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NP and co−NP Prove that NP is closed under polynomial time Turing
reductions (symbolically, PNP ⊆ NP ) if and only if NP = co−NP .

Consequences of P = NP The Identical Range problem is as follows:

Instance: Two boolean circuits C1 and C2 each with n inputs x1..xn
and m outputs y1..ym

Range The range of a circuit C, Range(C), is the set {C(x) : x ∈
{0, 1}n} of all y’s that are outputs on some x

Question: Is Range(C1) = Range(C2)?

Prove that, if P = NP , then the Identical Range problem can be
solved in polynomial time. Then prove that, if the IdenticalRange
problem is in NP , then NP = co−NP .

Counting classes, circuits, and the polynomial-time hierarchy: Let
#SAT stand for the #P -complete problem of counting the number
of satisfying assignments to a Boolean circuit. (We let the size of
such a formula be the number of boolean connectives in it, which also
bounds the number of variables that occur in it. ) Show that, if
#SAT ∈ P/poly then #SAT is in the polynomial hierarchy. (Hint:
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First, give a recursion defining #SAT . Let the Circuits Solving Count-
ing (CSC) problem be to decide, given a Boolean circuit C, does C
solve #SAT on all inputs of size n? Use the recursion to prove that
CSC is in the polynomial time hierarchy.)

Sudoku experiment We started looking at reducing sudoku problems to
SAT last assignment.

The sudoku problem of size n is as follows. The input is an n2 × n2

matrix M whose entries are either “blank” or an integer between 1
and n2. A solution fills in the blank spaces with integers between 1
and n2. The following constraints must be met: Each integer from 1
to n2 appears exactly once in each row, in each column, and in each
n× n sub-matrix of the form M [jn + 1...(j + 1)n][in + 1..(i + 1)n] for
each 0 ≤ i, j ≤ n − 1. The problem is to find any solution meeting
the constraints, or return “no solution possible” if there is no such
solution.

Last assignment, you gave at least two different ways to reduce the
Sudoku problem to CNF − SAT .

Try solving sudoku problems by combining the above reductions with
a complete SAT solver, such as MiniSAT.

Use as test inputs puzzles of sizes 9 by 9, 16 by 16, and 25 by 25 (and
larger, if possible) generated by picking the entries of the first row,
first column and main diagonal as random permutations, condiitioned
on all entries being consistent with each other.

Be sure to credit the SAT solver you use.

(MiniSAT has been installed by Glen Little on cseclass02. You can
ask Glen for an account or install a SAT solver of your choice.)

The experiment should return the following information: For each size,
how much time did the SAT solver take using different reductions?
Which reduction is best?

(Note: Be careful not to use up too much computer time. Don’t
leave programs running unsupervised too long. Depending on your
algorithm and reduction, you may find even very small sizes take huge
amounts of time. )
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