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Today's learning goals Sipser Ch 5.1, 7.1, 7.2

• Relate recognizability, co-recognizability, and decidability

• Prove that a set is not recognizable.

• Describe how the runtime of Turing machines can be used to 
compare problems: which is harder?

• Compute the big-O class of the runtime of a TM from its 
implementation-level description.

• Distinguish between implementation-level decisions that impact 
the big-O class of the runtime and those that don't.

• Define the time complexity class P

• Name some problems in P



Announcements
• HW7 (last one!) due Friday May 27

• RQ9 (last one!) due Monday May 30 – holiday!

• Review session Thursday June 2

• CAPE and TA evaluations open

• Final exam study guide on Ted

• Final Saturday June 4 11:30am-2:29pm.



Unrecognizable sets

Recognizable sets

Decidable sets

ATM

?

HALTTM

ADFA

EQDFA



Invariant Sipser 4.22

Theorem: A language is decidable iff it is Turing-

recognizable and its complement is Turing-recognizable



Invariant Sipser 4.22

Theorem: A language is decidable iff it is Turing-

recognizable and its complement is Turing-recognizable

As a consequence of this theorem: if a language is 

undecidable and Turing-recognizable then, 

A. we get a contradiction.

B. its complement must be decidable.

C. its complement must be recognizbale.

D. its complement must be unrecognizable.

E. I don't know.



Invariant Sipser 4.22

Theorem: A language is decidable iff it is Turing-

recognizable and its complement is Turing-recognizable.

Strategy: To prove that a language is unrecognizable

- Prove that it is undecidable

- Prove that its complement is recognizable.

First example: is unrecognizable.



Proof of theorem 
• Assume L is decidable.

• WTS that L is recognizable and co-recognizable.



Proof of theorem 
• Assume L is recognizable and co-recognizable.

• WTS that L is decidable.



Consequence
Claim: Exactly one of ETM and its complement is recognizable.

Proof:

Why not both?

Which is?



Time complexity
• Section 7.1: time complexity, asymptotic upper bounds.

• Section 7.2: polynomial time, P

• Section 7.3: NP, polynomial verifiers, nondeterministic 

machines.

Decidability vs. Complexity



Time complexity
Goal: Which decidable questions are intrinsically easier

(faster) or harder (slower) to compute?

Algorithms that halt might take waaaaaaaaaaaay too long

………………………………

e.g., too long for any reasonable applications.



Measuring time
• For a given algorithm working on a given input, how long do 

we need to wait for an answer?

• For a problem decided by a given algorithm, how does the 

running time depend on the input in the worst-case? average-

case? Expect to have to spend more time on larger inputs.

• What's in common among all problems that are efficiently 

solvable?



Measuring time
• For a given algorithm working on a given input, how long 

do we need to wait for an answer? Count steps!

• For a problem decided by a given algorithm, how does 
the running time depend on the input in the worst-case? 
average-case? Big-O

• What's in common among all problems that are 
efficiently solvable? Time(n)



Time complexity
For M a deterministic decider, 

its running time or time complexity is the function 

f: N  R+ given by

f(n) = maximum number of steps M takes before halting,

over all inputs of length n.

worst-case analysis



Time complexity
For M a deterministic decider, 

its running time or time complexity is the function 

f: N  R+ given by

f(n) = maximum number of steps M takes before halting,

over all inputs of length n.

Instead of calculating precisely, 

estimate f(n) by using big-O 

notation.



TM analysis
M1 = "On input string w:

1. If the current tape location is blank, halt and accept.

2. Otherwise, cross off this cell’s contents and move the tape 

head one position to the right.

3. If the current tape location is blank, halt and reject.

4. Otherwise, cross off this cell’s contents and move the tape 

head one position to the right.

5. Go to step 1.”



TM analysis
M1 = "On input string w:

1. If the current tape location is blank, halt and accept.

2. Otherwise, cross off this cell’s contents and move the tape 

head one position to the right.

3. If the current tape location is blank, halt and reject.

4. Otherwise, cross off this cell’s contents and move the tape 

head one position to the right.

5. Go to step 1.”

Is M1 a decider?

A. Yes.

B. No.

C. It depends on w.

D. I don't know.



TM analysis
M1 = "On input string w:

1. If the current tape location is blank, halt and accept.

2. Otherwise, cross off this cell’s contents and move the tape head 

one position to the right.

3. If the current tape location is blank, halt and reject.

4. Otherwise, cross off this cell’s contents and move the tape head 

one position to the right.

5. Go to step 1.”

One step is one transition: a 

(possible) change in internal 

state, a change in current 

symbol on the tape, and  a move 

fo the tape head

How many steps are executed by M1 on 1010?

A. 1

B. 4

C. 5

D. None of the above.

E. I don't know.



TM analysis
M1 = "On input string w:

1. If the current tape location is blank, halt and accept.

2. Otherwise, cross off this cell’s contents and move the tape head 

one position to the right.

3. If the current tape location is blank, halt and reject.

4. Otherwise, cross off this cell’s contents and move the tape head 

one position to the right.

5. Go to step 1.”

L(M1) = { w such that |w| is even}.  M1 takes n+1 steps to halt on input of size n.

Running time of M1 is O(n).  



{0k1k | k≥0 }
M2 = “On input w:

1. Scan across the tape and reject if w not of the form 0*1*.

2. Repeat the following while there are both 0s and 1s on tape:

Scan across tape, each time crossing off a single 0 and a single 1.

3. If 0’s remain after all 1’s checked off, reject.

4. If 1’s remain after all 0’s checked off, reject.

5. Otherwise, accept.” 
For input w of length n, how many steps does 

stage 1 take?

A. 1 B. n

C.  2n D. It depends on n

E.   I don't know.



{0k1k | k≥0 }
M2 = “On input w:

1. Scan across the tape and reject if w not of the form 0*1*.

2. Repeat the following while there are both 0s and 1s on tape:

Scan across tape, each time crossing off a single 0 and a single 1.

3. If 0’s remain after all 1’s checked off, reject.

4. If 1’s remain after all 0’s checked off, reject.

5. Otherwise, accept.” 
How many times do we repeat in stage 2 (in the 

worst case)?

A. n B. 2n

C.  n/2 C. n2

E.   I don't know.



Big-O review Sipser p. 249

• To add big-O terms: pick maximum

• Can drop / ignore constants

• Polynomials: use highest order term

• logab = O(log2b) = O(log b)



{0k1k | k≥0 }
M2 = “On input w:

1. Scan across the tape and reject if w not of the form 0*1*.

2. Repeat the following while there are both 0s and 1s on tape:

Scan across tape, each time crossing off a single 0 and a single 1.

3. If 0’s remain after all 1’s checked off, reject.

4. If 1’s remain after all 0’s checked off, reject.

5. Otherwise, accept.” 

Running time of M2 is O(n) + O(n2) + O(n) + O(n) = O(n2)

Running time of M2 is O(n2).  



Time complexity classes
TIME(t(n)) = { L | L is decidable by a TM running in O(t(n)) }

• Exponential

• Polynomial

• Logarithm



Why is it okay to group all polynomial running times?

• Contains all the "feasibly solvable" problems.

• Invariant for all the "usual" deterministic TM models

• multitape machines (Theorem 7.8)

• multi-write



Working with P
• Problems encoded by languages of strings

• Need to make sure coding/decoding of objects can be done in 

polynomial time.

• Algorithms can be described in high-level or 

implementation level

CAUTION: not allowed to guess / make non-deterministic 

moves.



Graph problems
• PATH

{ < G,s,t > | G a directed graph with directed path from s to t}

• CONNECTED

{ < G > | G a directed graph with single connected component.}

etc.

What's the size of this encoding?

A. Equal to the number of nodes in G

B. Equal to the number of vertices in G

C. A polynomial function of num nodes in G

D. An exponential function of num nodes in G

E.   I don't know.



Graph problems
• PATH

{ < G,s,t > | G a directed graph with directed path from s to t}

• CONNECTED

{ < G > | G a directed graph with single connected component.}

etc. Compute running time of graph algorithms in 

terms of number of nodes!



PATH Sipser p. 260

M = “On input <G,s,t> where G is digraph, s and t are nodes in G:

1. Place mark on node s

2. Repeat until no additional nodes are marked

Scan edges of G.  If edge (a,b) is found where a is marked and b

is unmarked, mark b.

3. If t is marked, accept; otherwise, reject.” 



PATH Sipser p. 260

M = “On input <G,s,t> where G is digraph, s and t are nodes in G:

1. Place mark on node s

2. Repeat until no additional nodes are marked

Scan edges of G.  If edge (a,b) is found where a is marked and b

is unmarked, mark b.

3. If t is marked, accept; otherwise, reject.” 

Running time of M is O(1) + O(n * n2) + O(1) = O(n3)

PATH is in P.


