
CSE 200 Computability and Complexity Monday, April 1, 2013

Lecture 1: Turing Machines
Instructor: Professor Shachar Lovett Scribe: Dongcai Shen

1 Logistics

Grade breakdown.

• 3 homework (50%).
Roughly every 2 weeks. Individual but encouraged to discuss in groups of 4.

• Take-home final (50%).
Individual not allowed to discuss it w/ people except for the instructor and the TA.

Plan. The main focus will be “complexity”.

• 1st part: computational models. The intuition is that the concrete model doesn’t matter (robust).
They are equivalent.

• 2nd part: NP-completeness, the poly-time hierarchy (PH), and space complexity.

• 3rd part: depending on time, randomized algorithms, interactive proofs, and quantum computing.

2 Computability

Easy problems are problems we can solve efficiently. Examples of easy problems include sorting, search,
linear programming1, shortest paths, semidefinite (convex) programming. Examples of hard problems
include satisfiability (SAT), integer programming, CLIQUE.

Back in the 1960s, people noticed that lots of problems (e.g., in scheduling problems and VLSI designs)
are “equivalent” in some sense but are very hard to solve. Later in 1970s, Stephen Cook and Leonid Levin
independently showed that SAT is NP-complete. SAT is very versatile in expressing constraints. Shortly after
that, Richard M. Karp proved that 21 common problems are NP-complete, by reducing known NP-complete
problems (e.g., SAT) to them. We will talk about NP-complete later in this course.

3 Computation Models

We have these computation models:

• General purpose computers (C/C++, Java, etc.).

• Turing machines (simple model, still captures general purpose computers).

• Quantum computers.

FACTORING is a unique problem between NP-complete and P. It hasn’t been shown to be in P, neither
is proved to be NP-hard. But it’s shown to be poly-time solvable in quantum computers.

Many people endeavor to build operational quantum computers or at least a prototype. But none
of these efforts have been practically successful till now. So some researchers argue that perhaps it’s
impossible to build quantum computers because of noise.

1From wiki: The simplex algorithm, developed by George Dantzig in 1947, solves LP problems by constructing a feasible
solution at a vertex of the polytope and then walking along a path on the edges of the polytope to vertices with non-decreasing
values of the objective function until an optimum is reached for sure.
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• Biological computers.
E.g., DNA computing, evolutionary computation, ant colony optimization algorithms.

We do not understand yet more exotic computational model, like quantum computing or biological
computing. However, we will shortly see that computational power of standard computers is captured by a
simple model: Turing machine.

4 Turing Machines

Elements of a program:

• Alphabet of symbols (e.g., bits {0, 1}, ASCII).

• Code (fixed size),

• Inputs (arbitrary size),

• Output

• Work space.

• Allowed codes:

– Read symbols under heads.

– Based on “Line of code” (state), we can

∗ Rewrite symbols under heads.

∗ Move heads by at most 1 step.

3 tapes


INPUT (R/O) ###

↓
# #

WORK (R/W) #
↓
# ##

OUTPUT (R/W)
↓
# ####

Definition 1 (Turing machine (TM) with k tapes)

• Alphabet Γ (Contains a special blank symbol �).

• Set of states Q.

• Transition function δ : Q× Γk → Q× Γk−1 × {L, S, R}k. �

“STUDYING:
You are all computer scientists.
You know what FINITE AUTOMATA can do.
You know what TURING MACHINES can do.
For example, Finite Automata can add but not multiply.
Turing Machines can compute any computable function.
Turing machines are incredibly more powerful than Finite Automata.
Yet the only difference between a FA and a TM is that
the TM, unlike the FA, has paper and pencil.
Think about it.
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It tells you something about the power of writing.
Without writing, you are reduced to a finite automaton.
With writing you have the extraordinary power of a Turing machine.”

—Manuel Blum2

Definition 2 (TM computation) A partial function is f : {0, 1}∗ → {0, 1}∗ ∪ {undefined}. A Turing
machine computes f if ∀x ∈ {0, 1}∗,

• Initialize:

INPUT
↓
x �� · · ·

WORK
↓
� �� · · ·

OUTPUT
↓
� �� · · ·

• Run TM starting at initial state qstart ∈ Q.

• If we reach a final state qend ∈ Q finish the computation. Output: content of output tape; truncating
� . . . at the end. �

Example Consider a TM that computes f(x) = x+ 1. Suppose its Γ = {0, 1,�} and it has 3 tapes.

3 tapes


INPUT

LSB
↓
x1 · · ·xn� · · ·

WORK
↓
� ��� · · ·

OUTPUT
↓
� ��� · · ·

In a high-level, one (straightforward but dumb) way of implementation can be: it simply goes through 1
state to copy the input x to the working tape. W.l.o.g., suppose x1 is the least significant bit (LSB). M
transitions to another state and loops in that state until the R/W head on working tape moves back the
left end. Then M moves to another state and do the addition. At each addition step, it process one bit. It
needs to have 2 states to remember the carry bit: either 0 or 1. At the start of this addition, it should be at
the carry = 1 state. Then it moves until reaching the right end on seeing a �. Then it transitions to anther
state while at the same time either writes down a new digit 1 if there is still a carry or doesn’t if there isn’t.
Then it uses another state to reach the left end. Similarly, it uses yet another state to write the answer to
the output tape. In total, the TM has 1 + 1 + 2 + 1 + 1 + 1 = 7 states.

But of course, actually it can writes down the answer directly to the output tape without laboriously
copying it down to the working tape first. �

Definition 3 (Configuration) A configuration of a TM is the state of the TM during a run. It contains:

• TM (code).

• Current state of the TM.

• Whole tape contents.

2Manuel Blum’s Advice to a Beginning Graduate Student.
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• Location of heads.

More formally, suppose given a k-tape TM M
def
= (Γ, Q, δ

def
= : Q×Γk → Q×Γk−1×{L, S, R}k), its configuration

contains its state q ∈ Q, its tapes’ contents Wi ∈ {0, 1}∗ for i ∈ [k], and head positions hi ∈ N for i ∈ [k].
Written as a tuple:

C
def
= (q,W1, · · · ,Wk, h1, · · · , hk)

�

Next configuration. The next step for configuration C is determined by the transition function δ. Suppose

δ(q,W1[h1], · · · ,Wk[hk]) = (q′,

si ∈ Γ for i ∈ [k]. New symbols written.︷ ︸︸ ︷
(s1, · · · , sk) ,

mi ∈ {L, S, R} for i ∈ [k]. Head movements.︷ ︸︸ ︷
(m1, · · · ,mk) )

If a R/W head doesn’t modify the symbol it reads, just suppose it writes the original symbol down. The

next configuration is C ′
def
= (q′,W ′1, · · · ,W ′k, h′1, · · · , h′k) where

W ′i
def
=Wi except W ′i [hi]

def
= si

and

h′i
def
=hi +


−1 If mi = L.

0 If mi = S.

1 If mi = R.
.

5 Robustness of TM definition

Theorem 4 (Alphabet doesn’t matter) If f : {0, 1}∗ → {0, 1}∗ ∪ {undefined} can be computed by a
k-tape TM with some Γ, then f can also be computed by a k-tape TM with alphabet {0, 1,�}. �

Sketch of Proof
Figure 1 shows the the rough proof idea.

TM: Initial config Config 1 Config 2 · · ·

TM′ Initial config′ Config 1′ Config 2′ · · ·

Figure 1: Theorem 4 Proof Idea

W.l.o.g., suppose the original TM M ’s alphabet is the set of common ASCII characters plus a special

tape blank symbol blank: Γ
def
= ASCII∪{blank}. In the simulation TM M ′, we encode this just using {0, 1,�}

by representing each element in Γ using log2 |Γ| ≤ 8 bits. To read a symbol in M , M ′ needs to go through
8 extra states as well as steps before knowing what the old symbol is on the tapes. Moreover, we substitute
Q in M with a new

Q′
def
=Q×

Read 8k symbols︷︸︸︷
Γk ×

Move k heads 8 cells left︷︸︸︷
[8] ×

Write 8k symbols︷︸︸︷
[8]

in M ′. Thus, |Q′| = 64|Q||Γ|k. Γk is for reading k symbols on the k tapes. [8] is for moving heads left and
writing (also move to the right).

1-4



Suppose the running time of M is T (n), the running time of M ′ is 8× 3× T (n) = 24T (n) because each
step in M is translated to firstly 8 steps of reading 8k symbols, secondly 8 steps move left, and thirdly 8
steps write and move right.

See Claim 1.5 in [1] for more details. Note that the state registers mentioned there is just extra states
added to the simulation TM M ′ to record the information (e.g., what symbols have been read and what
symbols are going to be written). They aren’t really registers that can be “written” as what we talk about
in the architecture course.

Definition 5 (Random-Access-Memory (RAM) TM) A RAM TM can read a cell from memory by a
single instruction (step).

Theorem 6 (# of work tapes doesn’t matter for a RAM TM ) If f : {0, 1}∗ → {0, 1}∗∪{undefined}
can be computed by a TM with RAM, then it can also be computed by a regular TM with 3 work tapes. �

Sketch of Proof Use the extra tape to mark the steps to go and the current location. Each time finish
reading a cell go back to the very beginning of the tape. See Exercise 1.9 in [1] for more details. The
definition of RAM TM is more rigorous there.

Theorem 7 (# of work tapes doesn’t matter for general TMs) If f : {0, 1}∗ → {0, 1}∗∪{undefined}
can be computed by a TM with 4 tapes, then it can also be computed by a regular TM with 3 work tapes. �

Sketch of Proof

Original TM M Simulator TM M ′

4-tape TM 3-tape TM
Input Input
Work-1 Work
Work-2 –
Output Output

The intuition is to blow up the alphabet Γ→ Γ′ so that each character in the new Γ′ records 2 characters
in the old Γ. Note that a new character should also memorizes the whether it’s pointed by a head in the old

TM. Let Γ′
def
= (Γ× {↓, })2

. If the original Turing machine made n steps then the simulator makes O(n2)
steps. See Claim 1.6 in [1]for more details. Note that their proof idea is different.
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