string encodings (over a finite 

alphabet) 
D. None of the above  
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Presenter
Presentation Notes
C! 



ATM = {<M,w> | M is a TM, M accepts w} 

ATM is Turing-recognizable 
A. TRUE 
B. FALSE 
C. Other 

14 

The TM MATM for ATM  is special:  
• MATM  can act like any TM M on input w, and accept if 
M accepts!   
•For this reason, it’s  often called the Universal TM 
 

Presenter
Presentation Notes
TRUE!  Run M on w.  If M accepts accept.  If M rejects, reject.  But don’t know that M will always halt!  So its not a decider.  



ATM = {<M,w> | M is a TM, M accepts w} is 
Turing-recognizable 

• Need to show that there is a single algorithm 
which will accept exactly when the TM M halts 
on w 

N = “On input <M,w>: 
1. Simulate M on w. 
2. If M ever enters accept state, accept.  If M 

ever enters reject state, reject.” 

This does not show that ATM is decidable because: 
A. N may sometimes reject 
B. N may fail to halt (loop infinitely) 
C. Wrong!  It is decidable!  
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Presenter
Presentation Notes
B!



ATM = {<M,w> | M is a TM, M accepts w} 

Is ATM  decidable? 
• Is there a single algorithm H which, 

given an encoding of a TM M and an 
input string w, does the following? 
– If w є L(M) then H halts and accepts 
– If w not in L(M) then H halts and rejects 
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We will show the answer is NO 
 

Presenter
Presentation Notes
TRUE!  Run M on w.  If M accepts accept.  If M rejects, reject.  But don’t know that M will always halt!  So its not a decider.  



ATM  
IS UNDECIDABLE 
 

At last the proof you’ve all been waiting for! 

17 



The Game Plan: 
• ATM is undecidable  
• Recall that ATM = {<M,w> | M is a TM, M accepts 

w} 
• Thm 4.11: Proof by Contradiction:  
• Assume (towards contradiction) that ATM is 

decidable, so there exists some TM MATM  that 
decides ATM. 

• Want to show: We construct TM D that uses MATM 
as a subroutine, leading to a contradiction. 

• D(w):            //w is input string (new notation!) 
– We’ll define what D does using diagonalization, and 

show it leads to a contradiction. 
• Then, because we will have reached a 

contradiction, we will conclude that the 
assumption is false, and ATM  is not decidable. 
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Presenter
Presentation Notes
Note the notation:  D given input w



• Assume (towards contradiction) that ATM 
is decidable, so there exists some TM MATM  
that decides ATM. 
 

• This means there is a TM MATM  so that for 
every input <M,w> 
– If w in L(M), then MATM    halts and accepts 
– If w  not in L(M), then MATM  halts and rejects 
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Let’s look at MATM: 
• Recall that ATM = {<M,w> | M is a TM, M accepts w} 
• Assume (towards contradiction) that ATM is 

decidable, so there exists some TM MATM  that 
decides ATM. 

• Let TM G be a TM with L(G) = {w | |w| is even}, 
and G does not halt (i.e. infinitely loops) on all 
strings not in L(G). 

• What will happen if we run MATM with input 
<G,111>? 
A. MATM accepts 
B. MATM rejects 
C. MATM infinitely loops 
D. Not enough information 
E. Other 
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Presenter
Presentation Notes
It should reject,  since G will not accept. G does not halt, but MATM will!!  This MATM would indeed be a very valuable program!  Some M’s will run infinitely, but MATM could tell you that they reject!!   Would help you find bugs!!  Very fishy, but we don’t have a contradiction yet.  



Proof 
Thm: ATM = {<M,w> | M is a TM, M accepts w} is 
undecidable 
Proof: Assume (towards contradiction) that ATM is 
decidable, so there exists some TM MATM that decides ATM. 

• Construct TM D as follows: 
– D(<M>):  //input is a string encoding of TM M 

• Run MATM  on <M,<M>>) //MATM is a decider, 
so always halts—it will tell us if <M> is in 
L(M) or not, even if M loops on <M> 

• If MATM accepts, reject 
• If MATM rejects, accept   // do opposite of 

MATM 
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Pause to Examine TM D 

D(<M>):       //input is a string description of a TM 
– Run MATM(<M,<M>>)  //MATM is a decider, so always  halts 

and tells if <M> is in L(M) or not, even if M loops on <M> 

– If MATM accepts, reject 

– If MATM rejects, accept   // do the opposite of MATM 

• Is D a decider?  
A. Yes, because MATM  is 

B. Yes, because D is a TM 
C. No, because D  can loop 
D. I’m not sure   
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Presenter
Presentation Notes
A.  Yes, it  runs MATM (a decider) , and then does the opposite. 



Pause to Examine TM D 

D(<M>):       //input is a string description of a TM 
– Run MATM(<M,<M>>)  //MATM is a decider, so always  halts 

and tells if <M> is in L(M) or not, even if M loops on <M> 

– If MATM accepts, reject 

– If MATM rejects, accept   // do the opposite of MATM 
 

Let Mx be a TM, where L(Mx) = ∅. What happens when 
we input Mx to D: D(<Mx>)?  

A. D accepts 
B. D rejects 
C. D infinite loops 
D. Not enough information 
E. Other 
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Presenter
Presentation Notes
D does the opposite of what Mx does on <Mx>, since Mx does not accept ANY string, D will ACCEPT.  A



Pause to Examine TM D 
D(<M>):       //input is a string description of a TM 

– MATM(<M,<M>>)  //MATM is a decider, so no infinite looping—it 
will tell us if <M> is in L(M) or not, even if M loops on <M>  

– If MATM accepts, reject 
– If MATM rejects,  accept   // do the opposite of MATM 

 

 
Suppose TM MLoop(w) loop infinitely on any input w 

 

What happens when we input MLoop to D: D(<MLoop>)?  
A. D accepts 
B. D rejects 
C. D infinite loops 
D. Not enough information 
E. Other 
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Presenter
Presentation Notes
ML does not accept any string, and goes into infinite loop.  M ATM should reject!  Without looping, since it’s a decider!  SO D should accept!    At this point we start to see that D has magical powers, via ATM,  but we don’t have a contradiction yet!  



D(<M>):   Run MATM(M(<M>)), if acc->rej, if rej->acc 

<M1> <M2> <M3> <M4> <M5> … <D> … 

M1 Acc Rej Acc Rej Rej Rej 

M2 Acc Acc Acc Acc Acc Acc 

M3 Rej Rej Rej  Rej Rej Rej 

M4 Acc Rej Acc Rej Acc Rej 

M5 Acc Acc Acc Rej Rej Rej 

... 

D Rej 

… 
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What goes in the green region? 
A. Acc, Rej, Rej, Rej 
B. Rej, Acc, Acc, Acc 
C. Not enough information  

What does D do? 

Presenter
Presentation Notes
QU:  what happens if one of these TM loops without halting?  Then MATM Rej, so D must ACCEPT!  Remember,  ATM is a decider, so D is too!



What does D do? 
D(<M>) =  accept  if M does not accept <M> 
  reject if M accepts <M> 
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What does D do on input <D>? 
 
 
D(<D>) = accept  if D does not accept <D> 
        reject  if D accepts <D> 
 
  



D(<M>):   Run MATM(M(<M>)), if acc->rej, if rej->acc 
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What does D do on input <D>? 

What goes in the green region? 
A. Rej 
B. Acc 
C. Not enough information 
D. Neither!  Contradiction! 
 

<M1> <M2> <M3> <M4> <M5> … <D> … 

M1 Acc Rej Acc Rej Rej Rej 

M2 Acc Acc Acc Acc Acc Acc 

M3 Rej Rej Rej Rej Rej Rej 

M4 Acc Rej Acc Rej Acc Rej 

M5 Acc Acc Acc Rej Rej Rej 

... 

D Rej 

… 

Presenter
Presentation Notes
D<D> runs MATM on encoding <D <D>>, and will tell us if <D> is in L(D) or not.  If MATM accepts, then D rejects, and vv.  But  THIS IS  our CONTRADICTION!



Thm 4.11: ATM is undecidable 
 • Assume (towards contradiction) that ATM is 

decidable, so some TM MATM decides ATM. 
• Construct a TM D as follows: 

– D(<M>):   //input is a string description of a TM 
• MATM(<M,<M>>)– MATM is a decider, so it will either 

accept or reject (no infinite looping) 
• If MATM accepts, reject 
• If MATM rejects,  accept   // do the opposite of MATM 

• Run D(<D>).  Observe that: 
– D(<D>) accepts when D(<D>) rejects, and  
– D(<D>) rejects when D(<D>) accepts 

• This is a contradiction. Therefore the 
assumption is false, and ATM is undecidable. 
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Diagonalization and Self-Reference 
• Acceptance Problem for TM’s 

– “Decider” which recognizes encodings of TM’s 
that do not accept their own encoding 

• Barber Paradox 
– The sole male barber in a town shaves all men 

who do not shave themselves  
• Russell’s Paradox 

– The set of all sets that do not contain 
themselves 

• Berry’s Paradox 
– The smallest positive integer not definable in 

fewer than twelve words 
• Liar’s Paradox 

– This sentence is false  
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Presenter
Presentation Notes
Barber:  If left out male then it could be a woman, and so solved! Russell:  Let R be the set of all sets that are not members of themselves. If R is not a member of itself, then its definition dictates that it must contain itself, and if it contains itself, then it contradicts its own definition as the set of all sets that are not members of themselves.   Solution:  make the first set and the next sets of different types!



 

Status: Language Hierarchy 

Regular 

Context-Free 
Decidable 

Turing-
Recognizable 

CF  but not Regular:     {0 n1n|  n > 0} By pumping lemma (Regular) 
Decidable but not CF: { anbncn | n > 0} By pumping lemma (CF) 
Turing-Recognizable but  
Not Decidable:  ATM  By Diagonalization 
Not Turing Recognizable: Example soon Counting    
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Presenter
Presentation Notes
We finally have an example language that is NOT TR:  The complement of ATM  (and complement of HALT)  Are there languages that are neither TR for them and their complement?  By counting argument, at least, there are uncountably many languages that are NOT TR.    



Next Time 

• We’ll show that a number of other 
languages are also undecidable, using ATM 

• This will give us a general technique for 
proving languages undecidable, without 
having to use Diagonalization directly 
each time  
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