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Where are we?

We’ve established that: some computational problems are
undecidable, in that no algorithm, no matter how much time it
uses, is guaranteed to, on every instance, halt and output the
correct answer. Other problems are decidable, but to do so
requires huge amounts of time.
We’ve seen how to use reductions between problems to use the
difficulty or impossibility of deciding one problem to argue that
another problem is also difficult or impossible to decide.
(Remember that “problem” refers to the whole set of instances,
not a particular instance. We can “solve” any particular instance;
it is solving all instances via the same algorithm that is hard.)



Meta-computational vs. combinatorial problems

The problems we’ve looked at so far are meta-computational
deciding properties of algorithms (say presented as Turing
Machines) While meta-computational problems arise frequently in
CS, it is in some sense not surprising that they require intense
computation. What about problems that seem to have nothing to
do with computation? Are they ever unsolvable? Are they ever
very hard to solve?
In particular, are there natural combinatorial problems that are
undecidable? Here, I’ll define natural as being interesting to people
before they were shown undecidable, not just because they happen
to be undecidable.



Tiling

We will look at one such problem today, the tiling or tessellation
problem. In tiling, you have a fixed set of polygons, that represent
tiles you can make. (You can make any number of tiles of that
shape and size, but can’t vary the shapes or sizes). You want to
know if these tiles can be arranged into a rectangle, so that tiles
don’t overlap, and all points in the rectangle are covered by a tile.
As evidence that this problem is natural, we can see people
arranging tiles into shapes almost to the dawn of civilization.



Historical tiling

A temple mosaic from the ancient Sumerian city of Uruk IV
(34003100 BC), showing a tessellation pattern in coloured tiles
(From Wikipedia)



Islamic art

Tessellations became more complex and mathematically
interesting, perhaps reaching their peak during the Islamic golden
age, due to the prohibitions on representational art.



Islamic art



Islamic art



Escher

Islamic art inspired modern artists, such as M.C. Escher.



Mathematics of tesselations
The question of which shapes can be used to tile the plane is a
mathematical one, and mathematicians became interested in
tessellations.



Chemistry
The more difficult 3 dimensional problem arises in studying the
structure of crystals.



A useful intermediate problem

Let HEET (Halts on empty, erasing tape) be the problem of
deciding whether a one-tape TM with a single accepting state halts
on the empty input, having erased it’s tape and moved its tape
head to the far left. Part of this definition is for simplicity in the
reduction to Tiling (empty input, erasing tape), but converting to
one-tape seems essential. It’s a good thing we showed equivalence!



The reduction from Halting
We can show that HEET is undecidable via reduction from the
Halting Problem Halt:
Given M, x , does M halt on x?
A sketch of the reduction:

1. Convert M to a one-tape TM (using method from class)

2. Prepend a procedure to erase the input and instead write x on
the tape.

3. Replace each halting action with a procedure that erases the
tape, moves the tape head to the far left, goes to a new
accepting state, and accepts.

Call the resulting one tape machine M ′. If M halts on x , M ′, on
the empty input, writes x on the tape, simulates M until it halts,
and then erases its tape and moves its tape head to the left. So if
(M, x) ∈ Halt then M ′ ∈ HEET .
Conversely, if M ′ is in HEET , M ′ accepts the empty string, so
when it simulates M on x , it must eventually halt, so
(M, x) ∈ Halt.



Reduction to Tiling Problem

The main step is reducing HEET to the Tiling Problem. Now, it is
not totally clear how to represent arbitrary polygons as sequences
of bits. Fortunately, we’ll show Tiling is hard even for rectilinear
polygons, whose edges are all integral lengths, and angles are all
right angles.
Thus, we can describe them by a series of integers, and bits saying
whether the next angle is left or right.
The tiling problem is to decide, given a set of rectilinear polygons,
there is a tessellation of a rectangle (of any size) whose
components are copies of tiles from the set. Note that we cannot
bound how many tiles we might need; this will follow from
undecidability.



Viewing computation
Let M be a one-tape TM that halts on the empty string in T steps.
We define the framed tableau for M as a matrix whose top row,
bottom row, and first and last two columns are a new symbol F
and the interior is a T × T matrix of symbols describing the
sequence of configurations (each describing T cells of the tape) of
the computation of M on the empty input.



Virtual tiles
A virtual tile is a 2× 3 matrix of symbols that could (legally)
appear as a 2× 3 consecutive sub-matrix of a framed tableau.



Virtual tiles
A virtual tile is a 2× 3 matrix of symbols that could (legally)
appear as a 2× 3 consecutive sub-matrix of a framed tableau.



Without tape head in the picture



Geometric tiles

For each type of virtual tile, we’ll construct a corresponding type of
rectilinear polygon. We assign each symbol an integer, by some
version of ascii code, and make sure to assign F the integer 0. The
geometric tile will be divided into 12 squares, 3 across, 4 down.
Along the top and left sides will be protrusions, in 3 (resp 4)
equally spaced regions, and in corresponding regions on the
bottom and right side, will be protrusions. The symbols of the
virtual tile will tell us how many indents and protrusions there are
in the corresponding regions.



Geometric tiles example



Consistency

We define the number of protrusions/ indents so that two
geometric tiles fit together top to bottom if the corresponding
virtual tiles could overlap in the bottom row. They will fit together
side to side if the two virtual tiles agree in the right most= left
most two rows. Think about how this constrains how we define the
geometric tiles.


