
CSE 20 Homework 3
Due: Saturday October 21, 2017 at 11pm

Topics Logical equivalences, Quantifiers

Reading Rosen Sections 1.1, 1.2, 1.3 (up to page 31), 1.4-1.5.

Key Concepts Logical equivalence, normal forms, functionally complete sets of connectives,
predicates, domain of discourse / universe, existential quantifier, universal quantifier, restricting
the domain, negated quantifiers, nested quantifiers.

1. (9 points) For each cell in the grid below, either write “EQ” to indicate that the corresponding
compound propositions are logically equivalent or give a truth assignment to p and q which proves that the
compound propositions are not logically equivalent. Two of the cells are filled in as examples.

p→ ¬q ¬p→ q ¬(p ∧ q) (¬p) ∧ q ¬(p→ q) ¬(q → p)
p→ ¬q EQ p = T, q = T
¬p→ q
¬(p ∧ q)
(¬p) ∧ q
¬(p→ q)
¬(q → p)

Hint: Focus only on the upper right triangular cells because the table will be symmetric.

2. (6 points) In this question, you will construct a circuit that takes a pair of fixed width two-bit
representations (x1x0)2 and (y1y0)2 and computes the two output bits of the maximum between the difference
of the inputs and 0.
In other words, if m = (x1x0)2 and n = (y1y0)2, your circuit should output z1 and z0 where

(z1z0)2 =

{
m− n if m ≥ n

0 otherwise

(a) Draw the truth table with two output columns z1 and z0 specifying how their values depends on the
input bits.

(b) Decide whether to use DNF or CNF to express each column as a compound proposition. Write this
proposition, and justify your choice.

Reminder: DNF is disjunctive normal form and CNF is conjunctive normal form.

(c) Draw the resulting circuit with four inputs and two outputs implementing your design from part b.



3. (12 points) Express each of these statements using quantifiers and the given predicates, along with
arithmetic operations (e.g. x2, 2x). Then form the negation of the statement, so that no negation operator
is to the left of a quantifier. Next, express this negation you formed in simple and precise English.

(a) Statement: For all real numbers x, if x2 ≥ 1, then x > 0.

Allowed predicates: G(a, b) = “a > b”, Eq(a, b) = “a = b”.

(b) Statement: For all integers a, b, c, if a− b is even and b− c is even, then a− c is even.

Allowed predicate: Eq(a, b) = “a = b”.

(c) There is a real number with no reciprocal.

Reminder: the reciprocal of a real number a is a real number b such that ab = 1.

Allowed predicates: Eq(a, b) = “a = b”.

(d) There is a real number x, such that for all real numbers y, 2x + y = 5.

Allowed predicates: Eq(a, b) = “a = b”.

4. (9 points) In each part of this question, build your counterexample with universe (domain) {−1, 0, 1}.
You can define the predicate P (x, y) differently for each part. To define the predicate, you can either use
known predicates on numbers (e.g. “x and y are both even” or “x > y”, etc.) or by defining explicitly for
which x, y values P (x, y) evaluates to T and for which values it evaluates to F (to do this, you must consider
all possible domain values).

(a) Give a counterexample which proves that

∃x∀yP (x, y) ∃y∀xP (x, y)

are not logically equivalent. Justify your answer.

(b) Give a counterexample which proves that

∀x∃yP (x, y) ∃y∀xP (x, y)

are not logically equivalent. Justify your answer.

(c) Give a counterexample which proves that

∀x∃yP (x, y) ∃x∀yP (x, y)

are not logically equivalent. Justify your answer.


