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http://www.jflap.org/jflaptmp/ 

CSE 105 
Theory of 

Computation 



Today’s agenda 
•  NFA Review and Design  
 

•  NFA’s Equivalence to DFA’s 
 

• Another Closure Property proof for Regular 
Languages 
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Announcements: 
Roadmap to HW2 will be posted on Piazza 
Reminders: 
• HW 2  Due Friday, April 8 
•Reading Quiz 3 Due Wednesday, April 13  



Nondeterministic Finite Automata 
NFA 

Guessing  added to DFA’s! 
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Presenter
Presentation Notes
An NFA is more general model than ordinary DFA, it can have multiple arrows with same label out of a state (so it can guess either one)  or there is an arrow with label epsilon (empty string) which it can always guess and take.  If any guess from input leads to final state, ACCEPT. 



Re v i e w :   D FAs vs. NFAs 
DFAs 

• For each character in 
the alphabet, exactly 
one transition leaving 
every state 
Computation is  
determined by the 
input, i.e., only one 
choice of next state 
every time for a g iven 
input 

• 

NFAs 
• There may be 0, 1, or 
many transitions leaving a 
state for the same input 
character. 
• Transitions may be labeled 
with the  “empty string ” ε. 
You can take this choice 
without using up input!   

•“spontaneous action” 

• There may be several 
different ways to reach a 
final state for a string 

•“nondeterministic” 
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Review:  Form al Definition of an NFA 
• An NFA M  is defined as a 5-tuple 

as follows: 
• M =  (Q, Σ, δ, q0, F), where: 

• Q is a finite set of states 
• Σ is a finite set of characters, the alphabet  
• δ: Q x (Σ U { ε} ) ->  P(Q), the transition 

function 
• q0, a member of Q, the start state  
• F, a subset of Q, the accept state(s) 
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Presenter
Presentation Notes
Here each transition can lead to a SET of possible states, which is a subset of Q  So that’s why the function is to Powerset of Q, the set of all subsets of Z.  



NFA State Diagram to Formal Description  

Example:   
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Set of states Q =  ?  
 
Alphabet Σ  = ? 
  
Start state = ?  
  
Set of final states F = ?
  
  

δ 0 1 ε 

       q0 

         q1 

Recall that δ: Q x (Σ U {ε}) -> P(Q) 
 

{q0, q1} 
 
{0,1} 
 
q0 
 
{q1} 

Presenter
Presentation Notes
F is the set of all final states!  So its  not just q1,  it’s a subset of states!  So it is {q1}  Now let’s write the delta function for this Example.   Note that these table entries all have to be SUBSETS of Q.   Important to see that when draw diagram, edges can be left out.  For the delta function, you still need to define the result, because it’s a function!  All the missing cases go to EMPTY SET



NFA diagram to δ  
  What is the formal description of the transition 
function δ: Q x (Σ U {ε}) -> P(Q) for this NFA 
diagram?  
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A. δ(q0, 0) = {q0, q1}, δ(q0, 1) = {q0}, δ(q1, 0) = ∅, δ(q1, 1) 
= ∅ 

 
B.  δ(q0, 0) = q0, δ(q0, 0) = q1, δ(q0, 1) = q0 
 
C. δ(q0, 0) = {q0, q1}, δ(q0, 1) = {q0},  and  
     for all other cases of q in Q  and a in Σ U {ε} ,  δ(q, a) = ∅ 
 
D. δ(q0, {0, 1}) = q0, δ(q0, 0) = q1, δ(q1, ∅) = q1 
 
E. None of the above.  

Presenter
Presentation Notes
ITS C.  A is almost right, but its left out epsilon.  C  is correct  for the first line, and the 2nd line covers all the other cases.   B and D are wrong, because it gives you states of Q, not subset of Q.  Type ERROR!  



Review:   NFA Acceptance 

• 

“100” 

Is 100 accepted by the NFA? 
A. Yes 
B. No 
C. I don’t know  
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Presenter
Presentation Notes
YES  there is a path.  Draw this out in class…   Remind them must consume all input,  AND wind up in final state 



Review:  Tracing in an NFA 

• 

What are the two sequences of 
states on the input “100”? 

A.(q0,q0,q1,q2[accept]),       
 (q0,q1,q2[accept])  
  Final: Accept 
B.(q0,q0,q1,q2[accept]),   
 (q0,q1,q2[reject])  
  Final: Accept 
C.(q0,q0,q1,q2[accept]), 
 (q0,q1,q2[reject])  
  Final: Reject 
D.(q0,q0,q1,q2[reject]), 
 (q0,q1,q2[reject])  
  Final: Reject 

“100” 
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Presenter
Presentation Notes
Its B.  In second trace, no legal move from q2.  So that guess is reject.  But there is some guess that gets to accept.  So ACCEPT (100 in language) What’s wrong with A?  2nd sequence is reject, not acceptWhat’s wrong with c?  Final REJECT is WRONGWhat’s wrong with D?  First line is ACCEPT  so ACCEPT 



NFA with ε Edges 

 Is 11 accepted by this NFA? 
A. Yes 
B. No 
C. Sometimes 
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Presenter
Presentation Notes
YES!  Can take the epsilon edge.  There is no sometimes here…as long as there is some path in computation tree that leads to accept, NFA accepts



Review:  Tracing in NFA 

• Each row is a set of 
states that we are in at 
the “same time” 
–   { q1}  
–   { q1,q2,q3}  
–   { q1,q3}  
–   { q1,q2,q3,q4}  
–   { q1,q3,q4}  
 
•  

NFA with input 010110 
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Presenter
Presentation Notes
Recall that  in an NFA,  on reading a given input, can be in a SET of states!  So to keep track of these deterministically, have to keep track of SETS of STATES



Nondeterminism 
• Because NFAs are non-deterministic, 

the outcome (accept/reject) of the 
computation may be different from 
path to path in a trace on the same 
input. 

 
 
A. TRUE  
B. FALSE 
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Presenter
Presentation Notes
TRUE.  This is more or less saying the same thing as 2 slides ago.  



Language of NFA’s 

What is the language 
of this example NFA? 
A. {w │sum of w’s 

digits is a multiple 
of 2 or 3} 

B. {w │sum of w’s 
digits is a multiple 
of 2 or 3} U {ε} 

C. None of the above 
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Presenter
Presentation Notes
This is an example of a UNION of two DFA’s to get a more complex set.  Notice can accept any string of 0’s, or epsilon.  Any string of 0’s has sum 0, a multiple of 2 or 3.   It’s B!  Because of the epsilon move to a final state, even though q5 is not final.  Tricky!



Designing NFA’s 
 Similar to designing DFA’s in that 
• States are the only mechanism to “remember”  
• Helps to associate a “meaning” with each state  
Different than designing DFA’s in that 
•   More freedom on transitions  

•  Multiple edges with same label from a node, ε edges 
•  Need not have edge for every symbol in Σ  

• Parallelism 
•Launch threads to fork to all next possible states 
•If no possible next step, thread becomes dead 
•Accept if after reading all input, there is some live 
thread that is in a final state;  otherwise reject.   
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Given a  DFA D recognizing 
language L, can we always 
write a formal definition of an  
NFA whose language is L? 
A.Yes 
B.No 
C.Sometimes but not always  
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N is equivalent to D (since they accept same 
language L) 
Every DFA has an equivalent NFA!  

Presenter
Presentation Notes
YES  Only difference is the delta.   Make the range of delta to be subset (singleton) and  define all the missing pieces to be empty set (ie no edges)  



Example 1 
Construct an NFA that recognizes the following  language 
with alphabet Σ  = {0,1} 
 
 L = {w | w has a 1 in the third position from the right}  

16 

Presenter
Presentation Notes
We can set up NFA to GUESS when have reached 3rd position from end.  If any path works,  it will accept input.  Good use of guessing! 



Example 2 
Let Σ  = {0,1,2},  we define  
 L = {w#c | c є Σ, w є Σ*, and c occurs in w}  
 (over alphabet Σ  U {#} ) 
 
Design an NFA that recognizes L.  
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Presenter
Presentation Notes
This is a bit trickier.  Here you have to GUESS what symbol you will be looking for at end.  You also need to record the symbol to check at the end!  How do we do that?  Build it into the state set!  



What about a DFA? 
Let Σ  =  {0 ,1} ,   we def ine  
 L = {w#c | c є Σ ,  w є Σ * ,  and c  occurs  in  w}  
 (over alphabet Σ  U  {# }  )  
 
Design  a  DFA that recognizes L.  
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What does the DFA have to remember? 
How do we build that into states?  



Equivalence of Finite Automata 
NFA & DFA 

Another construction proof 
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Tracing  in NFA with ε Edges 

• Each row is a set of states that 
we are in at the “same time” 
–   { q1}  
–   { q1,q2,q3}  
–   { q1,q3}  
–   { q1,q2,q3,q4}  
–   { q1,q3,q4}  
• Recall that when we did the 
union closure proof with 
DFAs, we were always in a 
pair of states at the “same 
time”— simi lar  concept 
 

Run input 010110 on this  NFA:  
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Presenter
Presentation Notes
You can think of this as either parallel threads… or guesses   At each step, in a SUBSET of STATES OF Q  Keep track of everywhere can add epsilon on (only count once) 



Thm1.39: Every NFA has an equivalent DFA. 
• Given: NFA N =  (Q,Σ,δ,q0,F), where  
•                                    δ: Q x (Σ  U { ε} ) ->  P(Q),  
• Want: D FA D =  (Q’,Σ,δ’,q0’,F’) s .t. L(D) =  L(N). 
• Construction: //need to make a DFA that s imulates 

Nondeterm inism   by keeping track of the set of states of NFA!! 
• Case 1:  NFA N has no ε edges.   
Define D as follows:   
Q' = P ( Q )    Σ is the same     

δ’(R, a) = {q in Q | q in δ(r,a) for some r in R} 

q0’ = { q 0 }     

F’ = { R | R ⊆ Q  and R ∩ F is nonempty} 
• Case 2: NFA N has ε edges  (Proof in textbook) 

• A D FA recognizes  L(N), therefore every NFA has  an 
equivalent D FA. Q.E.D. 
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Presenter
Presentation Notes
NOTE THE EXPONENTIAL BLOW UP IN STATE SIZE!    States of NFA are subset of Q so START has to be a subset {q0}  May not be the best DFA—might be larger than needed!  There are ways to optimize, but we won’t be covering.  If you want to think about it, check out Myhill Nerode th.  READING THESE QUESTIONS:  PLEASE NOTE THAT THERE ARE LITTLE DIFFERENCES IN THE ANSWERS.  TO FIGURE OUT YOU NEED TO READ EACH ONE CAREFULLY.  WHAT IS THE DIFFERENCE?  FOR instance A and B are saying the same thing, but C is not. C is not the correct notation for giving a SET of states, which is what you want here.  Delta’(R,a) = U Delta(r,a) for r in R  So b is correct.   A is correct as well, since we keep track of the possible states M might be in for each state in R, while reading an A. C is not correct, its not a set of states.  So answer is D.  



ε edges 
Example 1.38 (Sipser)  
Convert this NFA to  
An  NFA without ε edges 
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To construct the DFA:   
Keep track of  the set of all states that NFA could 

be in, including  ε edges 



Thm. 1.39: Every NFA has an equivalent DFA. 

 • We also know every DFA is equivalent to an NFA. 
• Corollary of these two facts: 
• The class of languages recognized by DFAs and 

the class of languages recognized by NFAs are 
the same class:   

The Class of Regular Languages 

• Surprising that adding something as 
powerful as guessing/parallel ism to the 
DFA model could turn out to not increase the 
power of the model! 

• You can use either model in proofs 
– 
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CLOSURE OF REGULAR 
LANGUAGES UNDER 
CONCATENATION  

Why NFA’s are so Useful for Proofs 
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Presenter
Presentation Notes
We’ll cover one more proof in class, for concat.  But you are responsible as well for * (in the book).  



Our working  example 
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Basic idea:  Put side by side, and add “spontaneous” 
transition from every final state of M1 to start state of M2  

M1 

M2 

Presenter
Presentation Notes
The idea is to “guess” where the break is between first part of string in L1 and second part of string in L2 using nondeterminism.  First part of string is in L1 when have reached a final state in M1.  From there can guess can go to M2.  Do this by putting in an epsilon edge.  Start state of NFA is is start state of M1.  Q = Q1 U Q2.   We use all the edges of M1 and M2, but we put in extra epsilon edges from any final state of M1 (here q1 and q2) to start state of M2.  The final states are the final states of M2.  



• Proof: 
• Given: Two regular languages L1, L2. 
• Want to show: L1 o L2 is regular. 
• Because L1 and L2 are regular, we know there 

exist NFAs M1=  (Q1,Σ,δ1,q01,F1) and M2 =  
(Q2,Σ,δ2,q02,F2) that recognize L1 and L2.  

• We construct a new NFA M =  (Q,Σ,δ,q0,F), s.t.: 
Q = Q 1  U  Q 2   Σ is the same 
q0 = q 0 1    F =  F 2  
δ(q,a) =  ?    
 

26 

Thm 1.47. The class  of regular languages 
over fixed Σ is closed under concatenation 

Presenter
Presentation Notes
QU  Which of the following are  incorrect  transition for Delta?  A is incorrect since in the case q is in F1, we have to add an epsilon edge to q2.  B  states the case for q non-final, and is correct.  C  gives the case for q Final, and  epsilon. And  Di is correct since once we are in M2, we stay there.  Start state of NFA is is start state of M1.  Q = Q1 U Q2.   We use all the edges of M1 and M2, but we put in extra epsilon edges from any final state of M1 (here only q1) to start state of M2.  The final states are the final states of M2. 



Thm 1.47. The class  of regular languages 
over fixed Σ is closed under concatenation 

A. δ1(q,a)    if q in Q1 
 

B. δ1(q,a)    if q in Q1 and q not in F1 
 

C. δ1(q,a) U {q02}  if q in F1 and a = ε 
 

D. δ2(q,a)    if q in Q2 
 

E. More than one of the above  

Which  is an incorrect case for δ(q,a) = ? 
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Presenter
Presentation Notes
QU  Which of the following are  in correct  transition for Delta?  A.  A is incorrect since in the case q is in F1, we have to add an epsilon edge to q2.  B  states the case for q non-final, and is correct.  C  gives the case for q Final, and  epsilon. And  Di is correct since once we are in M2, we stay there.  Start state of NFA is is start state of M1.  Q = Q1 U Q2.   We use all the edges of M1 and M2, but we put in extra epsilon edges from any final state of M1 (here only q1) to start state of M2.  The final states are the final states of M2. 



• Proof: 
• Given: Two regular languages L1, L2. 
• Want to show: L1 o L2 is regular. 
• Because L1 and L2 are regular, we know there exist 

NFAs M1=  (Q1,Σ,δ1,q01,F1) and M2 =  
(Q2,Σ,δ2,q02,F2) that recognize L1 and L2. We 
construct an NFA M =  (Q,Σ,δ,q0,F), s.t.: 

 Q = Q1 U Q2  Σ is the same 
 q0 = q 0 1    F =  F 2  
δ(q,a) =    δ1(q,a)    if q in Q1 and q not in F1 
      δ1(q,a)     if q in F1 and  a ≠ ε  
               δ1(q,a) ∪ {q02} if q in F1 and  a = ε 
      δ2(q,a)     if q in Q2 
    Claim to prove:  L(M) = L1 o L2 28 

Thm 1.47. The class  of regular languages 
over fixed Σ is closed under concatenation 

Presenter
Presentation Notes
QU   WHY USE NFA’s here?  We could use either.  But delta 1 and 2 being NFA’s already means that the result is a set, so that is convenient for us.   But we do have to define new delta to include epsilon.    Which of the following are  incorrect  transition for Delta?  A is incorrect since in the case q is in F1, we have to add an epsilon edge to q2.  B  states the case for q non-final, and is correct.  C  gives the case for q Final, and  epsilon. And  Di is correct since once we are in M2, we stay there.  Start state of NFA is is start state of M1.  Q = Q1 U Q2.   We use all the edges of M1 and M2, but we put in extra epsilon edges from any final state of M1 (here only q1) to start state of M2.  The final states are the final states of M2. 



• Proof also uses NFA’s 
• Basic Idea, given NFA N = (Q,Σ,δ,q0,F) , 

define N’: 
• For every final state in N, add ε edge  

back to q0, N’s start state  
• Create a new start state q’, add to F, 

and add ε edge  to q0 
• See Proof in Sipser 
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Thm 1.49. The class  of regular languages 
over fixed Σ is closed under  * (star). 



Qu:  In your opinion, would it be 
easier  for you to write a program to 
simulate a DFA or an NFA? 

A. NFA, because they seem to be more powerful 
and can compute more  

B. DFA, because they do one step at a time 
C. Neither of the above 
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Presenter
Presentation Notes
Answer is Its harder to simulate a NFA, because you have to consider all possible paths in a trace. DFA’s have only 1.  And, as we saw, NFA’s are EQUIVALENT TO DFA’s.  SURPRISE!  SO WHILE THEY SEEM MORE POWERFUL< THEY ARE NOT>   But this doesn’t mean they are easier to simulate by a program.  Having all possible paths to trace makes them harder. 



Summary of Closure Properties of 
Regular Languages 

The class of regular languages is closed under: 
 
• Union     Sipser, Th. 1.25 
• Intersection    Lec. 3  
• Complement     HW 2    
• Symmetric Difference  Lec. 3, Ex. 4 
• Concatenation   Sipser, Th. 1.47 
• Star (*)     Sipser, Th 1.49 
• Flipping Bits     Lec. 3, Ex. 1 
Other examples: 
• Symbol-by-symbol translation  Lec. 3, Ex. 5 
• Deleting a symbol   Lec 3, Ex. 2 
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