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1 De�nitions and Prerequisites

1.1 Review of Polynomial Hierarchy

NP - languages with a polynomial-sized witness which can be easily veri�ed.

L ∈ NP⇔ ∃ poly p(·), R ∈ P s.t.
(
x ∈ L⇔ ∃yR(x, y), |y| ≤ p(|x|)

)
We can extend this idea to de�ne the kth level of polynomial hierarchy. The intuitive way to describe it in
terms of witnesses is that there are two players arguing whether the relation holds. The �rst person provides
a witness (just like in NP), but now the second person is allowed to try and refute that witness (this would
be the 2nd level), and we can continue and allow the �rst player to refute the refutation and so on to obtain
the other levels. Finally we can think of a "referee" which checks whether the polynomial relation holds and
thus "which player won." Formally,

L ∈ ΣP

k ⇔ ∃ poly p(·), R ∈ P s.t.
(
x ∈ L⇔ ∃y1∀z2 . . .

∃yk

∀zk
R(x, y1, z2, . . . ,

yk

zk
), |yi|, |zi| ≤ p(|x|)

)
The union of all levels is known as the polynomial hierarchy :

PH =
⋃
k

ΣP

k

Some known facts are that P = NP implies that the polynomial hierarchy "collapses," i.e. P = PH. If
for any i it happens that ΣP

i = ΣP

i+1, then the polynomial hierarchy collapses down to the ith level, i.e.
PH = Σp

i .

1.2 Exponential Hierarchy

We can de�ne a similar type of hierarchy at the exponential level. We begin by de�ning the exponential
equivalent of NP, non-deterministic exponential time (NEXP). NEXP consists of those languages with
a witness of exponential length, where we can decide (in polynomial time) whether it really is a witness.
Notice that the relation is kept as a polynomial time one, but it operates on an input (witness) that is
already exponential in the length of the original input. Formally,

L ∈ NEXP⇔ ∃ poly p(·), R ∈ P s.t.
(
x ∈ L⇔ ∃yR(x, y), |y| ≤ 2p(|x|)

)
Equivalently we can de�ne the kth level of the exponential hierarchy as

L ∈ ΣEXP

i ⇔ ∃ poly p(·), R ∈ P s.t.
(
x ∈ L⇔ ∃y1∀z2 . . .

∃yk

∀zk
R(x, y1, z2, . . . ,

yk

zk
), |yi|, |zi| ≤ 2p(|x|)

)
Even though the de�nition of the exponential hierarchy has so much resemblance with the de�nition of the
polynomial hierarchy, we don't know that the exponential hierarchy is structured as nicely as the polynomial
one. For instance, it is not known that if NEXP = EXP, the exponential hierarchy collapses (and even we
know that there are oracles relative to which this statement is false).
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In these de�nitions we bound the size of the witness by an exponential function of the input size. Similarly,
we can de�ne these classes with a bound on the witness size that is exponential but with only a linear
exponent, resulting in classes ΣE

k.

For any language L, we can de�ne the language 1L, as 1L =
{

1x | x ∈ L
}
, where by x we denote the integer

described by the string x. This helps us formalize some relation between the polynomial and the exponential
hierarchy. By a simple padding argument we have

L ∈ ΣE

k ⇔ 1L ∈ ΣP

k

Similar reasoning applies to EXP as well, so if 1Li

=
{

1xi | x ∈ L
}
, we have

L ∈ ΣEXP

k ⇔ ∃i s.t. 1Li

∈ ΣP

k

From these we can also observe this (one-way) chain of implications:

ΣP

i = ΣP

j ⇒ ΣE

i = ΣE

j ⇒ ΣEXP

i = ΣEXP

j

2 Today's results

Theorem 2.1 (Kannan). ∃f ∈ ΣE

3 , such that SIZE(fn) ≥ Ω(2n/n), where by SIZE(fn) we denote the

minimum circuit size for f on inputs restricted to length n.

We will also show some corollaries of this theorem,

Theorem 2.2 (Karp-Lipton). If NP ⊆ P/poly, then PH = ΣP

2

Corollary 2.3. ΣE

2 * P/poly

Corollary 2.4. ∀i, ΣP

2 * SIZE(ni) Proving this is left as a homework exercise

3 Proof of Kannan's theorem

This is the main goal for today. Proving this result e�ectivelly puts "hard" functions in ΣE

3 . To see how
"hard" they are, note that every function on n inputs has a circuit of size SIZE(2n/n). Therefore, what
Kannan's theoerm is saying is that in ΣE

3 we can �nd a function that has, to within a gate, the maximum
circuit complexity of any function.

To prove Kannan's theorem, we will �rst show existance of a function f that has the required high circuit
complexity, and then we will place it in ΣE

3 . So, we show the following theorem �rst, due to Riordan and
Shannon, which takes care of that �rst step, i.e. shows the existance of such f without putting any constraints
on it in terms of complexity classes:

Theorem 3.1 (Riordan-Shannon). ∃f , such that SIZE(fn) ≥ Ω(2n/n)

Proof. The proof is by a counting argument; we will show that the number of di�erent functions is much
greater than the number of di�erent circuits of size smaller than 2n/n.

Let g1, g2, . . . , gs be the gates in a circuit, where s is the size of the circuit. Then, each gi can be written as
some opi(α, β), where opi is some boolean operation, and α, β are either gj , gk where j, k < i or one of the
inputs x1, x2, . . . , xn. Let c2 be the number of distinct boolean functions on 2 1-bit inputs (note that c2 is a
constant). Then, the number of possible di�erent gates for each gi is upper bound by #g ≤ c2(s + n)2 (c2
choices for the operation and s+ n choices for each operand). Since we are looking at circuits of size s, the
total number of possible di�erent circuits is then #C ≤ (#g)s ≤ (c2(s + n)2)s. Assuming s ≥ n ≥ 4c2, we
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get #C ≤ s3s.

On the other hand, the number of di�erent boolean functions on n inputs is 22n

. Then, if every boolean
function can be described by a circuit of size s (∀f : {0, 1}n → {0, 1}, SIZE(f) ≤ s), we have 22n ≤ s3s.
By quick case analysis: if s ≥ 2n, then certainly s ≥ 2n/3n. On the other hand, if s < 2n, then 22n ≤ 23sn,
so again s ≥ 2n/3n. With a slightly sharper analysis, we can lose the 3 factor and get the tight bound
2n/n.

Let sn = maxf (SIZE(f)). From the previous result we know that sn ≥ 2n/n. Trying to �nd such function
f , we could write something like f has size sn ⇔ ∀C, |C| < sn, fC 6= f , where fC is the function computed by
C. If we think of f as described by a 2n-size truth table, then checking whether C computes f is "polynomial"
in size of the input (f), as it would just check if for all inputs the circuit matches f . In other words, saying
that a function is hard is in coNEXP, as it su�ces to produce the C of size smaller than sn which computes
f . However, this de�nition will de�ne a class of functions, and to complete the proof we need to �nd a single
hard function. So instead, we look at the lexicographically �rst hard function. We de�ne it as follows:

x ∈ Ln ⇔ ∃f s.t. ∀C1, |C1| < sn,∀g before f in the ordering,∃C2, |C2| < sn s.t. fC2 = g, fC1 6= f, f(x) = 1

Notice the structure of the RHS - it has the right quanti�ers for ΣE

3 . You can think of it as the 2-player
argument game as before - the �rst person guesses f and claims that it is the �rst lexicographically hard
function on n inputs. The second player is trying to refute him. He can just perform a lookup and show
that f(x) = 0. Otherwise, he can try showing that f is not actually a hard function by producing a C1 such
that fC1 = f , or �nally he can show that it is not the lexicographically �rst hard function, by showing that
there is a function g that comes before f in the lexicographic ordering that is hard, in which case the �rst
player gets a chance to refute him by producing a C2 such that fC2 = g. Therefore, we have constructed a
language Ln such that Ln ∈ ΣE

3 and SIZE(Ln) ≥ Ω(2n/n), concluding the proof of Kannan's theorem, i.e.
that in ΣE

3 there is a function with the maximum possible circuit complexity.

Kabanets-Racko� program: aside

∀f ∈ E, SIZE(fn) ≤ sn − 1⇒ P 6= NP

In other words, if we could show that there is a way to save just a single gate for all exponential functions,
we would have proven P 6= NP. To prove the above, we show the contrapositive:
P = NP ⇒ PH = P ⇒ EH = E ⇒ Ln ∈ E, but we have already proven SIZE(Ln) = sn, which gives the
contradiction.

4 Proof of Karp-Lipton theorem

Using the standard self-reduction techniques, we see that if there exists a small circuit Cn solving SAT on
size n formulae, then there also exists a small circuit C′n which also �nds a satisfying assignment for the
satis�able formulae. Now we de�ne the following language

SAT-SOLVE = {(C, n) | C′ solves SAT on formulae of size n}

We want to show that SAT-SOLVE is in coNP. The idea, in the two-player argument language, is that given
C and n, we want to construct C′, and then we allow for the other player to try and refute by producing
some formula ϕ, where |ϕ| = n and an assignment to variables y, such that C′(ϕ) = 0 and ϕ(y) = 1, which
would refute that C′ solves SAT and in turn refute that C solves SAT.

Now assume NP ⊆ P/poly, and let L be any language in ΣP

3 , i.e.

x ∈ L⇔ ∃y1 ∀z2 ∃y3 R(x, y1, z2, y3),

where of course |y1|, |z2|, |y3| ≤ poly(|x|). If we �x x, y1, z2, the NP-predicate R is just a boolean formula in
y3. Now, above we have seen that if there are small circuits for SAT, recognizing them is in coNP, so now

3 - 3



we will interleave the �rst two levels of quanti�ers in the above de�nition of L with picking a circuit that
solves SAT, which allows us to get rid of the �nal existential quanti�er:

x ∈ L⇔ ∃y1, C ∀z2, ϕ′, y′
[
C′(ϕx,y1,z2) = 1 ∧

(
C′(ϕ′) = 1 ∨ ϕ′(y′) = 0

)]
If C′(ϕx,y1,z2) = 1, then the �rst player really could produce a y3 for the third round if it were to be played
(since C′ also computes a satisfying assignment). So that �rst part of the predicate is what lets us lose the
third existential quanti�er. The second part of the predicate ensures that C′, and therefore C, really is a SAT
solver. Thus, under the assumption that NP ⊆ P/poly, we have managed to put an arbitrary problem in ΣP

3

into ΣP

2 , which of course means that the polynomial hierarchy collapses to the 2nd level, and so PH = ΣP

2 .

4.1 Proof of Corollary 2.3

We can now show ΣE

2 * P/poly. We distinguish two cases:

• NP * P/poly: If NP is not contained in P/poly, then certainly E * P/poly, and so ΣE

2 * P/poly

• NP ⊆ P/poly: By Karp-Lipton, PH = ΣP

2 ⇒ EH = ΣE

2 ⇒ Ln ∈ ΣE

2 , and we know that Ln /∈ P/poly,
so ΣE

2 * P/poly
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