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CSE 105 
Theory of 

Computation 

Presenter
Presentation Notes
Today we’ll be talking about Turing machines, invented by Alan Turing.  His picture.  Above is a schematic of a TM, and in middle top is a pic of a machine he helped design for cryptanalysis.  From Wikipedia:“The bombe searched for possible correct settings used for an Enigma message (i.e. rotor order, rotor settings and plugboard settings), using a suitable crib: a fragment of probable plaintext. For each possible setting of the rotors (which had of the order of 1019 states, or 1022 for the four-rotor U-boat variant),[53] the bombe performed a chain of logical deductions based on the crib, implemented electrically. The bombe detected when a contradiction had occurred, and ruled out that setting, moving on to the next. Most of the possible settings would cause contradictions and be discarded, leaving only a few to be investigated in detail. The first bombe was installed on 18 March 1940.[54]”



Today’s Agenda 
– Quick Review of CFG’s and PDA’s 
– Introduction to Turing Machines and their 

Languages 
 
 

Reminders and Announcements: 
– RQ 4B (Optional) on CFG’s & PDA’s  

• Due Sat Apr 30 11:59 pm 
• RQ 4 grade = MAX (RQ 4, RQ 4B) 

– RQ 5 on Turing Machines out 
• Due Monday May 2 

– HW 5 will be due Fri May 6  (posted soon) 
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Review:  Formal Definition of CFG 
A context-free grammar is a 4-tuple 
(V, Σ , R, S), where 
1. V is a finite set of variables 
2. Σ is a finite set of terminals, disjoint from 

V 
3. R is a finite set of rules 

A  u  where A є V and u є (V U Σ )* 

4. S є V is the designated start variable 
 
Rules capture patterns of words in language  
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Presenter
Presentation Notes
Name context-free comes from that only 1 VAR allowed on LHS of rule.  So the rule can be applied in any context! 



Review:  Design a CFG 
• Design a CFG for L = {0i1i+1  | i ≥ 0} 

 
• Shortest String: 

 
• Assuming have 0i1i+1 :  

 
• CFG:   

 1 

0 0i1i+1 1 
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Presenter
Presentation Notes
 S  1  | 0 S  1



Review:  CFL’s closed under 
Concatentation 

• Given: 
  
• Want to Show: 
• Construction: 

 
 
 

• Correctness:  
 
 

L1 and L2 are CFL’s with grammars  
G1 = (V1, Σ1, R1, S1),  G2 = (V2, Σ2, R2, S2) . 

L1 L2 is CFL with CFG G =  
(V, Σ1  U Σ2, R, S) 

V =  
S =  
R =  

 w in L1 U L2  IFF w in L(G) 
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Presenter
Presentation Notes
For concatenation,  add a new start state and have it go to concatenation of S1 and S2, assuming all variables are different.  



Pushdown Automata 
NFA 

STACK with operations 
Read top 
Remove top (Pop) 
Write top (Push)  

Input 

a 

 x 

At each step, transition from state q, input a, top of stack x              
state r,  replace x with y on top of stack   
 
Accept:  IF Have read ALL the input, AND in final state of PDA     
            BOTH MUST HOLD!   (Don’t require the stack to be empty) 
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Presentation Notes
Note that the next move depends on the input AND top of stack.  We can use the stack to do auxiliary checking.  Its useful to know when the stack is empty, so we often start with a special symbol so we can check that.  PDA’s can be non deterministic.  



Review:  Th. 2.20 A language is 
context-free IFF some PDA 

recognizes it.  
• If a PDA recognizes L, there is a CFG that 

generates L 
• If a CFG generates language L, there is a 

PDA that recognizes L 
• We won’t prove this, but you should know 

and be able to cite and use it in future  
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Review: Informal Description of PDA 
• for L = {0i1i+1  | i ≥ 0} 

1. Read symbols from input.  As each 0 is read, push it 
onto stack.  As soon as 1 is seen, pop a 0 off the 
stack for each 1 read.   

2. If the stack is or becomes empty and there is 
exactly one 1 left, read that 1 and accept the input. 

3. If any of the following hold, reject the input: 
1. the stack is empty and there are either zero, or more 

than one, 1’s left to read,  or  
2. if the 1’s are finished while the stack still contains 

0’s, or  
3. if any 0’s appear after a 1.   
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Is {an bn cn | n≥ 0} a CFL? 

a. Yes 
b. No 
c. Maybe 
d. I don’t know  
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Presenter
Presentation Notes
Turns out its not, and can prove there are non-CFL’s via Pumping Lemma for CFL’s.  Similar in spirit to the PL for RL, but works on parse trees.  We won’t prove it, but you should know this is NOT CF.  Intuitive, would need 2 stacks in PDA, and only have 1!



Closure Properties of CFL’s 
• Closed under: 

– Union 
– Concatenation 
– Star 
– Reversal 
– Homomorphism  

• Not Closed under: 
–  Intersection 
– Complement 
– Difference 
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Presenter
Presentation Notes
We know that L1 = {0n1n2n| n>1} is not a CFL (use the pumping lemma). However, L2= {0n1n2i| n >1, i >1} is. CFG: S -> AB, A -> 0A1 | 01, B -> 2B | 2. So is L3= {0i1n2n| n >1, i >1}.  But L1= L2 intersect L3. n2i| n >1, i >1} is.CFG: S -> AB, A -> 0A1 | 01, B -> 2B | 2.So is L3= {0i1n2n| n >1, i >1}.But L1= L2L3.Take {a^n b^n c ^I }    Intersect {a I^I b^n c^n}  get anbncn  NOT a CFG.  



Feedback on the class (1) 

Understanding the graphs, figures and 
diagrams in class is  

A. Easy 
B. Fair 
C. Difficult 
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Feedback on the class (2) 

The level of detail presented in class is  
A. Too little 
B. Just right 
C. Too much 
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Feedback on the class (3) 

The level of class participation (clicker 
questions and discussion) is  

A. Too little 
B. Just right 
C. Too much  
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FAMOUS PEOPLE: 
ALAN TURING 
 

“Father of Computer Science” 
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Famous People: Alan Turing 

“Father of Computer Science”  
• Born in England in 1912 
• Studied at University of 

Cambridge (UK) 
• Ph.D. from Princeton  
• Contributions to:  

– Computer Science 
– Logic 
– Artificial Intelligence 
– Cryptography 
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During WWII 
• German “Enigma” 

machine was used to 
send sophisticated 
encrypted messages 

• Cracking the Enigma 
code a major factor in 
course of the war 
– First cracked by Polish 

investigators, who shared 
techniques with England 

– Turing and others devised 
further ways of detecting 
configurations 

– Allowed Allies to know 
which cities were going to 
be bombed, U-boat 
whereabouts, etc 

– Likely saved millions of 
lives 

Enigma configuration rotors 
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Artificial Intelligence 

• How will we know if/ when computers have achieved 
enough sophistication to be called intelligent? 

• Alan Turing proposed the “Turing Test” 
– A human tester chats with a human and computer 
– Can the tester reliably identify which is which? 
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In this Jeopardy! 
challenge, the 
identities were 
not hidden, so it 
was not a Turing 
Test format. But 
it was a 
remarkable 
display of the 
kind of power 
that Turing 
predicted 
machines could 
have. 

 

Presenter
Presentation Notes
See original article in Notes section of schedule page, along with some BBC articles in 2012.  



• Turing Machine design 
– Talk about this starting today (!!) 

• Church-Turing thesis 
– Next class or two 

• Halting problem for TM’s undecidable 
– To follow… 

Current Events 
• In 2009, British government issued a formal apology 

for its persecution of Turing, which may have led to 
his suicide at just 41 years old 
– Alan Turing was a gay man, and homosexuality was crime 

in England at that time 
– Government forced him to undergo “treatments” with 

terrible side effects 
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Turing’s Three Major Contributions      
in this Course 



Guess:  Where is this located? 
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A. In England 
B. Somewhere on 

campus 
C. On Gilman Drive, 

right outside our 
classroom 

D. Not sure 

Presenter
Presentation Notes
C!



TURING MACHINES 
At last we reach a model with unlimited memory: 

20 



Turing Machine Model 
• Most powerful computational model 
   
 
 
• Operations: 

– Read symbol, write symbol at head 
– Move Left ( L ) or Right ( R ) 

• Initial configuration:  input starting at left end, 
with blanks following;  tape head at left end 

• Will let us study the power and limits of 
computability 
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Finite 
State 
Control a       b     a        b        …. 

Unlimited tape 

Head 



Computation on a Turing Machine 
• Given a current state q, current tape symbol a,  
δ->  new state q’, new  tape symbol z (replaces a),  and  

after write, move “head” L or R (unless try to move 
off left end of tape)   

 
 

 
• On input w, M either: 

1. Enters the accept state qacc and accepts w, or  
2. Enters the reject state qrej and rejects w, or  
3. Does neither 1 nor 2, in which case we say M does not 

halt on input w, and the input is not accepted  
• Language of M = { w │ w is accepted by M}  
• Note that the input w does not have to be read to 

accept or reject! 
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Finite 
State 
Control a       b     a        b         …. 

Unlimited tape 

Presenter
Presentation Notes
 Have separate TAPE alphabet, includes the empty symbol.  Can’t move off LEFT end of tape, just stays there if read L there.   If M never halts, it goes on foreverr!



TM’s and PDA’s 
Which of the following are true differences 
between TM’s and PDA’s? 
A. Only TM’s have unlimited memory 
B. To accept  or reject a string w, a TM 

does not have to read w 
C. PDA’s always accept or reject an input 

string w, but TM’s may not  
D. More than one of the above 
E. None of the above  
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Presenter
Presentation Notes
A is not true;  both have unlimited memory    B is true;   as on previous slide.  C is also true, as on previous slide.  So its D, more than one. 



An example TM 
Q = {q_e, q_d, q_acc, q_rej} 
Σ = {0} 
Γ= {0, □ } 
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Presenter
Presentation Notes
Square = blank   Tape alphabet always includes blank and the input alphabet.  Do a computation:  input 00  input 000.    Is empty string accepted?   Even length strings of 0’s 



Why do we care 
about Turing Machines? 

• All modern computers follow the Turing Machine 
model 
– CPU = TM control 
– Memory = TM tape 
– This division between program  
and data seems obvious now, but  
was  core of Turing’s model 

• Our memory isn’t infinite   
– Theoretical analysis of TMs answers the question: 

what kinds of problems could we solve (or can’t we 
solve), if we didn’t have to worry about memory 
limitations 

• “Memory” can include all levels of the memory 
hierarchy (see CSE 141): RAM, disk, etc 
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Formal Definition of TM 

TM M is a 7-tuple, (Q, Σ, Γ , δ, q0 , qacc , qrej): 
• Q is a finite set of states 
• Σ is a finite input alphabet (no blank □ ) 
• Γ is a finite tape alphabet (includes blank □ )  

with  Σ ⊆ Γ  
• δ: Q x Γ -> Q x Γ x {L,R}  transition function  
• q0 is the start state  
• qacc  is the accept state   
• qrej  (≠ qacc)  is the reject state  
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Turing Machine Formal Description 
For the transition function  

δ: Q x Γ -> Q x Γ x {L,R}  
a given input of the transition function is: 

A. A current state, a  tape character read, and 
whether we came from the left or right 

B. A current state, and a  tape character read 
C. A current state, and a tape character to write 
D. A destination state, and a  tape character read 
E. None of the above or more than one of the 

above 
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Turing Machine Formal Description 
For transition function 

 δ: Q x Γ-> Q x Γ x {L,R}  
a given output of the transition function is: 

A. A current state, a  tape character read, and 
whether we came from the left or right 

B. A current state, a  tape character to write, and 
whether we should next go left or right 

C. A destination state, a  tape character read, 
and whether we should write ‘L’ or ‘R’ 

D. A destination state, a tape character to write, 
and whether we should next go left or right 

E. None of the above or more than one of the 
above 
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Presenter
Presentation Notes
C 



Configurations of a Turing Machine 
• A configuration of M is a string uqv where 

– q is a state in Q 
– String uv is the current (nonblank) tape 

contents 
– M’s head is reading the first symbol of v 

• Start configuration:  q0w   (w the input) 
• Accepting  configuration: uqaccv 

• Rejecting configuration:   uqrejv 

• A halting configuration is an accepting or 
rejecting configuration 
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Presenter
Presentation Notes
Note that to accept, NOT ALL INPUT NEED BE READ



Acceptance of a TM  
 TM M accepts input w if there is a 
sequence of configurations C1 …Ck  with  

1. C1  is the start configuration 
2. Ci yields Ci+1 by following δ one step 
3. Ck  is  an accepting configuration 
 
Note that all the input w need not be read in 
order to accept w! 

 

            L(M) = { w │ M accepts w} 
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Deciders and Recognizers 

• A is Turing-recognizable  if A = L(M) for some 
TM M 

 
• If M always halts, M is a decider 

 
• A is decidable if A = L(M) for a decider TM M.  

We say M decides A.   
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Executing a Transition 
Suppose we have a TM  with  
• Γ={a, b, c, d, □ },  
• Q = {qx | 1≤x≤10} U {qacc,qrej}, and  
• δ(q1,a) = (q3,b,R) and δ(q1,b) = (q3,a,L).   
Let  x,y  be  strings in Γ*. Which configuration 
does the current configuration, xbq1ay, yield? 

A. xq3bay 
B. xbbq3y 
C. xbaq3by 
D. xq3aay 
E. None of the above or more than one of the 

above 
32 

Presenter
Presentation Notes
Here make it clear that x and y can be any strings.  Answer does not depend on them.   B is correct.  Write a b, to replace a, so get tape xbby.  Since move R, have to put q3 right before y.  



Executing a Transition 
Suppose we have at TM with  
•  Γ={0,1, □ }  
• Q = {qx | 1≤x≤7} U {qacc,qrej } 

• δ(q2,1) = (q1,0,R) and δ(q2,0) = (q1,1,L).  
Let x, y be strings in Γ*. Which configuration 
does the current configuration, x0q21y, yield? 

A. xq101y 
B. x01q1y 
C. x00q1y 
D. xq111y 
E. None of the above or more than one of the 

above 
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Presenter
Presentation Notes
Correct answer is C.  Tape should be x00y.  Since move R, should put q1 before y.  



Configurations 

A.  TRUE 
B.  FALSE 

 
x0qrej11y  yields x01q11y can never happen in 
any Turing Machine 
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Presenter
Presentation Notes
It COULD happen by definition of delta, but we always stop when get to REJECTING CONFIGURATION.  So it’s a halting configuration, and we don’t go on.  



Configurations 

A. TRUE 
B. FALSE 

 
x0q111y  yields x0q211y can never 
happen in any Turing Machine 
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Presenter
Presentation Notes
TRUE….you have to move either L or R, and the only time you cannot,  is if there  is no space left (on left) 
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