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Understandingan Image
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Imageasa map

An imageis a representationof ascene.
Is it thebestpossiblerepresentation?
How canwemakeusetheimageto navigatein the
scene?
Whatif I don't wantthe�ne structure?
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The problemof scale

Most algorithmsin computervisionassumethatthe
scaleof interpretationof animagehasbeendecided
apriori.
How doyoudecidethescaleof anoperatorin the
absenceof any apriori knowledge?
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The solution

Createamultiscalerepresentationof theimageby
generatinga family of imageswhere�ne-scale
informationis successively supressed.
Characterizethebasicfeaturesin termsof optimaof
functionsde�ned over this family of images.

Problem:How do we constructthis multiscalerepresen-

tation?
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The problemof Differ entiation

g(x) = f (x) + � sin! x

gx(x) = f x(x) + ! � cos! x
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Example1
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Example1
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Example2
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Example2
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Example2
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Schwartz'sTheory of Distrib utions

Differentiationis anill posedproblem.
Theoutputof theprocedureis nota unique
continuousfunctionof its inputs.
Theproblemgetsworsewith datawhich is
discontinuous.
ImagesARE discontinuousdata.
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Schwartz'sTheory of Distrib utions

Insteadof observingthefunctiondirectly, usea
probe.
Probe= In�nitely differentiablefunction.
Probing= Correlation.
Differentiation= correlationwith thederivativeof
theprobe.
Problem: Whatis agoodprobe?
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PreviousWork

QuadTrees
Pyramids

Gaussian
Laplacian
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Quad Trees

ConsideranimageD of size2K � 2K .
De�ne ameasure� of variationin any region
D 0 � D.

Let D (K ) = D.
if �( D (K )) > � , split D (K ) into p subimages

D (K � 1)
j , j = 1; : : : ; p.

Representtheimageusingthedegreep tree
constructedabove.
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Pyramids

Multiscalerepresentation.

1. f k� = f .

2. f k� 1 = Reduce(f k).

3. f k� 1(x) =
P

n c(n)f k(2x � n)

Conditionsonc.
1. c(n) > 0

2. c(jnj) � c(jn + 1j)

3. c(� n) = c(n)

4.
P

n c(n) = 1

5.
P

n c(2n) =
P

n c(2n + 1)
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Multiscale v/sMultir esolution

Pyramidsreducethesizeof theimageasyougoup.
Samplingratereduces.
Usefulfor compression.
Complicatedto analyse.
Multiscalemethodslikescalespacepreserve the
samplingrate.
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Why not just subsample?
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Why not just subsample?

Subsamplingcreatesimagefeatureswhicharenotpresent

in thescene.
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The Desiderata

L(x; t) = h(L0(x); t)

Shift Invariance
Linearity
Isotropy
Causality
Semi-Groupstructure
Separability
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Linear Shift Invarianceand Isotropy

Eachpartof theimageis processedwithout regardto its
positionin theimage.Theprocessitself is linear.
Isotropy impliesthatall directionsaretreatedasequal.
Implication:Theprocessgiving riseto thescalespaceis
a family of convolutionoperators.i.e.

L(�; t) = h(�; t) � L0
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Causality

Imagefeaturesata scaleareonly dependenton the
imagefeatureson thescales�ner thatitself.
Theprocessdoesnot createany new featues.
As animplication,thenumberof extremais
non-increasingwith increasein scale.
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The Heat Equation

Koenderink(1984)showedthatcausalityimplied

@L
@t

= c2r 2L

Describestheevolutionof thetemperatureasa
functionof spaceandtime.
Also describestheprocessof diffusion,L then
representsconcentration.
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Heat Equation in 1-d

For thecaseof a rodof lengthl andzeroboundary
conditions,

L(0; 0) = 0;L(0; l) = 0

andinitial condition

L(x; 0) = f (x)

thesolutionis givenby

L(x; t) =
X

n

Bn sin(
n�
l

x)e� n2� 2c2t

Bn =
2
l

Z l

0
f (x) sin(

n�
l

x)dx
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Semi-Group Structur e

h(�; t1 + t2) = h(�; t1) � h(�; t2)

moreprecisely

1. L(�; t2) = h(�; t2) � L0

2. L(�; t2) = (h(�; t2 � t1) � h(�; t1) � L0

3. L(�; t2) = h(�; t2 � t1) � (h(�; t1) � L0)

4. L(�; t2) = h(�; t2 � t1) � L(�; t1)
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Separability

Thekernelshouldfactorinto singledimensionalkernels.

h(x1; x2; t) = h(x1; t)h(x2; t)

Decreasesthecomplexity of calculatingtheconvolution.
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Presenting: The Gaussian

h(x; t) =
�

1
p

2� t

� n

e
�

xTx
2t

1. Rotationallysymmetric
2. Separable
3. In�nite Differentiability

4. L i 1;i 2;:::;i n (x; t) = @i 1;i 2;:::;i n L (x; t) = hi 1;i 2;:::;i n � L0(x)
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Exampleof GaussianScaleSpace
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non non-creationof extrema
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non non-creationof extrema
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non non-creationof extrema
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But imagesarenot continuous!

Thereexistsa completetheoryof discretescale
space.

L(x; t) =
P

n T(n; 2t)f (x � n)

T(n; 2t) = e� � t I n(2� t)

I n is themodi�ed Besselfunction.
In thelimit t ! 1 , T approachesthecontinuous
Gaussian.
@tL(x; t) = L(x + 1;t) � 2L(x; t) + L(x � 1;t)
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Now what?

Whatcanyoudowith aGaussianscalespace?
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What is a feature?

An imagefeatureis thesetof extremaof a function
de�ned onanimage.
1. How doyoude�ne functionsonanimage?
2. Whataregoodfunctions?
3. Whatareareperceptuallymeaningfulfeatures?
4. Whatscaleshouldthefunctionsoperateon?
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Differ ential Geometric Invariants

Functionsof thevariousderivativesof animage.
Scalespaceallowsusto takederivativesin spatialas
well asscaledimensions.
Considerinvariantsbasedonderivativesof order
two andlower.
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An observation about gradients

Lx� (x; t1) > Lx� (x; t2)

if,
t1 < t2
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Example

L0 = f (x) = sin! x

) L(x; t) = e� ! 2t=2 sin! x

Lmax(t) = e� ! 2t=2

Lxm ;max(t) = ! me� ! 2t=2
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Normalized Coordinates

� =
x

p
t

@� =
p

t@x

or,

L � m ;max(t) = tm=2! me� ! 2t=2

goesupandthendown !

tmax =
m
! 2
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The continuing sagaof the maxima

L� m ;max(tmax) =
� m

e

� m=2

Themaximumvalueof themth ordernormalized
derivative is independentof scaleandfrequency.

tmax! 2
max = m
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A tale of two maxima

Imagestructuresarecharacterizedby sudden
changes,hencethey canbeformalizedasextremaa
functionof theimage(differentialforms).
In theabsenceof otherevidence,assumethatthe
scaleatwhichsomefunctionof normalized
derivativesassumesa localmaxima(overscales)is a
re�ection of thesizeof thecorrespondingstructure
in thedata.
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Scalingproperty of maxima

If theinput imageimageis scaledby aconstantscaling
factors, thenthescaleatwhich themaximais assumed
will bemultipliedby thesamefactor.
i.e.

f 0(x) = f (sx)

)
p

t0
max = s

p
tmax
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canwedo scaleselectionnow ?

1. Characterizea featureby adifferentialform (DL).
2. Find maximain scalespace,to estimatesizeand

approximatelocation.

(r (DL))( x0; t0) = 0
(@t(DL))( x0; t0) = 0

3. Usesizeinformationto performare�ne thelocation
of thefeature.
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sun�owers
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Blob Analysis

Assumeacircularblob (samescaleonbothaxes)and
modelis usingaGaussian.

f (x1; x2) = g(x1; x2; t0) =
1

2� t0
e� (x2

1+ x2
2)=2t0

by thesemi-groupproperty

L(x1; x2; t) = g(x1; x2; t0 + t)

Thechosendifferentialform is

DL = j trace(HL)j = jLx1x1 + Lx2x2 j

DnormL = tjLx1x1 + Lx2x2j
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Blob Analysis

Lx1x1 =
�

x1

2� (t0 + t)3 �
1

2� (t0 + t)2

�
e� (x2

1+ x2
2)=2(t0+ t)

whichcanbeusedto show thatthespatialminimafor
DL occursat

(x1; x2) = (0; 0)

) DnormL(0; 0;t) =
t

� (t0 + t)2

which in turnhasamaximaat t = t0
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Blob Analysis

Theexampleveri�es thatfor roundblobsthe
maximumvalueis attainedatascaleproportionalto
the”width” of theblob.
In thecaseof elliptical blobs,thescaleis givenby
t =

p
t1t2.

ScaleSpace– p.48/60



sun�owers

Blob scaledetectionusingtrace(H(L)) = r 2
� L .
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Corner Detection

Find a functionof thescalespaceimagewhich
indicatesthepresenceof acorner.
Useit to identify thescaleandtheapproximate
location.
Re�ne thepositionusingFörstnercorneroperator.
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The story of �

Cornerarecharcterizedby
1. High curvaturein thegrey level landscape

� =
L2

yLxx � 2LxLyLxy + L2
xLyy

(L2
x + L2

y)3=2

2. High gradient


 = (L2
x + L2

y)1=2

� = �
 3

= L2
yLxx � 2LxLyLxy + L2

xLyy

� is skew invariant.
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Corner Detection

Thevalueof � in normalizedcoordinatesis givenby

� norm = t2�

Cornerpointsandtheir correspondingscaleis
identi�ed usingthescalespacemaximafor �
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Localizing the corner

! "

! #

! " #$ %&

Dx0(x) = ((r L)(x0))T (x � x0)

dmin = min
x

Z

x0
D T

x0Dx0wx0(x
0)dx0

ScaleSpace– p.53/60



Localizing the corner

min
x

X TAx � 2xTb+ c

A =
Z

x0
(r L)(x0)(r L)T (x0)w(x0)dx0 (1)

b =
Z

x0
(r L)(x0)(r L)T (x0)x0w(x0)dx0 (2)

c =
Z

x0
x0T (r L)(x0)(r L)T (x0)x0w(x0)dx0 (3)

andtheminimais
x = A� 1b
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Where is the scale?

Shapeandsizeof thewindow functionw(x0): Use
thescaleestimateasthewidth of theGaussianfor
theweightwindow.
LocalizationScale:Whatscaleshouldthegradient
r L becalculated? At x = A� 1b

dmin = c � bTA� 1b

Thebestlocationfor thecorneris theonewhich
minimizesdmin w.r.t ascaleparameteragain.
To reducesensitivity to local imagecontrast,we
insteaduse

dmin =
c � bTA� 1b
trace(A)
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Corner Detection: Example
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Corner Detection: Example
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Summary

ScaleSpaceprovidesuswith a formalismin which
wecanconstructmultiscalerepresentationof signals
cleanlyandef�ciently .
Givenacertainclassof featuredescriptors,it allows
usto detectthescaleatwhichcertainfeatures
expressthemselves.
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