
CSE 200 Computability and Complexity Monday, April 22, 2013

Lecture 7: Space Complexity
Instructor: Professor Shachar Lovett Scribe: Dongcai Shen

1 LOGSPACE Reduction ≤L

This week we will talk about space complexity. We started at poly-time (P) to investigate time complexity.
Linear time (O(n)) is the smallest granularity we looked at which lets us read the whole input (we may talk
about sublinear time later). However, space seems more robust than time. An input of size n can be read
(and processed) in logarithmic space. For example, a TM can simulate a RAM model with pointers of size
O(log n). So the starting point of space complexity is logarithmic instead of linear. We try to research on
some more delicate structures inside P.

Definition 1 (Space complexity for languages: SPACE(·)) A language L ⊂ {0, 1}∗ is in SPACE(S(n))
if there is a Turing machine M that accepts it. M has two tapes:
• Input tape, length n, read-only.
• Work tape, length S(n), read-write.

and two halting states: qaccept and qreject. �

Note the above TM doesn’t have an output tape because it doesn’t need it. Read Page 79 in the text [1] for
more details. An example of a real-world computation device is a router. It processes information that is
much larger than it stores in its local cache. Similar to time complexity, we have some interesting classes.

Definition 2 (PSPACE & L (i.e. LOGSPACE))

• PSPACE
def
= ∪c>0 SPACE(nc).

• L
def
=LOGSPACE

def
=SPACE(O(log n)). �

The Space Hierarchy Theorem tells us that L ( PSPACE. For example, SAT ∈ SPACE(n) ( PSPACE.

Claim 3 L ⊆ P. �

Sketch of Proof Use the proposition SPACE(S(n)) ⊆ TIME(2S(n)) we proved in Lecture 3.

However, we still don’t know:

Question 4 L = P? �

People think probably L ( P. To see a problem in L, let’s consider BALANCED
def
= {x ∈ {0, 1}∗ : # of 0’s = # of 1’s}.

Claim 5 BALANCED ∈ LOGSPACE. �

Next, let’s consider LOGSPACE reduction ≤L. Suppose we have two languages L1 and L2. How to define
L1 ≤L L2?

The 1st attempt (inaccurate): “If f : {0, 1}∗ → {0, 1}∗ computable in LOGSPACE s.t. x ∈ L1 ⇔ f(x) ∈
L2.” What does “compute f in LOGSPACE” mean? The TM computing f should have
• Input tape: of length n, read-only.
• Work tape: of length S(n) = log n, read/write.
• Output tape: write-only.
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The situation is illustrated in Figure 1. Recall that we want: “if L2 ∈ LOGSPACE, then L1 ∈ LOGSPACE”.
The problem is that f(x) could be long. However, with the present attempted definition, if M2 computes
L2 in LOGSPACE, then M2(f(x)) might not be in LOGSPACE because M2 may need to firstly write down
the string after transformation on its work tape. How to modify the above definition of reduction so that
we still have composability?

Input tape: 〈f(x)〉1 Input tape 〈x〉

Work tape: of length log n Work tape: of length log n

M2 f(x)

1Can be longer than logn.

Figure 1: Subtleties in defining ≤L: composing f and M2 to compute M2(f(x))

We solve this by defining space complexity SPACE(·) for functions.

Definition 6 (Space complexity for functions: SPACE(·)) A function f : {0, 1}∗ → {0, 1}∗ is in SPACE(S(n))
if ∀i ∈ N, we can compute the i-th bit of f(x) in SPACE(S(n)). Formally, we say f ∈ SPACE(S(n)) if both

L′
def
= {(x, i) : fi(x) = 1} and L′′

def
= {(x, i) : i ≤ |f(x)|} are in SPACE(S(n)). �

An equivalent model is a TM which outputs bits one by one, say by special states qouput 0, qouput 1 (make
sure you see why the models are equivalent).

Claim 7

• (Transitivity) If L1 ≤L L2, L2 ≤L L3, then L1 ≤L L3.

• (In LOGSPACE) If L1 ≤L L2, L2 ∈ LOGSPACE, then L1 ∈ LOGSPACE. �

Proof We would only prove transitivity (1st item). The 2nd item is proved in an analogous way. Suppose
f : {0, 1}∗ → {0, 1}∗ in LOGSPACE and x ∈ L1 ⇔ f(x) ∈ L2 for any x ∈ {0, 1}∗. Suppose g : {0, 1}∗ →
{0, 1}∗ in LOGSPACE and y ∈ L2 ⇔ g(y) ∈ L3 for any y ∈ {0, 1}∗. We need to show g(f(x)) ∈ LOGSPACE.

Input tape: 〈x〉

Work tape for f1: of length log n

Work tape for g2: of length log n

1Computing f(x) is implicit.
2Computing g(f(x)) is implicit.

Figure 2: L1 ≤L L2, L2 ≤L L3 ⇒ L1 ≤L L3

To be more specific, by Definition 6, we need to show: L′ = {(x, i) : gi(f(x)) = 1}, L′′ = {(x, i) :
|g(f(x))| ≤ i} both in LOGSPACE. This can be done by only computing bits “on-the-fly” as illustrated in
Figure 2. Formally, for L′ we run the machine computing gi(f(x)), assuming an imaginary read-only tape
(which doesn’t really exist) on which f(x) is written. Whenever a bit from this tape is supposed to be read,
we compute the appropriate bit from f(x). A similar solution works for L′′.
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2 Nondeterministic Space

How to define nondeterministic space? Recall nondeterministic poly-time (i.e. NP) has two equivalent defi-
nitions:
• “has a poly-length certificate that can be checked in poly-time by a deterministic TM (i.e. the verifier)”;

or
• “can be computed by a nondeterministic TM in poly-time”.

Can we still have the nice pair of equivalent definitions for nondeterministic space? The answer is no if we
are not careful enough because of the nuance in defining space-bounded computation. Below we show the
corresponding two attempts and we’ll see why.

1st attempt (need to be fixed).
• Input x, read-only.
• Proof y, read-only.
• Verify the proof in SPACE(S(n)).

A serious problem is that if we define NSPACE in this way, we’ll have 3-SAT ∈ nondeterministic log space!
The second attempt is to simulate nodeterministic TM, which has several choices in each step.

2nd attempt (real).
• Input x, read-only.
• Input y, read-only, head can only move to the right.
• Work space S(n).

The 2nd model captures the notion of a nondeterministic machine, as the input y can be seen as instructions
to the machine which transition function to choose at any step. Equivalently, it can be seen as read-once
proof. See pages 89–90 in [1] for more details.

Definition 8 (Nondeterministic space) A language L ⊆ {0, 1}∗ is in nondeterministic space S(n) (i.e.
NSPACE(S(n))) if there is a nondeterministic Turing machine M that accepts it and runs in space S(n).
Everything else about M is similar to Definition 1. Equivalently, there is a deterministic Turing machine
running in space S(n) with a read-only input tape and a read-once proof tape. �

Definition 9 (NL & NPSPACE)

• NL
def
=NSPACE(O(log n)).

• NPSPACE
def
= ∪c≥1 NSPACE(nc). �

We will prove:

• NSPACE(S(n) ⊂ SPACE(S2(n)) [4]. In particular, NL ⊂ SPACE(log2(n)) and NPSPACE = PSPACE.
• NL = co-NL [5, 2].
• NL ⊂ P.

The implication of Savitch’s Theorem is that it seems nondeterminism doesn’t help much in terms of
space, in contrast to its huge impact to time.

Question 10 L = NL? �

3 A Complete Problem for NL: PATH

Example: canonical problem in LOGSPACE (like what 3-SAT is for NP).

Definition 11 (PATH1) PATH1
def
= {(G, s, t) : G is a directed graph, out-degree ≤ 1, s, t ∈ V , there is a path

s t in G}. �
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Claim 12 PATH1 ∈ LOGSPACE. �

Proof Algorithm:
• Init, v ← s.
• At each step, enumerate u ∈ V , see if the edge (v, u) is in G

– Yes: Set v ← u.
– No: reject.

• Count # of steps. If > n then reject.
• If v = t accept.

Definition 13 (PATH) PATH
def
= {(G, s, t) : G is a directed graph, s, t ∈ V , there is a path s t in G}. �

Definition 14 (NL-complete) A language L1 is NSPACE(S(n))-complete (under logspace reductions) if

• L1 ∈ NSPACE(S(n)).

• ∀L2 ∈ NSPACE(S(n)), L2 ≤L L1. �

Theorem 15 PATH is NL-complete. �

Proof

Step #1: PATH ∈ NL. Recall that an NTM accepts an input string iff there exists a computation path that
ends in any accepting state. And a path s t is of length at most n−1 where n is the number of vertices in
G. An NTM solving PATH can do a nondeterministic walk starting at s. In this walk, it nondeterministically
makes a decision to go to an adjacent vertex while keeping a counter of # of vertices being visited. If it
reaches t in ≤ n− 1 steps, it accepts; if its counter reaches n, it rejects. Such an NTM clearly accepts PATH
and therefore PATH ∈ NL.

Step #2: PATH is NL-hard. Let L1 ∈ NL. So, there is a TM with 2 transition functions, s.t. x ∈
L1 ⇔ M(x) accepts for some path. Let G

def
= the configuration graph of M . G has poly(n) vertices whose

out degrees are 2. Clearly, x ∈ L⇔ (G, 〈start configuration〉, 〈end configuration〉) ∈ PATH.

Unlike PATH1 ∈ L shown in Claim 12, it’s still an open problem whether we can solve PATH in LOGSPACE.

Question 16 PATH ∈ L? �

Theorem 17 (Savitch’s Theorem [4] (informally stated)) Can check for a path in log2(n) space. �

Theorem 18 (Immerman-Szelepcsényi Theorem [5, 2] (informally stated)) Can prove that there
is no path in NL. �

Theorem 19 (Reingold’s Theorem [3]) UNDIRECTED-PATH is in L. �

In the following classes we will prove Savitch’s Theorem and Immerman-Szelepcsényi Theorem.
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