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Today's learning goals Sipser Ch 2

• Design a PDA and a CFG for a given language

• Give informal description for a PDA, given its formal definition

• Implement a formal definition of a PDA, give an informal 

description of its behavior

• Compare the classes of regular languages, context-free 

languages, and non-context-free languages

• Distinguish between a DFA, NFA, PDA, and a Turing machine

• Use the formal definition of a Turing machine



Recap: Context-free languages
Context-free grammar

One-step derivation

Derivation

Language generated by grammar



Recap: PDA Sipser Def 2.13 p. 111



PDAs and CFGs are equivalently expressive

Theorem 2.20: A language is context-free if and only some 

nondeterministic PDA recognizes it.

Consequences

- Quick proof that every regular language is context free

- To prove closure of class of CLFs under a given operation, can choose two 

modes of proof (via CFGs or PDAs) depending on which is easier



Example
L = { aibjck | i=j or i=k, with i,j,k≥0 }

Which of the following strings are 

not in L?

A. b

B. abc

C. abbcc

D. aabcc

E. I don't know.
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To design a CFG that generates L…

L = { aibjck | i=j, with i,j,k≥0 } U { aibjck | i=k, with i,j,k≥0 } 
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Designing a PDA
L = { aibjck | i=j or i=k, with i,j,k≥0 }

Informal description of PDA: 

How would you design an algorithm that, given a string, 
decides if it is in this set?

- What information do you need to track?

- How much memory do you need?

- Are you using non-determinism?



Designing a PDA
L = { aibjck | i=j or i=k, with i,j,k≥0 }

Informal description of PDA:

• The PDA pushes a $ to indicate the top of the stack, then starts reading a's, pushing each one 
on to the stack.

• The PDA guesses when it's reached the end of the a's and whether to match the number of a's 
to the number of b's or the number of c's.

• If trying to match number of b's with number of a's: PDA pops off a's for each b read.  If there are 
more a's on the stack but no more b's being read, reject.   When the end of the stack ($) is 
reached, the number of a's matches the number of b's.  If this is the end of the input or if any 
number of c's is read at this point, accept; otherwise, reject.

• If trying to match the number of c's with number of a's: first read any number of b's without 
changing stack contents and then nondeterministically guess when to start reading c's.  For each 
c read, pop one a off the stack.  When the end of the stack ($) is reached the number of a's and 
c's so far match.  



Designing a PDA
L = { aibjck | i=j or i=k, with i,j,k≥0 }

Formal definition of PDA:



Conventions for PDAs
• Can "test for end of stack" without providing details

• We can always push the end-of-stack symbol, $, at the start.

• Can "test for end of input" without providing details

• Can transform PDA to one where accepting states are only those 

reachable when there are no more input symbols.

• Don't always need to provide a state transition diagram!



Other classes of languages?

Are all strings context-free?

A. Yes, because every string is finite.

B. Yes, because the set of all strings is regular.

C. No, because the computation could get stuck.

D. No, because the type is wrong.

E. I don't know.



Other classes of languages?

Are all sets of strings over fixed alphabet Σ context-free?

A. Yes, because the class of CFL is a strict superse of RL.

B. Yes, because the set of all strings is regular.

C. No, because we can apply the Pumping Lemma.

D. No, because the diagonalization argument applies again.

E. I don't know.



Informal intuition

Which specific language is not context-free?

A. { 0n1m0n | m,n≥0 }

B. { 0n1n0n | n≥0 }

C. { 0n12n | n≥0 }

D. { 0n12m | m,n≥0 }

E. I don't know.



Examples of non-context-free languages

• { anbncn | 0 ≤ n } Sipser Ex 2.36

• {aibjck | 0 ≤ i ≤ j ≤ k } Sipser Ex 2.37

• { w w | w is in {0,1}* } Sipser Ex 2.38

To prove… Pumping lemma for CFLs



Closure properties of .. 
The class of regular languages is 
closed under

• Union

• Concatenation

• Star

• Complementation

• Intersection

• Difference

• Reversal

• Homomorphism

The class of context-free 
languages is closed under

• Union

• Concatenation

• Star

• Reversal

• Homomorphism

It is not closed under

• Intersection

• Complement

• Difference



Turing machines
• Unlimited input

• Unlimited (read/write) memory

• Unlimited time



Turing machine computation
• Read/write head starts at leftmost position on tape

• Input string written on leftmost squares of tape, rest is blank

• Computation proceeds according to transition function:
• Given current state of machine, and current symbol being read

• the machine 

• transitions to new state

• writes a symbol to its current position (overwriting existing symbol)

• moves the tape head L or R

• Computation ends if and when it enters either the accept
or the reject state.



Language of a Turing machine
L(M) = { w | computation of M on w halts after entering the 

accept state}

i.e. L(M) = { w | M is accepted by w}

Comparing TMs and PDAs, which of the following is true:

A. Both TMs and PDAs may accept a string before reading all of it.

B. A TM may only read symbols, whereas a PDA may write to its stack.

C. Both TMs and PDAs must read the string from left to right.

D. States in a PDA must be either accepting or rejecting, but in a TM 

may be neither.

E. I don't know.



Why is this model relevant?
• Division between program (CPU, state space) and data 

(memory) is a cornerstone of all modern computing

• Unbounded memory is outer limits of what modern 

computers (PCs, quantum computers, DNA computers)

can implement.  

• Simple enough to reason about (and diagonalize against), 

expressive enough to capture modern computation.



Formal definition of TM



Example

What is Σ?

A. { 0 }

B. { 0, ☐, R }

C. { ☐, R }

D. { ☐ }

E. I don't know.



Example

Which of these strings is not

accepted by this TM?

A. ε

B. 0

C. 00

D. More than one above.

E. I don't know. What is the language of this TM?



Configurations of a TM
• Current state

• Current tape contents

• Current location of read/write head

u q v

current state is q

current tape contents are uv (and then all blanks)

current head location is first symbol of v



Configurations of a TM
• Current state

• Current tape contents

• Current location of read/write head

u q v

current state is q

current tape contents are uv (and then all blanks)

current head location is first symbol of v

Start configuration on w:

q0 w

Accepting configuration:

u q_acc v

Rejecting configuration:

u q_rej v

Halting configuration: any 

configuration that is either 

rejecting or halting.



Deciders and recognizers Sipser p. 144

• L is Turing recognizable if some Turing machine 

recognizes it.

• L is a decider if it always decides.

• L is Turing decidable if some Turing machine decides it.



Reminders
• RQ 4b due Saturday April 30

• RQ 5 due Monday May 2

• HW5 due Friday May 6

• HW sheet + Gradescope link available soon


