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CSE 105 
Theory of 

Computation 



Today’s Agenda 
• Enumerators 
• Church-Turing Thesis  
• Encodings for TM’s 
• Algorithms and Decidability 

– Using TM’s to decide problems about languages 
 
  

Reminders and announcements:  
• HW 5 Due Friday, May 6 11:59 pm   
• Reading Quiz 6 Due Monday May 9, 11:59 pm  
• Exam 2 Review Mon May 9, 8 pm – 9:50 pm in Peterson 108 
• Exam 2 on Wed May 11, 8 pm – 9:50 pm, emphasizing  all 

material since Exam 1 
– Study guide and solutions out  
– Not in your usual classroom: WLH 2001 
– You can bring one handwritten 3 in by 5 in index card 
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ENUMERATORS 
Smart Printers…And can be called as Subroutines! 
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Presenter
Presentation Notes
One variant we will consider, since its useful:  TM’s with attached printer!



Enumerators 
TM with attached “printer” 
 
 
 
 
 

 
 
 

• TM that starts with blank tape 
• At any point, it may send string to printer to print  
• L(E) = the set of strings that E eventually prints out  

– Strings may be printed in any order, and with repetitions 
• If E does not halt, it’s language may be infinite 
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Finite 
State 
Control 

a       b     a        b        …. Unlimited tape 



Th. 3.21. A language L is Turing-recognizable 
iff some enumerator enumerates L. 
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To Show if and only if: 
 
1. If a language L is Turing-recognizable  then 

some enumerator enumerates L. 
 

2. If enumerator E enumerates language L  then L 
is Turing-recognizable. 

 
 



If a language L is Turing-recognizable  then some 
enumerator enumerates L. 

 • If L is T-R, then there is a TM M that recognizes it.  
We’ll use M as a subroutine for enumerator E.  

• Let Σ  be the alphabet of M, and let s1, s2, ….be a 
list of all possible strings of Σ*.  We define E as 
follows: 

E = “Ignore input.  Repeat the following steps for all i 
= 1, 2, 3,   … 
1. Run M for i steps on each input, s1,…,si. 
2. If any computation of M accepts, print out the 

accepted string.” 
Correctness:   
• If M accepts any string s, it will appear on the list 

s1, ….and will be enumerated by E.   
• Similarly, if E enumerates a string, it is accepted by 

M.   
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Presentation Notes
Question:  How do we know such a list of strings exist?  We could define an enumerator E’ to do so.  Note that we can define loops in TM’s!  This is starting to look a lot like a PL!



If enumerator E enumerates language L,  
then L is Turing-recognizable. 

 • We define a TM M that recognizes L, by 
using E as a subroutine:   

M = “On input w: 
1. Run E.  Every time E outputs a string, 

compare it to w.  
2. If w ever appears on the output of E, 

accept.” 
Correctness:  M accepts exactly those 
strings that appear on E’s list of elements 
of L.   
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Recognizers vs. Deciders 
Let M1 and M2 be TM’s accepting L1 and L2, 
and define TM M as follows.  
M = “On input w: 
1. Run M1 on w.  If M1 accepts w, accept.  

If M1 rejects w, then go to 2. 
2. Run M2 on w.  If M2 accepts w, accept.  

If M2 rejects w, reject.” 
Does M accept L1 U L2? 
A. YES, always 
B. NO, it might not 
C. Don’t Know 
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Presenter
Presentation Notes
Problem:  M1 may never halt, so we may never get to step 2, and M2 may accept w!  This only works for DECIDERS!How do we need to change?  “ Run M1 and M2 in parallel, step by step.  If either accepts, then accept.  If both halt and reject, reject?  Can’t run M1 first,  then M2 because M1 may never halt. 



STORIES FROM THE HISTORY OF CS 
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Turn-of-the-century mood 
• 1880-1910 a time of immense  
• optimism and faith in humanity, 
    great scientific progress 
• Second Industrial Revolution: 

– Electrification 
– Cinema 
– Telephone 
– Railroads  
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David Hilbert (1862-1943) 
• Spoke at the International Congress of 

Mathematicians in 1900 in Paris 
– Outlined 23 open problems in mathematics 
– Foundation of much of the next century of math 

research 
 

His epitaph: “We must 
know! We will know!”  
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Hilbert’s Tenth Problem 

• Given  a polynomial equation with any number of 
unknown quantities and with rational integral 
numerical coefficients: “To devise a process 
according to which it can be determined in a finite 
number of operations whether the equation is 
solvable in rational integers.” 

• Here “process” was an informal notion of algorithm  
• Alonzo Church, Alan Turing, and others, set to work 

on ways to make this informal notion of algorithm 
formal and systematic, which was necessary to 
prove that such a process could not exist, ie that 
the problem was unsolvable.  
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Church-Turing Thesis 
• Church and Turing, without knowledge of 

each other, independently  define 
“algorithm” with different formal systems  

• Alonzo Church devised a λ-calculus definition 
of algorithm 

• Alan Turing proposed a Turing Machine 
definition of algorithm 

• Interesting sidelight:  Church was Turing’s 
PhD advisor! 

• Sides were taken, but… 
– It was shown that these two independent 

approaches, and others developed,  are  
equivalent in power! 
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Presentation Notes
Church was Turing’s thesis advisor!  Was there rivalry between 2?



Church-Turing Thesis  

Intuitive notion of algorithm  
 
 
 

Precise notion of Turing Machine 
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TM’s:  General purpose model of computation 

• From now on, we’ll be  concentrating on using 
high-level descriptions of TM algorithms, and 
leave out implementation details 

• One great advantage is we’ll be able to use the 
algorithms and procedures we’ve already 
developed as subroutines 

• We’ll make it clear on homework and exams 
which level of description we are asking for 
 

• But hold on!!  TM’s are too simple… 
• How can TM’s correspond to all algorithms?? 

 
15 



Supporting Evidence:  
Equivalence of Variants of TM’s 

• There are many different models: 
– Nondeterministic 
– Multiple Tapes 
– 2-sided tapes  
– …   

• Good news:  they are all equivalent in 
power to ours (we won’t prove 
equivalence) 

• Analogous to  general purpose 
programming languages 
– We expect to be able to write any program in 

any language we choose! 
 

All have unrestricted 
access to unlimited 
memory 
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Presenter
Presentation Notes
For non determinism,  the TM can guess;  there can be multiple next moves.  So computation is a tree, and if any branch leads to accept state, then accept. One of the reasons we use this as general model of computation! 



Multi-tape TM: 
Same power as single-tape 

– Adding a second stack to PDA made it more 
powerful, but  

– For TM’s you can add as many tapes as you 
want (!) and it does not change the power!  
• Theorem 3.13 in your book 
• Proof: Simulate a k-tape TM using a 1-tape TM. 
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Multi-tape TM: 
They make your life easier!  

Q: When would you want to use a multi-tape TM? 
A: When you want to have several independent 
work spaces 
 For example, you want to leave the input 
completely untouched, while working on a 
scratch version of it elsewhere 

• You can  always do it on a single tape,  but  
• When describing a TM for L,  to show that L is 

decidable (for example), it can be easier to 
describe any work you perform on a separate tape 
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Nondeterministic TM: 
Same power as deterministic 

– Turns out you can add nondeterminism to a 
TM, and it does not change the power!  

– Recall that nondeterminism gives you a 
computation tree 

– Proof idea:  Define a deterministic TM to 
explore the tree breadth-first  (Why?) 
• Theorem 3.16 in your book 
• Proof simulates a nondeterministic TM using a 3-

tape deterministic TM (which is equivalent to a 1-
tape deterministic TM). 
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Nondeterministic TM: 
They make your life easier!  

Q: When would you want to use a nondeterministic 
TM? 
A: When you want to test multiple different cases, 
in parallel, and accept if any of them accepts 

• For example, showing a language of the form “{w | w 
[some condition] OR w [some other condition]}” is 
decidable by constructing a TM for it 

• You can do it without nondeterminism,  but… 
• Easier if you don’t have to worry about combining the 

two cases, or having to decide which case applies 
before you start doing tests for each case 
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The T-Recognizable Languages are 
closed under Union.  

Proof:  Let M1 and M2 be TM’s for L1 and L2.  We 
show there is a TM  M that recognizes L1 U L2 by 
giving a high-level description of 
nondeterministic TM M.  
•  Construction:   Let M = “On input w: 

1. Nondeterministically guess i = 1 or 2, and check 
if w is accepted by Mi by running Mi on w.  If Mi 
accepts w, accept.” 

• Correctness:  Show M accepts w IFF M1 accepts 
w or M2 accepts w    

• Conclusion: M is a TM that recognizes L1 U L2, 
therefore  the T-R  languages are closed under 
union. QED. 
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!  Correctness:  M accepts w iff M1 accepts w or M2 accepts w, and M rejects w iff  M1 and M2 reject w.  How would you need to change for TR?  Correctness:  



Hilbert’s 10th Problem finally 
proved Unsolvable in 1970 

• Long line of work from 1940’s on …. 
• Julia Robinson, mathematics professor  at 

   Berkeley, shows  her JR  
   Hypothesis is equivalent to 
   the 10th Problem  

        (1950-60) 

• Yuri Matiyasevich, using JR hypothesis, 
shows that the 10th Problem is unsolvable 
(1970) 
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Church-Turing Thesis  

Intuitive notion of algorithm  
 
 
 

Precise notion of Turing Machine 
 

But TM’s only accept strings as input… 
How can they represent all algorithms?? 

And how do we solve problems rather than 
recognize languages?? 
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Encoding Input for TM’s 
• Many objects can be represented as strings: 

– Integers, Tuples, Polynomials, Graphs, Finite 
Automata, PDA’s, Regular Expressions,… 

Notation:   
• <O> is encoding of object O as string 

– Ex:  <r> for a  regular expression r 
– Ex:  <M> for DFA M =  (Q, Σ , δ , q0, F) 

• < O1 ,…, On> is encoding of tuple of objects 
   O1 ,…, On  as a single string 

–  Ex:  <B,w> for DFA B and input string w 
• The encoding can be implemented in any 

reasonable way, and we won’t need to pick one 
for our TM descriptions.   

• We’ll omit (most) implementation details   
24 
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Presentation Notes
A is a LANGUAGE where we are using the encoding of DFA and string that is input, and putting some condition on them.  



Encoding Regular Languages over {0,1} 
• Regular expressions over  {0,1} can be 

represented as strings over the larger 
alphabet Σ = {0, 1, +, ◦, (, ), * , ∅}.  

• Each regular expression describes a regular 
language  
– Set of all  binary strings represented by the 

string (0 + 1)*   
– { ε } represented by the string ∅* 

• Since |Σ| = 8, we can encode symbols  in Σ 
as triplets of bits 
– Similar to 8-bit bytes used to represent 

characters on conventional computers  
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Cont’d:  Encoding Regular Languages over {0,1} 
• Encode symbols of Σ  via function φ as follows:  

 
 
 
 

• Encode regular expressions as binary strings using φ 
– EX:  φ((0+1)*) = 100 000 010 001 101 110  

• Not every binary string  represents valid regular expression 
– EX:  “000 010 101” encodes the string “0+)” 
– EX:  “0110” does not encode  any expression because its length 

is not a multiple of 3.    
• Any regular expression r is represented by a binary string 

φ(r) ∈ {0, 1}*, and  
• Any binary string encodes at most one regular expression  

– φ is one-to-one function, i.e.,  if φ(r) = φ(r’)  for regular 
expressions r and r’, then r = r'   

• φ(r) ∈ {0, 1}* also encodes regular language L(r)  
 

Symbol a 0 1 + ○ ( ) * ∅ 

φ(a) 000 001 010 011 100 101 110 111 
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Computational Problems vs 
Languages 

Problem 
• Whether a graph G is 

connected 
 
 

• Whether a DFA accepts 
a string w 
 

• Whether a polynomial 
p has an integral root 
 

• Whether two CFG’s 
generate the same 
language  

Language  
• A = { <G> | G is a 

connected, undirected 
graph} 
 

• ADFA  = {<B,w> | B is a DFA 
that  accepts input w} 
 

• B = {<p> | p  is a polynomial 
over variable x with an 
integral root} 
 

• EQCFG  = {<G,H> | G and H 
are CFG’s and L(G) = L(H)} 
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Solving Problems with TM’s 
D = { <p> | p is a polynomial over x with 

integral root} 
M = “On input <p> over variable x: 
1. Evaluate p with variable x set equal to 

successive values 0, -1, +1, -2, +2, ….  
2. If at any point, the polynomial evaluates 

to 0, accept the input.”  
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Decidable Problems 
Def:  A computational problem is decidable  iff 
the language encoding the problem instances is 
decidable 
 
ADFA   =  {<B,w>|B is a DFA that accepts string w} is 
decidable.   
 
Qu:  What is needed to show this? 
A. Give an algorithm to enumerate the language of 

the DFA 
B. Give an algorithm to check whether the 

encoding of B corresponds to a DFA 
C. Give an algorithm that simulates DFA B on w 
D. More than one or none of the above    
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