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Today's learning goals

Determine the truth value of predicates for specific values of their
arguments

Determine the truth sets of predicates
Define the universal and existential quantifiers

Translate sentences from English to predicate logic using appropriate
predicates and quantifiers

Use appropriate Boolean operators to restrict the domain of a quantified
statement

Negate quantified expressions

Translate quantified statements to English, even in the presence of
nested quantifiers

Evaluate the truth value of a quantified statement with nested quantifiers



Predicates and Quantifiers Rosen p. 3744
Wformally, a proposition with a "hole"
P(x) is "x > 3"

Q(x) is "the word x contains the letter 'a™
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Predicates and Quantifiers

Consider the predicate P(x) is "x? =4 =0" i
soluing X =F so X=—2

Is there some value of x which makes P(x) true?
1,35, 149

X\Yes aIIaIues of x make P(x) true. ¢ R eX 7 o 1 “ﬂ o) Nc}
es, there's exactly on¢ positive integer|value of x that make this predicate evaluate to T.

C. Yes, there are exactly two @teger valuesj)f x that make this predicate evaluate to T.

@ 0, there are no values in {-1,0,1} which make P(x) true.
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Universal guantifiers

"P(x) for all values x in the domain*
Ve P(x)

VxP(x) is T when P(x) is "log, x < x" and the domain is
Integers greater than 1.

VzP(z) is F when P(x) "x2 > x" and the domain is all real
numbers.



Counterexample

"P(x) for all values x in the domain"
Ve P(x)

To disprove a universal statement: give a counterexample.
element in the domain
which makes the predicate F.

Example: proving two compound 2

,\\___»Mns are not logically equivalent

O\



Existential quantifiers

"There exists an element in the domain such that P(x)"
JzP(x)

JxP(x) is T when P(x) is "x2 > x" and the domain is all real
numbers.

JzP(x) is F when P(x) is "x2 + 1 = 0" and the domain is all
real numbers.



Construction proof

"There exists an element in the domain such that P(x)"
JzP(x)

To prove an existential statement: give an example.
element in the domain
which makes the predicate T.

Example: proving several compound 2

, propositions are consistent
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Logical equivalence of quantified
statements: no matter which predicates are
substituted and no matter which domains of

discourse, the statements have the same
truth value

N
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ReStr|Ct|ng the dOmaln Rosen p. 44

Over the domain of real numbers,

Ve > 1(z > z)
means
V(x> 1 — 2% > )

"Every real number greater than 1 makes z° >z True."



ReStnCtlng the dOmaln Rosen p. 44

Over the domain of real numbers,
Ve > 1(z®* >z) means Vz(z>1-—z%>2)

"Every real number greater than 1 makes z°? >z T."

and
“There is a real number greater than 1#hat makes P(x) true”

A. Translatesas dz(x > 1 — :r: > ) —Ren Amn L/ (éql\ Gt
B. Translatesas dx(xz > 1 \/3; > 1 o )y K>l )
@Translates as dz(z > 1Az’ > x . —\—z«*i,\j:* N

D. Translates as Jg(z > 1 <> 22 > ) sy ey 0D




ReStnCtlng the dOmaln Rosen p. 44

Over the domain of real numbers,
Ve > 1(z®* >z) means Vz(z>1-—z%>2)

"Every real number greater than 1 makes z°? >z T."

Va(P(z) = Q(x)) -

sr@iew) (T ey



Edge case: empty domain?
o (€= P&))
F’
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What if the domain of discourse is empty?

A. VxP(x), JxP(x) bothevaluatetoT.

(B X¥xP(x) evaluates to T and Jdx P(x) evaluates to F.
C. Vx P(x) evaluates to F and 3z P(x) evaluates to T.
D. VxP(x), JzP(x) both evaluate to F.

E. Quantifiers are not defined in this case.




Translations Rosen p. 54428

Something is not in_the correct place

Everything is|in the correct place‘@ndWexcellent conditionJ

All tools are in the correct place and are in excellent condition.
Nothing is both in the correct place and is in excellent condition.

One of the tools is not in the correct place, but it is in excellent
condition.
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Translations Rosen 54428 |

Something is not in the correct place. -
Ju(-P(z)) =l
Everything is in the correg place and ir\kexcellent condition.
Vz(P(x) A D(x))

All tools are in the correct place and are in excell;\n}Z cogdition. oo ke

/ : T ™Mae i o (S I))
Va(T(z), > (P(x) AD(@) "0 GarSa)
Nothing is both in the correct place and in
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ellent condition.
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One of the tools is not in the correct place, but K is in excellent >
condition. , B
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Translations A Va(=P(z) A -D(z))
Something is not in the cor B. —Vx(P(x) A D(x))
)

| ¢ -3(P@)AD@)) ]

D. dz(=P(z) A —-D(x))

Everything is in the correct

All tools are in the correct |
E. None of the above.

/Nothin@s both in the correct place and in excellent condition.

The 'S aoT oven ovne T\
One of the tools is not in the correct place, but it is in excellent
condition.




"De MOrgaH"-ISh Rosen p. 45
—VxP(x) = Jz (—P(x))

—JdzP(x) = Vz (-P(x))

O

Logical equivalence of quantified
statements: no matter which predicates are
substituted and no matter which domains of
discourse, the statements have the same
truth value
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Translations Rosen p. 54428

Something is not in the correct place.
311?(—!}_’(33))
Everything is in the correct place and in excellent condition.
Vz(P(x) A D(x))
All tools are in the correct place and are in excellent condition.
Ve(T'(x) = (P(x) A D(x)))
Nothing is in the correct place and is in excellent condition.
—dz(P(x) A D(x)), or equivalently Vz(—P(z)V -D(z))

One of the tools is not in the correct place, but it is in excellent
condition.



Translations Rosen p. 54423
Something is not in the correct place.

Jz(~P(z))
Everything is in the correct place and in excellent condition.

Vz(P(x) A D(x))
All tools are in the correct place and are in excellent condition.
Ve(T'(x) = (P(x) A D(x)))
Nothing is in the correct place and is in excellent condition.
—dz(P(x) A D(x)), or equivalently Vz(—P(z)V -D(z))

One of the tools is not in the correct place, but it is in excellent
condition.
dx( T(x) A -P(x) AN D(x) )



NeStEd quantlflerS Rosen p. 64 #3

Q(X,y) "X has sent a text to y" domain: students in class

NAAY ke
23Q(z, y) ( % 7>




NeStEd quantlflerS Rosen p. 64 #3

Q(X,y) "X has sent a text to y" domain: students in class
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NeStEd quantlflerS Rosen p. 64 #3

Q(X,y) "X has sent a text to y" domain: students in class




NeStEd quantlflerS Rosen p. 64 #3

Q(X,y) "X has sent a text to y" domain: students in class
avne syvdant
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NeStEd quantlflerS Rosen p. 64 #3

Q(X,y) "X has sent a text to y" domain: students in class

Vy3zQ(z,y)



e
NeStEd quantlflerS Rosen p. 64 #3

Q(X,y) "X has sent a text to y" domain: students in class

VaVyQ(z, y)



Evaluating quantified statemevnts Rosen p. 641
/ (a eNov\
VzIy(z < y) ) Vy}j (5 aj) =
3 X V\j ¢ Y>/3>
In which domain is this stateme e N e a

WA X m - o &

-
DA All real numbers in the closed interval [0,1]. have i ax.
2B, The set of integers {1,2,3}. lavet max

MAIl real numbers.
o = =\
@II positive real numbers, ©° ~" 7 T A4
LB All negative integers.  eaax -1 \/x @ o >tj) 3
C@ Al V\ﬂﬂq‘km r eal numbers U
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Evaluating quantified statements rosen p 64

VaVy3z(xy = z)

In which domain is this statement not true?

All real numbers in the closed interval [0,1].
The set of integers {1,2,3}.

All real numbers.

All positive real numbers.

All positive integers.

mooOw2»




B e
And In the Other dlreCtIOn = = « ROSen p.66 #23

- "The product of two negative real numbers is positive."



B e
And In the Other dlreCtIOn = = « ROSen p.66 #23

- "The difference betweerf

eal number and itself I1s zero."

Unigerse U= \/x (x-x=0)

\ % < = -x. o>>

E(R,L,) Ao T s P(CO: \\Q:O’/



B e
And In the Other dlreCtIOn =« = « ROSen p. 66 #23

- "A negative real number does not have a square root that
Is a real number."



B e
And In the Other dlreCtIOn = = « ROSen p.66 #23

- "Every positive real number has exactly two square roots."



B e
Logical equivalence Rosen p. 646 #23

Is it true that for every meaning of the predicate and every
domain of discourse

—JxVyP(x,y) and Vedy—P(x,y)

have the same truth value?



For next time...

Get ready to prove!

ACTIVATE ¥ €& o
RAINMAN _ oo™
POWERS! '

HMM... THIS SORT OF
LOOKS LIKE ANOTHER
PROBLEM I WORKED ON.

THERE IS DEFINITELY @
A PATTERN AND
AN INDUCTION
PROOCF MIGHT WORK. —

THE REALITY OF A
MATHEMATICIAN.




