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Is this problem in NP?

Consider the following problem, where variants of the search
version basically define VLSI CAD.
Circuit Non-mInimality

Instance A Boolean circuit C (x1, ..xn).

Problem Is there a smaller circuit C ′(x1...xn) computing the
same function as C?

Is Circuit Non-minimality in P? In NP?



A witnessing relation

We can view Circuit Non-Minimality as trying to find a witness for
the following relation: R(C ,C ′) : C ′ is a smaller circuit, and C and
C ′ compute the same function.
But we would need a polynomial time algorithm for R to put
CircuitNon −minimality in NP.



A two-step consequence of P = NP

So it looks like Circuit Non-minimality is NOT in NP. But still if
P = NP, CircuitNon −minimality ∈ P.
Assume P = NP. Then ¬R(C ′,C ) is: either C ′ is not a smaller
circuit than C or ∃x1..xn,C (x1., , .xn) 6= C ′(x1...xn). Thus,
¬R ∈ NP.
If P = NP, ¬R ∈ P. Then R ∈ P (since P is closed under
complement).



The second step

But if R is in P, then CircuitNonMinimality is in NP. Since we are
assuming P = NP, it follows that CircuitNonMinimality ∈ P.
So we’ve shown that a polynomial time algorithm for a problem
like SAT implies a polynomial time algorithm for
CircuitNonMinimality , but note that we haven’t given a reduction
from CircuitNonMinimality to SAT .



Generalizing

For A a decision problem, let PA = {B|B ≤pT A} be the class of
decision problems solvable in polynomial time using A as a
sub-routine. For C a class of problems, PC = ∪A∈CPA. If A ∈ P,
PA = P
NPA = {B : x ∈ B ⇐⇒ ∃y , |y | ≤ poly(|x |),R(x , y),R ∈ PA}, be
the class of all problems that have witnesses that can be verified
using a sub-routine for A. If A ∈ P,NPA = NP. For C a class of
problems, NPC = ∪A∈CNPA



Caution! A common mistake

When we use the notation CC ′ , the C ′ is a class of problems, but
the C is a class of reductions. So while C1 = C2 implies
PC1 = PC2 , and NPC1 = NPC2 as expected, P = NP does not
imply PA = NPA. There are oracles A so that provably,
PA 6= NPA, and unfortunately this does not imply P 6= NP.
A better notation would mark the base with a variant of the class
rather than the class, such as P2 for second order polynomial time,
but alas the notation is pretty well fixed at this point.



The argument before, in this notation

For CircuitNonMinimality , R ∈ co − NP ⊆ PNP . Thus,
CircuitNonMinimality ∈ NPNP . If P = NP, NPNP = NP = P.



The polyomial time hierarchy

We generalize this as follows:
P = ∆0.
NP = Σ1

co − NP = Π1.
Σi+1 = NPΣi

Πi+1 = co − Σi+1

∆i+1 = PΣi+1

PH = ∪iΣi

The Σ,∆,Π notation is also used for other similar hierarchies in
mathematics and logic, such as the recursive hierarchy, and the
Borel hierarchy. If we want to be clear that we are talking about
the polynomial time hierarchy, and not one of these, we add a
superscript P, e.g, ΣP

2 .



Indirect consequences of P = NP

Theorem: If P = NP, then PH = P.
Proof: We show P = NP implies Σi = P by induction on i . i = 1
is just our assumption, P = NP = Σ1.
If Σi = P, then Σi+1 = NPSigmai = NPP = NP. And NP = P by
assumption, so Σi+1 = P.
This almost non-existent proof is hiding a sophisticated argument.
We are showing that, while we cannot reduce these problems
directly to say SAT , an algorithm A for SAT could be used to
solve these problems. The code for A would be needed, not just
access to A. Because of this, if A is somewhat inefficient, say
TAıO(nk), , the cost of each step gets blown up by a factor of k,

and we get ΣiTIME (T ) ∈ TIME (T k i
). So even a fairly good

solution to SAT, would have rapidly deteriorating consequences as
we move up the hierarchy.



Picturing PH

Figure: An overview of classes in PH. The arrows denote inclusion.
(Image source: Wikipedia.)



A working hypothesis

A strong generalization of P 6= NP is that the levels of the
polynomial hierarchy are all distinct, Σi+1 6= Σi for all i . While
there is no strong reason to believe this, it seems consistent with
what we know. A collapse of the polynomial hierarchy would shake
our confidence that P 6= NP. We can show other complexity
statements are implausible by showing that if they were true, they
would collapse the hierarchy. For example, if NP ⊆ P/poly , then
PH = Σ2.



Characterization of PH

Just as we characterized NP as problems of the form ∃yR(x , y),
R ∈ P, and co-NP as problems of the form ∀yR(x , y)? for R ∈ P,
we can characterize the polynomial time hierarchy through
statements involving quantifiers.
Claim: L ∈ Σi if and only if there is R(x , y1, ...yi ) ∈ P with
polynomial bounds on yi and x ∈ L ⇐⇒ ∃y1∀y2.....R(x , y1, ...yi ).
(Note: the inner most quantifier will be ∃ if i is odd, ∀ if i is even.)
L ∈ Pii if and only if there is such an R so that
x ∈ L ⇐⇒ ∀y1,∃y2....R(x , y1, ...yi ).



As a game

We can view a statement ∃y1∀y2....R(x , y1, ...yi ) as an i-round
game, where the first player, making the existential moves, plays a
second player, making the universal moves. A polynomial time
referee decides who won. If the players play optimally, the winner
depends on the truth of the alternating formula.



Proof of equivalence

We first show that any problem of the form ∃y1∀y2....R(x , y1, ...yi )
is in Σi . This is straight-forward. The other direction is somewhat
more difficult.
Proof: By induction on i . If i = 1, this is our known
characterization of NP = Σ1. So assume the claim is true for Σi ,
and we prove it for Σi+1.



Induction step

Let L be a language so that
x ∈ L ⇐⇒ ∃y1∀y2.....R(x , y1, ...yi + 1).
Let L′ = {(x , y1) : ∀y2∃y3, ...R(x , y1, ...yi+1}.
L′ = {(x , y1) : ∃y2∀y3....¬R(x , y1, ..yi+1 ∈ Sigmai . Thus,
L′ ∈ Πi ⊆ PΣi , and L ∈ NPΣi = Σi+1.



Other direction

The other direction is easier if we think about i round games,
rather than directly in terms of quantified statements.
We are trying to show, for every i , L ∈ Sigmai = NPSigmai−1 can
be decided via an i round game between an existential and
universal player.
The i = 1 case is our characterization of NP again, so lets tackle
the induction step. Here’s what we have to work with: Assume
L ∈ Σi+1 = NPΣi , . Thus, x ∈ L iff ∃yR(x , y), where R ∈ PL′ for
some L′ ∈ Σi .
By induction, there is an i round game to decide whether x ′ ∈ L′.
We need an i + 1 round game for L.



The game for L

x ∈ L iff ∃yR(x , y), and when R(x , y) is evaluated using an oracle
for L′, it asks queries of the form: Is x ′1 ∈ L′? Is x ′2 ∈ L′? ...Is
x ′T ∈ L′? The later queries can depend on the answers to the
previous ones, but T is bounded by a polynomial.
As the first move, the existential player picks a y , and provides all
the queries x ′i and answers bi to the queries above, so that R
would be true if all of the above information were valid. Also, for
each bi = 1, the existential player needs to give a first move in the
game to show x ′i ∈ L′.



The response

If any of the information sent is inconsistent, i.e, the algorithm for
R in PL′ wound not query x ′i or would reject , the universal player
wins right away. Otherwise, unless some bi is not the answer to
whether x ′i ∈ L′, this really is a proof that x ∈ L. So the universal
player must send some i so that bi is incorrect for x ′i . If bi = 1, the
first player has already made a first move in the game deciding
whether x ′i ∈ L′ and the universal player makes the second move,
and the game continues. If bi = 0, the universal player makes the
first move in the game. In either case, this game within the game
is played out in the remaining i − 1 moves, and whoever wins the
game within the game is declared victor overall.



Consequences of P = NP

About 90% of all the problems we want to solve are already in NP.
Of the remaining, 80% are in PH. So combining the two, if
P = NP, 98% of the problems we want to solve are relatively easy.



Approximate Counting: A surprising consequence of
P = NP

Let R(x , y) be a relation for a search problem, with R ∈ P and y
polynomially bounded.
#R is the function: Given x , return the number of y so that
R(x , y). #P is the class of such functions, over all relations R.
Counting has two surprising relationships with the polynomial-time
hierarchy.
Toda’s Theorem PH ⊆ P#P .
Corollary: If #P ⊆ Σi , then PH = ∆i .
Stockmeyer’s Theorem For any R and ε > 1/poly(n), #R can
be approximated within a (1 + ε) factor in ∆2.



Next class

We’ll prove Stockmeyer’s theorem, and use it to show startling
consequences of P = NP to “soft” problems.


