
CSE200: Computability and complexity
Homework set 1

Shachar Lovett

Due by April 24 (hand in class)

1 Single tape Turing machine

Consider the following model of a Turing machine: a Turing machine with a single read/write
tape, used both for input, work and output. Initially, the input is written on the tape. During
the computation, the machine can use the tape, including overwriting the input. When the
machine halts, whatever is written on the tape is the output of the computation.

Prove that a single tape Turing machine is as powerful as the standard 3-tape Turing
machines we discusses in class.

2 Universal Turing machines

Give a formal description of a universal Turing machine. That is, a machine U so that

U(〈M〉 , x) = M(x).

You may assume any specifc model for the Turing machine M , and any specific encoding of
〈M〉. But, be sure to be specific and explicit in describing these as well as the operation of
the universal machine.

3 Rice’s theorem

Let COMP denote the set of computable partial functions. That is, a function f : {0, 1}∗ →
{0, 1}∗∪{undefined} belongs to COMP if f is computable by some Turing machine. Rice’s
theorem is, informally, that no non-trivial property of computable functions is computable.
Formally, a property of computable functions is a subset

P ⊆ COMP.

A property P is computable if, given a description of a Turing machine 〈M〉, we can compute
whether the partial function that M induces is in P or not.
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Rice’s theorem: The only computable properties of computable functions are trivial. If
P is computable then either P = ∅ or P = COMP . Equivalently, f → (f ∈ P ) is either the
constant 0 function or the constant 1 function.

Prove Rice’s theorem. Hint: show that if P is not a trivial property, then we can reduce
the halting problem to deciding membership in P .

4 Randomized Turing machines

Let us define the following model of randomized Turing machines. Lets fix the alphabet to
be Σ = {0, 1}. A randomized Turing machine can toss coins as part of the computation.
One way to model this is by allowing for a special state, which changes the cell under the
head in the work tape to a uniformly random value (e.g. 0 or 1 with probability 50% each).
We say a randomized Turing machine M computes a boolean function f : {0, 1}∗ → {0, 1}
if for any input x,

Pr[M(x) = f(x)] ≥ 2/3.

The probability is over the random coin tosses that M makes. The constant 2/3 is arbitrary;
any constant larger than 1/2 would do.

Let BPTIME(T (n)) denote the class of boolean functions computed by a randomized
Turing machine, which always halts after at most T (n) steps. (Historical note: ”BP” stands
for ”Bounded Polynomial”). Prove that randomness can be eliminated with the price of
increasing the time complexity. Explicitly, show that

BPTIME(T (n)) ⊆ TIME(2T (n)).

Hint: think in what way a deterministic Turing machine can simulate a randomized Turing
machine.
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