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1 Introduction
Definition 1.1 (Probabilistic algorithm). A probabilistic algorithm A is an algorithm which, on
input x, outputs a probability A(x) ∈ [0, 1]. Equivalently, this can be expressed in terms of a
Turing machine A′ which has access to some polynomial amount of random bits r provided by a
random tape. The two are related by

A(x) = Prr[A
′(x; r) accepts].

If A runs in polynomial time, and |r| ∈ poly(|x|), then A is a probabilistic polynomial-time
algorithm.

Definition 1.2 (BPP). The class of languages with bounded error probabilistic polynomial time
deciders (BPP) may be defined as follows: a language L ∈ BPP if there exists a probabilistic
polynomial-time algorithm A such that

x ∈ L→ A(x) ≥ 2

3

x /∈ L→ A(x) ≤ 1

3
.

Languages with deterministic polynomial-time algorithms (P) are clearly contained in the
above definition, so P ⊆ BPP. However, the validity of the reverse containment “BPP ⊆ P”
is not currently known.

A natural question to ask is: are there are any problems in BPP\P? Historically, the following
two problems have been conjectured to belong to BPP \ P:

• Primes: probabilistic poly-time algorithms for primality testing had been found in the 1970s [Mil76,
SS77, Rab80]. The algorithm due to Miller [Mil76] could be de-randomized under the as-
sumption that the generalized Riemann hypothesis (GRH) holds.

An alternative randomized primality testing algorithm was developed by Agrawal and Biswas
in the late 1990s [AB99], and subsequently de-randomized to yield a fully deterministic
polynomial time primality testing algorithm, so Primes ∈ P [AKS04].
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• Polynomial identity testing (PIT): BPP algorithms for testing whether a polynomial is iden-
tically zero for all integer inputs, i.e., whether an arithmetic circuit C satisfies

∀(x1, x2, . . . , xn) ∈ Zn : C(x1, x2, . . . , xn) = 0

were discovered in the late 1970s by Schwartz and Zippel [Zip79, Sch80]. So far, no
de-randomized algorithm for PIT has been found, so it may still be the case that P (
PromiseBPP.

1.1 Promise problems
The definition of BPP requires probabilistic algorithms to have high-confidence on all possible
inputs, i.e., the probability of false acceptance is bounded away from 1/2, and can be amplified by
repeated independent trials to achieve arbitrarily low probability of error. BPP therefore excludes
a large class of randomized algorithms which may be confident on some, but not all possible inputs.
This observation motivates a more general class of promise problems.

Consider two disjoint sets of input strings: YES ⊆ {0, 1}∗ and NO ⊆ {0, 1}∗ where YES ∩ NO = ∅.
A decision algorithm A solves a promise problem (YES,NO) if

x ∈ YES→ A(x) = 1

x ∈ NO→ A(x) = 0.

Note that for inputs x /∈ YES ∪ NO, there is no restricton on A(x).

Definition 1.3 (PromiseBPP). The class of BPP promise problems (PromiseBPP) is defined as
follows. Let YES,NO be disjoint subsets of {0, 1}∗. Then (YES,NO) ∈ PromiseBPP if there
exists a probabilistic polynomial-time algorithm A such that

x ∈ YES→ A(x) ≥ 2

3

x ∈ NO→ A(x) ≤ 1

3
.

Note that BPP ⊆ PromiseBPP, since for any L ∈ BPP, corresponding promise sets can be
defined by (YES,NO) = (L, {0, 1}∗ \ L). Although there are no known BPP-complete problems
— unless BPP = P, in which case all problems are complete — there does exist a PromiseBPP-
complete problem.

Definition 1.4 (Additive-error acceptance (AEA)). The promise sets are defined as follows:

YES =

{
circuit C such that Prr[C(r) = 1] ≥ 2

3

}
NO =

{
circuit C such that Prr[C(r) = 1] ≤ 1

3

}
.
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Theorem 1.1. AEA is PromiseBPP-complete.

Proof. Two claims must be verified to show completeness: AEA ∈ PromiseBPP, and AEA is
PromiseBPP-hard.

• Membership in PromiseBPP can be verified as follows. Let B(C; r) be a TM which sim-
ulates (in polynomial time) the input circuit C on the contents of the random tape r, and
accepts if and only if the simulation outputs value 1. If C ∈ YES, then by definition of YES,
the probability of C(r) accepting is at least 2/3, so B will accept with probability at least 2/3;
conversely, if C ∈ NO, then again by definition, B will accept with probability at most 1/3,
so AEA∈ PromiseBPP.

• Hardness can be verified as follows. Let (Y,N) ∈ PromiseBPP, and let A′(x; r) be the
corresponding randomized TM. On any input x, construct a circuit Cx by converting A′ to
its equivalent circuit and fixing its first set of inputs to the values of x, while leaving the
remaining inputs (corresponding to the random tape) free. Then, simulate B(Cx; r) and
accept if and only if B accepts.

This reduction can be summarized by the chain of equalities:

Prr[B(Cx; r) accepts] = Prr[Cx(r) = 1] = Prr[A
′(x; r) accepts]

If x ∈ Y , then this probability is at least 2/3, and if x ∈ N , then this probability is at most
1/3.

2 Circuit lower bounds and de-randomization
The following theorem due to Impagliazzo and Wigderson [IW97] (building on previous work by
Babai, et al. [BFNW93] and Nisan and Wigderson [NW94]), establishes that PromiseBPP algo-
rithms can be de-randomized if there exists an exponential circuit lower-bound for an exponential-
time function f :

Theorem 2.1 ([IW97]). If ∃f ∈ E, α > 0 such that f /∈ size (2αn), then PromiseBPP = P.

Equivalently, Theorem 2.1 states that if P ( PromiseBPP (i.e., some probabilistic algorithms
cannot be de-randomized), then every f ∈ E has a sub-exponential circuit. (This consequence
seems extremely unlikely.)

Proving this result will require pseudo-random sets, which cannot be accurately distinguished
from truly random sets by any sufficiently small circuit.

Definition 2.1 (Pseudo-random set). A set S ⊆ {0, 1}n is a size-s, error-ε pseudo-random set if
for all circuits C with n inputs and size(C) ≤ s,∣∣Prr∈{0,1}n [C(r)]−Prσ∈S [C(σ)]

∣∣ ≤ ε.
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The general strategy of the proof will be to show that the construction of pseudo-random sets
can be used to solve AEA. If such sets can be constructed in polynomial time, then since AEA is
PromiseBPP-complete, PromiseBPP = P.

Construction of pseudo-random sets will be based on the notion of a random-looking bit, which
is a function that cannot be accurately predicted by small circuits:

Definition 2.2 ((ε′, s)-hard function). A function g : {0, 1}m → {0, 1} is (ε′, s)-hard if

∀ circuits C, |C| ≤ s : Prx∈{0,1}m [C(x) = g(x)] ≤ 1

2
+ ε′.

The proof will proceed in three parts (to be continued in subsequent lectures):

1. Random self-reducibility: For a function f /∈ size(s), a (1/2 − δ, s′)-hard function f̂ will be
constructed for some δ and s′ < s.

2. Hardness amplification: A (ε, s′′)-hard function g will be constructed from f̂ for some
ε > 0, s′′ < s′.

3. Computationally independent inputs (Nisan-Wigderson generator): we will pick a string
y ∈ {0, 1}m′ , where m′ > m, and from y, derive n strings {x1, x2, . . . , xn} ⊆ {0, 1}m, such
that any the contents of any xi is (approximately) independent of any function of xj (for
j 6= i). From this set, a pseudo-random set will be constructed:

S =
{
g(x1), g(x2), . . . , g(xn) | y ∈ {0, 1}m

′
}
.

3 Example: the permanent
Definition 3.1 (Permanent). For a matrix X ∈ Fn×n with entries xij , the permanent is defined as

perm(X) =
∑
π

n∏
i=1

xi,π(i)

where the summation ranges over all permutations π of {1, 2, . . . , n}.

Computing the permanent was shown to be ]P-complete by Valiant [Val79]. The following
theorem concerns probalistic algorithms for computing the permanent, and how such an algorithm
which succeeds on random inputs can be strengthened to succeed on all inputs [BF90, Lip91].

Theorem 3.1 ([Lip91]). Assume there exists a probabilistic algortihm A which, given a random
matrix M ∈ Fn×np (for p ≥ n+ 1), satisfies

PrM [A(M) = perm(M)] ≥ 1− 1

3(n+ 1)
.

Then there exists a probabilistic algorithm that for any M ∈ Fn×np computes perm(M) with
probality at least 2/3.
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Proof. Let M ∈ Fn×np be the input matrix. Since A’s success guarantee holds only for random
matrices, and not necessarily for any specific matrix M (which may be chosen adversarially), A
cannot be directly applied to M to compute the permanent. Instead, A will be applied to a series
of random matrices derived from M , from which the final outcome will be computed.

Let R be a matrix with entries rij ∈ Fp drawn at random, and define the random matrix
Mx = M + xR for any x ∈ Fp. For fixed M and R, perm(Mx) = q(x) is a polynomial in x with
degree at most n. In particular, q(0) = perm(M).

Now, apply A(M1), A(M2), . . . , A(Mn+1). Then, by a union bound,

PrR [∃x ≤ n+ 1 : A(Mx) 6= perm(Mx)] ≤
n+1∑
x=1

PrR [A(Mx) 6= perm(Mx)]

≤
n+1∑
x=1

1

3(n+ 1)
=

1

3
.

So with probability at least 2/3, all computations A(Mx) succeed, so we have the values of the
degree-n polynomial q(x) evaluated at n+ 1 points. q(x) may therefore be interpolated to recover
q(0) = perm(M), and the procedure succeeds with probability at least 2/3.

4 Homework problems

4.1 HW 2
Prove that if PromiseBPP = P, then for any ε > 0, and n-input (polynomial-size) circuit C, it is
possible to estimate the probability that C accepts a random input r∣∣∣P̂ −Prr[C(r) = 1]

∣∣∣ ≤ ε.

in time poly(|C|, n, 1/ε).

4.2 HW 3
Prove that there exists a size-s, error-ε pseudo-random set of size poly(s, 1/ε).
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[BFNW93] László Babai, Lance Fortnow, Noam Nisan, and Avi Wigderson. BPP has subex-
ponential time simulations unless EXPTIME has publishable proofs. Computational
Complexity, 3:307–318, 1993. 10.1007/BF01275486.

[IW97] Russell Impagliazzo and Avi Wigderson. P = BPP if E requires exponential circuits:
derandomizing the XOR lemma. In Proceedings of the twenty-ninth annual ACM
symposium on Theory of computing, STOC ’97, pages 220–229, New York, NY, USA,
1997. ACM.

[Lip91] R.J. Lipton. New directions in testing. Distributed Computing and Cryptography,
2:191–202, 1991.

[Mil76] Gary L. Miller. Riemann’s hypothesis and tests for primality. Journal of Computer
and System Sciences, 13(3):300 – 317, 1976.

[NW94] Noam Nisan and Avi Wigderson. Hardness vs randomness. Journal of Computer and
System Sciences, 49(2):149 – 167, 1994.

[Rab80] Michael O. Rabin. Probabilistic algorithm for testing primality. Journal of Number
Theory, 12(1):128 – 138, 1980.

[Sch80] J. T. Schwartz. Fast probabilistic algorithms for verification of polynomial identities.
J. ACM, 27:701–717, October 1980.

[SS77] R. Solovay and V. Strassen. A fast monte-carlo test for primality. SIAM Journal on
Computing, 6(1):84–85, 1977.

[Val79] L. G. Valiant. The complexity of computing the permanent. Theoretical Computer
Science, 8(2):189 – 201, 1979.

[Zip79] Richard Zippel. Probabilistic algorithms for sparse polynomials. In Proceedings of the
International Symposiumon on Symbolic and Algebraic Computation, pages 216–226,
London, UK, 1979. Springer-Verlag.

6


