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http://www.jflap.org/jflaptmp/ 

CSE 105 
Theory of 

Computation 



Today’s Agenda 
– Push Down Automata (PDA’s) 

 
Reminders and Announcements:   
– Exam 1 grades out 
– Please go to office hours to see solutions 
– Regrade requests within 3 days on 

gradescope  
– No academic integrity pledge:  must meet 

with me  
– HW 4 due Wednesday, April 27 by 11:59 pm 
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Presenter
Presentation Notes
Next week, we’ll be going on to the most general model of computation, Turing Machines



CFL’s closed under Union 
• Given: 
  
• Want to Show: 
• Construction: 

 
 
 

• Correctness:  
 
 

L1 and L2 are CFL’s with grammars  
G1 = (V1, Σ1, R1, S1),  G2 = (V2, Σ2, R2, S2) . 

L1 U L2 is CFL with CFG G =  
(V, Σ1  U Σ2, R, S) 

V =  
S =  
R =  

 w in L1 U L2  IFF w in L(G) 



PUSH DOWN AUTOMATA (PDA’S) 
 
 

Like NFA’s with a single, last-in-first-out pushdown stack… 

4 

Presenter
Presentation Notes
At last, some memory!!



Pushdown Automata Intuition 
NFA 

STACK with operations 
Read top 
Remove top (Pop) 
Write top (Push)  

Input 

a 

 x 

At each step, transition from state q, input a, top of stack x              
state r,  replace x with y on top of stack   

• If  a = ε  then it’s a “free move” (don’t read input) 
• If  x = ε  then need not read top of stack 
• If  y =  ε  then don’t replace x 

Accept:  IF Have read ALL the input, AND in final state of PDA     
            BOTH MUST HOLD!   (Don’t require the stack to be empty) 5 

Presenter
Presentation Notes
Note that the next move depends on the input AND top of stack.  We can use the stack to do auxiliary checking.  Its useful to know when the stack is empty, so we often start with a special symbol so we can check that.  PDA’s can be non deterministic.  



PDA Edge Labels 
a, b  c means “when reading a from 
input, pop b, then push c” 
• Which edge label would implement  

– Read a 0, don’t pop anything from stack, and 
don’t push anything on stack ? 

Α.   ε, ε   0 
B.   0, ε  ε 
C.   ε, 0  ε  
D.   ε   ε ,0 
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Presenter
Presentation Notes
B ! 



JFLAP Diagram of PDA for {0n1n │n > 0} 

q0 : Push $ onto stack (Reading no input, replace empty 
string on top of stack by symbol $) 
q1 : Start reading input.   

As read 0’s, start pushing  0’s on stack.  
When read input symbol 1,  pop a 0 off the top of 
stack, if there is one (reading input symbol 1, replace 
0 on top of stack with empty string;  if not, REJECT)   

q2 : For  each further input symbol 1, pop a 0 off the top 
of stack, if there is one;  if 0’s on stack and have finished 
reading input, REJECT 
q3:  If $ is top of stack,  and no more input to be read, 
ACCEPT;  Otherwise, REJECT   
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Presenter
Presentation Notes
JFLAP  format.  This is deterministic;  there is at most 1 next move.  Its possible though there is no next move, e.g. reading a 0 in state q2 with 0 on stack. pda’S  can be NON Det.  In fact, they are MORE powerful than deterministic PDAs We won’t prove this.  Note for some states, there is no possible move!  For example, only take edge q2 to q3 if reading $ at top of stack! Why are we putting down end marker for stack?  Note we could wind up with 0’s still on the stack, and no input to be read….what should happen? In that case, have not matched 0’s and 1’s!   We only move to FINAL state if $ on top of stack!  So we won’t accept if 0’s still on stack.  



JFLAP Diagram of PDA for {0n1n │n > 0}  

a,b; c : “When PDA is reading input a, replace symbol b  on the 
top of the stack with symbol c” 
 (This example was from  JFLAP,  but written a, b          c in Sipser)  
 
a = ε  means don’t read input symbol 
b = ε  means don’t read or pop top of stack 
c = ε  means don’t write on top of stack  
 
   

Example  input:  0011   010  
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Presenter
Presentation Notes
This is deterministic;  pda’S can also be NON Det.  In fact, they are MORE powerful than determinstic PDAs



Understanding Pushdown Automata 

What best describes the total 
effect of  edge from q0 to q1? 
A. Lets you go to q1 without 

reading any input 
B. Lets you go to q1 on  reading 

epsilon or $ 
C. Lets you go to q1 on reading  $ 
D. Let’s you go to q1 without 

reading input, and puts $ on 
top of stack 

a,b; c : “When PDA is reading input a, replace symbol b  on the top of 
the stack with symbol c” 
 

9 

 

Presenter
Presentation Notes
A is true but not total effect.  B not true, don’t read $.  C not true, don’t read $.  ITS D! 



Understanding Pushdown Automata 

Note that $ is used to 
mark the bottom of the 
stack!   
 
This will prove to be a 
useful technique for 
PDA’s.   
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Input “aabb” into this PDA. After “aa” has been 
read, what is on the stack? 
 

Tracing in a Pushdown Automaton 

A.   
B.   
C.   
D.   
E.     

 
 

 TOP of stack 

b b 

a a 

a a 0 

0 a a 

ϵ ϵ ϵ 
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Presenter
Presentation Notes
This is nondeterminsitic.  Guess when start reading b’s.  D is right answer.  0 is on bottom, not top.  And no b’s yet.  And no epsilons;  it’s the empty string, so has no effect on the stack.  



Which is the best description of the language of 
the given PDA? 
A. { w | number of b’s in w >= number of a’s in w} 

B. {w | w = anbn+1 for some n>=0}  
C. { w | w = anbn+2 for some n>=0} 
D. { w | w = anb2n for some n>=0} 
E. {w | w = 0anb2n0  for some n>=0} 

Language of a Pushdown Automaton 
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Presenter
Presentation Notes
When start reading b’s, we pop the a’s.  At some point reading b’s, guess we’re at end, read a b,  leave stack alone,  and go to q3.  From q3 read another b see if have reached empty stack marker (0)   If so replace with epsilon and ACCEPT.  So will have 2 more b’s than a’s.  C is correct.  ONLY IF HAVE 2 more b’s than a’s will get to END MARKER $.  



Formal Definition of PDA 
Def:  A pushdown automaton (PDA) is a  
6-tuple (Q, Σ , Γ , δ, q0, F) where 
• Q is the finite set of states 
• Σ  is the finite input alphabet 
• Γ  is the stack alphabet 
• δ : Q X Σε  X  Γε    P(Q X Γε ) is the transition 

function 
• q0 є Q is the start state  
• F ⊆ Q is the set of final states 
  

Recall that Σε    = Σ  U { ε }, P means Power Set of  
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Th. 2.20 A language is context-free 
IFF some PDA recognizes it.  

• If a PDA recognizes L, there is a CFG that 
generates L 

• If a CFG generates language L, there is a 
PDA that recognizes L 

• We won’t prove this, but you should know 
and be able to cite and use it in future  
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Presenter
Presentation Notes
PDA on input w, will GUESS if from start of G it can derive w using rules of G.  Notdet helps, can just guess a NEXT rule at each step.  ThereS a complication, PDA may want use rule for var in middle of string.   So when get part of intermediate string with a terminal then read next symbol in input and see if matches!  If don’t match, reject.  If var on top of stack, guess a rule for A and do sub.  If consume all input and get to $, then accept.  OTHER WAY VERY MESSY.  



Benefit of Equivalence of PDA’s and 
CFG’s?  

Cor. 2.32:  Every regular language is 
context-free.  
• Gives us an easy proof  
• True because an NFA is  equivalent to a 

PDA without a stack!  
 
To show a language is context-free, we can 
use either model (CFG or PDA)  
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Tracing in a Pushdown Automaton 

• Which string is NOT 
accepted by this PDA? 

 
 

A.  aabb 
B.  abbbc 
C.  aabcc 
D. abbccc 
E. None or more than 

one of the above 
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Presenter
Presentation Notes
This is {ai bj ck | I = j or i = k} in book.    A is correct.  B is correct.  C is correct.  So D is the wrong one.  



Why did we push ‘#’ onto the stack? 

A. We didn’t have to, because we already “counted” the a’s by 
pushing them on the stack 

B. It’s something we do because of convention, but it isn’t 
necessary for correctness 

C. We did it to make sure that we didn’t cause a crash/error by 
trying to pop something off an empty stack 

D. It is necessary for correctness 
E. None or more than one of the above 
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Presenter
Presentation Notes
D Its necessary for correctness!  If you want to check for equality, as opposed to >= check, you need to make sure stack is emptied before you go to final state.  To do that, need end marker. Not A,   we did count the a’s, but we also need to empty the stack.Not B, we do it because of convention but necessary for correctnessNot C PDA’s don’t crash like real machines do, though they might not have a next move



Shortcuts in Describing PDA’s  
• We can always use an end marker (like #) 

to test for bottom of stack.  
– From now on, you can describe a PDA testing 

for end of stack without including details.  

• We can design PDA’s to test for end of 
input by making sure PDA only reaches a 
final state when no more input symbols. 
–   You can describe a PDA testing for end of 

input without  including further details.   

• You don’t need to provide a diagram 
– As long as you describe your PDA clearly and 

concisely.   
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Presenter
Presentation Notes
We’ll be writing descriptions of PDA’s 



Informal Descriptions of PDA  

• We describe a PDA with 2 branches  that accepts 
{ai bj ck │ i = j or j = k, where i, j, k ≥ 0} 

• The PDA starts reading a’s, and pushes each a read 
on its stack (q1). 

• The PDA guesses when its reached the end of the 
a’s, and whether to match the number of b’s (top 
branch) or c’s  (bottom  branch) with the a’s (edge 
to q2 or q4).   19 

Presenter
Presentation Notes
For HW you won’t need to provide diagram to clearly and concisely describe PDA.  I am providing it here so you can follow.  



Informal Descriptions of PDA  (Top Branch) 

• When the PDA reads b (q2) it continues to pop a’s off the 
top of the stack for each b read.   
– If there  are more a’s on the stack but no more b’s to be read,  

the number of a’s is greater than the number of b’s,  and the 
input is rejected.  

• When the end of the stack (#) is reached, the number of 
a’s match the number of b’s read.  The PDA will accept in 
final state if all input has been read.    
– If there is more input, the PDA proceeds to read any number of  

c’s,  in final state (q3).   A string with anything other than c’s  at 
the end will be rejected.  

 

20 



Informal Descriptions of PDA (Bottom Branch)   

• The PDA reads any number of b’s without changing the stack 
(q4).  The PDA then guesses when its reached the end of the 
b’s, and starts reading c’s (q5).  

•  For each c read, the PDA continues to pop an a off the top of 
the stack.  
– If there  are more a’s on the stack but no more  c’s to be read, the input 

is rejected.  

• When the end of the stack (#) is reached, and all the input is 
read,  the number of a’s and c’s match (q6).  The string is 
accepted.   

• If any computation trace accepts, the PDA accepts.   
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Limits of Context-Free Languages 

• What are the limitations 
of Context-Free 
languages? 

• What are the limitations 
of PDA’s? 
– Stack size has no limit 

(infinite stack)  
– ….BUT, there’s only one of 

them 
– Stack can only be 

accessed at the top 
• What does that mean 

intuitively? When would 
you need more than one 
stack? 

Regular 

Context-Free 

 
 
 
 
 
 
 
 
 
 
Not Context-Free 
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Classic Non-Context-Free Language 
{anbncn  | n>=0}     (Example 2.36, Sipser) 

 
• INTUITIVELY, the problem is that a PDA recognizing 

this language would try to:  
– Push a’s on the stack to count the ‘a’ section, then  
– Pop off a’s off the stack to match the ‘b’ section, then 
– Have “forgotten” n,  so can’t count the ‘c’ section 

• Aside: what could you do with a second stack? 

• THIS IS NOT A PROOF!! 
– Maybe there is a completely different way to approach 

this problem using a PDA, that we just didn’t think of yet 
– But, it turns out, there is no way to do this, and proof is 

in the book (uses Pumping Lemma for CFL’s).   
– We won’t use this Lemma in this in class, but you 

should know that non-CFL languages like this exist.   
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Other Non-CF Languages 

• {aibjck  | 0 ≤ i ≤ j ≤ k}  (Example 2.37) 
 

• {w w | w є {0,1}*  }   (Example 2.38) 
 

• Proof also follows from Pumping Lemma 
for CFL’s  
 

24 



For each context-free language L,   
there is a pumping length p for L 
For every string s in L of length ≥ p 
There are strings u,v,x,y,z with s= u v x y z 
such that  
1. │vy │ > 0 
2. │vxy │ ≤ p 
3. For each i ≥ 0, u vi x yi z  is in L. 
 
You are not responsible for using the pumping 
lemma for CFL’s on HW or exams.  

 
 

Pumping Lemma for Context-Free Languages 
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