
CSE 105 Homework 6 Due: Monday November 20, 2017

Instructions

Upload a single file to Gradescope for each group. All group members’ names and PIDs
should be on each page of the submission.

Your assignments in this class will be evaluated not only on the correctness of your answers,
but on your ability to present your ideas clearly and logically. You should always explain how
you arrived at your conclusions, using mathematically sound reasoning. Whether you use
formal proof techniques or write a more informal argument for why something is true, your
answers should always be well-supported. Your goal should be to convince the reader that
your results and methods are sound.

Reading Sipser Sections 3.1,3.2,3.3,4.1

Key Concepts Turing machines, recognizable languages, decidable languages, equivalent
computational models.

1. (10 points) Let L = {w ∈ {0, 1}∗ : |w| = 3n, n ≥ 0}.

(a) Give a high-level description of a Turing machine that recognizes this language.

(b) Draw the state diagram of the Turing machine.

Proof:

a) First we give the intuition. Any positive integer n can be factored n = 3mx such that m ≥ 0 and 3
does not divide x. If x = 1, then n is a power of 3. Now, we must perform this on binary strings by
repeatedly dividing by three (keep one third of the string).

For simplicity, we consider strings of all 0’s. Take the input string and separate its 0’s into groups
of three. Now, there are three different cases: 3 divides the length of the input 000|000| . . . |000 and
otherwise 000| . . . |00 and 000| . . . |0. We perform a simple division by crossing off symbols in the first
case 000|000| . . . |000 and reject otherwise. This can be done by crossing off the last two 0’s in each
block and continuing only if the last block ends as 0XX. Also, we mark the first character with a
special symbol to mark the start of the tape (the blank symbol).



b) “bl” below denotes the blank symbol.
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2. (10 points) Prove the set of languages recognized by a Turing machine is closed under intersection
(Give a high level description of a Turing machine that decides the intersection of two recognizable
languages.)

Proof: Let L1 and L2 be recognizable languages and without loss of generality assume they are over the
same alphabet (if the alphabets are not the same, then the language of L1 ∩L2 is over the intersection
of their alphabets and we can reject any string not in Σ1 ∩ Σ2 in our construction below).

Therefore, we have Turing machines M1,M2 that recognize L1 and L2, respectively. Now we construct
a third Turing machine that recognizes L1 ∩ L2 denoted as M∩. Given an input w, M∩ performs the
following:

(a) run M1(w) and continue if it accepts,

(b) run M2(w) and accept if it accepts,

(c) otherwise reject if either M1,M2 halts without accepting.

If w ∈ L1 ∩ L2, then M∩ must accept w. Therefore L1 ∩ L2 ⊆ L(M∩). Now if M∩ accepts w, then w
was accepted by both M1 and M2 and L(M∩) ⊆ L1 ∩ L2. Hence, L(M∩) = L1 ∩ L2. Note, it is okay
if either machine M1 or M2 loops forever since this means w is not in the language of that machine.

3. (10 points) Prove if a language L is recognizable, then so is L∗. (Again with a high-level description)

Proof: If L were decidable, then we could break up the input string w into all possible partitions
w = w1w2 . . . wn run its Turing machine M on each wi and accept only if M accepts on each wi for
some partition.



However, L is only recognizable. Therefore, its Turing machine could loop forever on some inputs. We
move around this issue by running a loop for each “computation” step and an inner loop for each
partition of w. Call the following machine M∗ and let w be its input.

For each t ≥ 1 :

For each w = w1w2 . . . wn :

Run M(wi) for t steps on each wi and accept if M accepts for all i;

(1)

Now we prove L(M∗) = L∗. Let w ∈ L∗, then there is some partition of w such that w = w1w2 . . . wn

such that wi ∈ L for all i = 1, . . . , n. Then, there is some t ≥ 1 such M accepts all wi after t steps and
w ∈ L(M∗).

Now consider a w ∈ L(M∗). Then, there is some partition of w such that M accepts each wi after t
steps. Therefore, L(M∗) = L∗.

4. (10 points) Define a de-numerator of a language L as a machine that prints all the strings not in L in
an order of non-decreasing length. Prove a language is Turing decidable if it has a de-numerator.

Proof: Let L be a language with a de−enumerator. We consider the two cases: L has finite complement
and when L has an infinite complement. L is decidable if it has a finite complement since we can
construct a Turing machine that checks to see if its input is in the complement of L. It accepts if the
input is not in the complement of L and rejects if it is.

Otherwise, we use the following Turing machine to decide L. On input w, run the de-enumerator until
it prints a string of length longer than |w|. While it is printing symbols, check the input against the
de-enumerator’s output and reject if it prints the input w. Otherwise, we accept.

In both cases, the Turing machine halts and decides L.

This shows L is decidable since for every L with a de-enumerator, we have a Turing machine that
decides L.

5. (10 points) Let the language A be the pairs 〈D,w〉 where D is (an encoding of) a DFA with alphabet
Σ and w ∈ Σ∗ is a string such that w ∈ L(D).

Prove this language is decidable.

Proof: Again, we construct a Turing machine that decides this language. Let M be our Turing machine.
It simply runs the DFA D on w and returns D(w) (accepts if it ends in an accept state and rejects
otherwise).

Now if w ∈ L(D), then 〈D,w〉 ∈ A and M(〈D,w〉) accepts. Otherwise, M(〈D,w〉) rejects and
〈D,w〉 6∈ A. This Turing machine decides A.


