
CSE 200 Computability and Complexity Monday, May 6, 2013

Lecture 11: Circuit Lower Bounds
Instructor: Professor Shachar Lovett Scribe: Dongcai Shen

1 Circuit Classes: NCi and ACi

There are specific kinds of circuits for which lower bounds techniques were successfully developed. One is
small-depth circuits, the other is monotone circuits. For constant-depth circuits with AND,OR,NOT gates,
people proved that they cannot compute simple functions like PARITY [3, 1] or MAJORITY. For monotone
circuits, Alexander A. Razborov proved that CLIQUE, an NP-complete problem, has exponential-sized circuit
complexity [5]. We won’t talk about lower bounds for monotone circuits.

Definition 1 (NC) NCi is the class of languages solved using circuits of depth O(logi n), size poly(n), with
AND, OR, NOT gates of fan-in ≤ 2. �

NC stands for “Nick’s Class” named by Steven Cook in honor of Nick Pippenger. NC0 includes functions
f(x1, · · · , xn) which depend on O(1) inputs. Clearly, NC0 circuits cannot compute all functions. For example,
PARITY cannot be computed by NC0 because the parity value depends on all n inputs, instead of a constant
number of inputs. However, we still don’t know the answer yet:

Question 2 P = NC1? �

Note: obviously, NC1 ⊆ P/poly.

Definition 3 (AC) ACi is the same as NCi except that AND, OR gates allow unbounded fan-ins. �

AC stands for “alternation circuits”.

AND

VERIFY(x) VERIFY(x) · · · VERIFY(x)
∈ P

Figure 1: NP

OR

VERIFY(x) VERIFY(x) · · · VERIFY(x)
∈ P

Figure 2: co-NP

Intuitively, circuits have combinatorial structures that resemble PH, as illustrated in Figure 1, 2, 3, and 4.
So back in the 1980s, people suspected that by using some known combinatorial techniques, proving lower
bounds of them might be easy.
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Figure 4: AC0

2 PARITY 6∈ AC0

Let PARITY be:

PARITY(x1, · · · , xn)
def
=

{
0

∑
xi is even

1
∑
xi is odd

Theorem 4 AC0 cannot compute PARITY. �

An approach for proving Theorem 4 is polynomial approximation developed by Alexander A. Razborov [6]
and later generalized by Roman Smolensky [7]. We will demonstrate this method. Another approach for
proving Theorem 4 is by H̊astad’s switching lemma [4], which we won’t show.

Sidenotes. AC0 is the class of circuits that use AND, OR, NOT gates only, of constant depth and poly size.
We can show that “AC0 + PARITY-gates” cannot compute SUM-MOD-3. We don’t know how to prove that
“AC0 +PARITY-gates+SUM-MOD-3 gates” cannot compute all functions of NP. The best known result to date
is NEXP 6⊆ AC0 + PARITY + SUM-MOD-3, namely, NEXP is not in ACC, by Ryan Williams [8]. ACC stands
for “alternation circuits with counters” where counters are SUM-MOD-m gates for any m ≥ 2. Details of the
definition of ACC is in the text [2] Page 291.

We will show that AC0 cannot compute PARITY. Polynomials is a natural model for Boolean functions as
well as Boolean circuits. For example, consider f(x1, x2) = x1 ∧ x2. It can be straightforwardly represented
as f(x1, x2) = x1x2 shown in Table 1.

x1x2 00 01 10 11

f 0 0 0 1

Table 1: f(x1, x2) = x1 ∧ x2 where x1, x2 ∈ {0, 1}

However, we consider a special case of polynomials. Firstly, its base elements are monomials, whose
detailed definition can be found in Mathworld: http://mathworld.wolfram.com/Monomial.html.

Definition 5 (Monomial) A monomial is a product of positive integer powers of a fixed set of variables
(possibly) together with a coefficient, e.g., x, 3xy2, or −2x2y3z. A monomial with the coefficient excluded
is usually called a term. �
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Secondly, we restrict xi be chosen in {0, 1}. So, any term with xi whose exponent is > 1 is still xi because
xki = xi, ∀k ≥ 1. Such property is called multilinear, meaning each variable has a degree of either 0 or 1.
Therefore, any function f can be thought of as a vector in R2n and
• n = # of input variables;
• 2n = # of possible input values.

We can formally define polynomials:

Definition 6 (Polynomial) A polynomial p(x) is the sum of a set of monomials. Each of these monomial
is multiplied with a coefficient.

p(x1, · · · , xn)
def
=

∑
S⊆[n]

ps
∏
i∈S

xi

�

To check the sanity of a polynomial, R2n has a natural basis:

{χx0}x0∈{0,1}n where χx0(x)
def
=

{
1 If x = x0

0 Otherwise
(1)

χx0 is the characteristic function of a constant vector x0. Obviously, any function f can be represented
as f =

∑
x0∈{0,1}n

f(x)χx0(x). Apparently, these 2n vectors are linear independent. So dimR{0,1}n = 2n.

Moreover, R{0,1}n has another monomial basis:

{mS(x)}S⊆[n] where mS(x)
def
=

∏
i∈S

xi (2)

Claim 7 (Monomials is a basis) Any function f : {0, 1}n → R can be computed by a unique polynomial.
�

Proof We prove it by a dimensional argument. We will show that the set of 2n monomials defines linearly
independent functions when evaluated on {0, 1}n. Since the dimension of the vector space of functions
f : {0, 1}n → R is also 2n, it shows that monomials constitute a basis, hence any function can be uniquely
written as a linear combination of monomials (e.g. a polynomial).

To show that the 2n vectors are linearly independent, it suffices to show that ∀x ∈ {0, 1}n,
∑
S pS ·

mS(x) = 0 implies pS = 0 ∀S. Take the contrapositive,suppose ∃S s.t. pS 6= 0, we go on to prove that
∃x ∈ {0, 1}n s.t.

∑
S pS ·mS(x) 6= 0.

To show that, choose a minimal S′ s.t. pS′ 6= 0. Define an assignment xS
′
:

xS
′

i ←

{
1 i ∈ S′

0 i 6∈ S′

Evaluate p(xS
′
) =

∑
S⊆[n]

pSmS(xS
′
). We have 3 cases because S′ is minimal:

• If S ( S′, then pS = 0;
• If S = S′, then pS

∏
i∈S xi = pS 6= 0;

• If S 6⊆ S′, then
∏
i∈S xi = 0.

Hence, p(xS
′
) = pS′ 6= 0.

Definition 8 (Degree of a polynomial) The degree of p(x) is the maximal |S| s.t. pS 6= 0. �

For example, AND(x1, · · · , xn) =
∏n
i=1 xi’s degree is n. Next, We introduce the notion of a probability

distribution over a set of polynomials.
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Definition 9 (Probability distribution of polynomials) A probability distribution of polynomials
{p1(x), · · · , pm(x)} is 

p1(x) w. prob. α1 ∈ (0, 1]

p2(x) w. prob. α2 ∈ (0, 1]

· · ·
pm(x) w. prob. αm ∈ (0, 1]

where
m∑
i=1

αi = 1. The distribution has degree k if all polynomials which can be sampled have degree ≤ k. �

Remark We only consider distributions with finite support. This will be clear when we show the con-
struction of polynomials in the proofs of Lemma 10 and Lemma 11 in the next lecture.

Lemma 10 (Approximating an AND-gate by polynomials) ∀n ∈ N which is the number of input vari-
ables and ε > 0, there exists a distribution over polynomials of degree k = O(log n · log 1

ε ) s.t. ∀x ∈ {0, 1}n,

Pr
p

[p(x) = AND(x)] ≥ 1− ε.

�

We have a similar lemma for OR-gates:

Lemma 11 (Approximating an OR-gate by polynomials) ∀n ∈ N which is the number of input vari-
ables and ε > 0, there exists a distribution over polynomials of degree k = O(log n · log 1

ε ) s.t. ∀x ∈ {0, 1}n,

Pr
p

[p(x) = OR(x)] ≥ 1− ε.

�

Lemma 11 can be proved by either constructing an original polynomial to mimic an OR-gate in a way similar
to its counterpart Lemma 10 (an exercise) or applying the De Morgan’s Law to Lemma 10 directly. Moreover,
a NOT-gate can be easily represented by a polynomial. Suppose the input wire is p(x), the output of a NOT-gate

is p′(x)
def
= 1− p(x). Utilizing these powerful lemmas, we have the following corollary:

Corollary 12 (Approximating an AC0 circuit C(x) by polynomials) For any AC0 circuit of depth d,
with n input variables and S gates, there exists a distribution over polynomials of degree O((logS)2d)
s.t. ∀x ∈ {0, 1}n,

Pr
p

[p(x) = C(x)] ≥ 2

3
.

�

Proof of Corollary 12: Fix an input x ∈ {0, 1}n. Let g1(·), g2(·), · · · , gS(·) be all gates of C and
v1(x), v2(x), · · · , vS(x) be the corresponding values that these gates take on input x. Order the gates
s.t. v1 = x1, · · · , vn = xn and vi = gi(v1, · · · , vi−1) for any i > n where gi ∈ {AND, OR, NOT}.

Apply Lemma 10 or Lemma 11 to each gate gi(·). Let ε = 1
3S , there exists a distribution Di over

polynomials of degree k = O((logS) · (log 3S)) = O((logS)2) s.t.

Pr
pi←Di

[pi(v1(x), · · · , vi−1(x)) = vi(x)] ≥ 1− 1

3S
(3)

This implies

Pr
p1←D1,··· ,pS←DS

[∀i ∈ [S], pi(v1(x), · · · , vi−1(x)) = vi(x)] ≥ 2

3
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because

Pr
p1←D1,··· ,pS←DS

[∃i ∈ [S] s.t. pi(v1(x), · · · , vi−1(x)) 6= vi(x)]

≤
S∑
i=1

Pr
p1←D1,··· ,pS←DS

[pi(v1(x), · · · , vi−1(x)) 6= vi(x)] the union bound

<S · 1

3S
By (3)

=
1

3

Now, pi(x) correctly computes vi(x) assuming its inputs v1(x), · · · , vi−1(x) are correct. We need to
obtain a comprehensive polynomial for each gate vi by plugging in i − 1 other comprehensive polynomials
substituting v1(x), · · · , vi−1(x). Define polynomials q1(x), · · · , qS(x) inductively:

qi(x)
def
=

{
xi If vi’s depth is 0

pi(q1(x), · · · , qi−1(x)) Otherwise

Note that if ∀i ∈ [S], pi(v1(x), · · · , vi−1(x)) = vi(x), then qi(x) = vi(x). Moreover, if vi’s depth is di
then deg(qi) ≤ O((logS)2di). This follows from the following simple fact: suppose T = p(q1, · · · , qi) where
deg(p) = k and deg(qi) ≤ r. Then deg(T ) ≤ kr. So,

Pr [qS(x) = C(x)] ≥ 2

3

and deg(p) ≤ O((logS)2d).

Lemma 10 will be proved in the next lecture.
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