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Abstract. A central problem in the algorithmic study of lattices is theclosest vector problem: given a lattice L represented by some basis, anda target point y, �nd the lattice point closest to y. Bounded DistanceDecoding is a variant of this problem in which the target is guaranteedto be close to the lattice, relative to the minimum distance �1(L) of thelattice. Speci�cally, in the �-Bounded Distance Decoding problem (�-BDD), we are given a lattice L and a vector y (within distance � ��1(L)from the lattice), and we are asked to �nd a lattice point x 2 L withindistance � � �1(L) from the target. In coding theory, the lattice pointscorrespond to codewords, and the target points correspond to latticepoints being perturbed by noise vectors. Since in coding theory the latticeis usually �xed, we may \pre-process" it before receiving any targets, tomake the subsequent decoding faster. This leads us to consider �-BDDwith pre-processing. We show how a recent technique of Aharonov andRegev [2] can be used to solve �-BDD with pre-processing in polynomial
time for � = O �p(logn)=n�. This improves upon the previously best
known algorithm due to Klein [13] which solved the problem for � =O (1=n). We also establish hardness results for �-BDD and �-BDDwith pre-processing, as well as generalize our results to other `p norms.

1 Introduction
A lattice is the set of intersection points of a regular (but not necessarily orthog-onal) n-dimensional grid. One of the most central problems in the algorithmicstudy of lattices is the closest vector problem: given a lattice L (typically repre-sented by a basis, see Section 2 for details), and a target point y, �nd the latticepoint closest to y. Beside having numerous applications in theoretical computerscience, lattices are a central object in coding theory [1, 8]. In this setting, latticepoints represent codewords, and the target point y represents a perturbed code-word (encoding a message being transmitted). In this scenario, the closest vectorproblem corresponds exactly to the maximum likelyhood decoding problem forwhite Gaussian noise channels. The closest vector problem is NP-hard to solve
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even approximately for any constant [5] and some sub-polynomial [9] approxi-mation factors. On the positive side, the best general approximation algorithmto solve the closest vector problem in (random) polynomial time achieves onlyapproximation factors almost exponential in the dimension of the lattice [3]. Weremark that there are two fundamental di�erences between the closest vectorproblem as typically studied in complexity theory and coding theory:
1. In complexity theory, the lattice is considered as part of the input to theproblem, while in coding theory the lattice (de�ning the error correctingcode) is usually �xed once and for all.2. In complexity theory the target point can be arbitrarily far from the lattice,while in coding theory it is usually assumed that the distance of the targetfrom the lattice is less than half the minimum distance between lattice points.
The �rst issue has been recently addressed [15, 11, 18, 4], considering a versionof the CVP with pre-processing (CVPP). In CVPP, the lattice is �xed andcan be arbitrarily preprocessed, and the complexity of the CVP algorithm ismeasured without taking pre-processing time into account. In the sequence ofpapers [15, 11, 18, 4] it is shown that there are lattices such that CVPP is NP-hard to solve exactly, or even approximate within any constant factor.1The second issue is equally important, but has so far received far less atten-tion. The relevance of the second issue stems from the fact that the amount oferror (i.e., the distance of the target from the lattice) depends on the propertiesof the communication channel, and it is usually known to the code designer. Thisallows the code designer to choose a lattice code whose minimum distance is, insome respect, \large" compared to the maximum error.The variant of the closest vector problem where the target is guaranteed tobe close to the lattice relative to the minimum distance, �1(L), of the latticeis called the Bounded Distance Decoding problem (BDD) [23]. Speci�cally, inthe �-Bounded Distance Decoding problem (�-BDD), we are given a lattice Land a vector y (within distance � � �1(L) from the lattice), and are asked to�nd a lattice point x 2 L within distance � � �1(L) from the target. Typically� = 1=2, but other values of � can be interesting as well, as some decodingalgorithms may not work up to the unique decoding radius �1=2, while in othercases even for � > 1=2 it may be possible to come up with a relatively short(i.e., polynomially long) list of candidate lattice points. (The latter is called the\list decoding problem", and it has received an great deal of attention lately inthe context of codes over �nite �elds. We are not aware of any result of the samekind for lattice codes, but the problem is certainly very interesting and natural.)

Our contribution. In this paper we investigate the bounded distance decodingproblem �-BDD (with pre-processing), and prove both algorithmic and com-putational hardness results about this problem. On the algorithmic side, we
1 The factor achieved by a CVP approximation algorithm is de�ned as the ratiobetween the distance (from the target) of lattice point output by the algorithm, overthe distance of the optimal solution.



Fig. 1. Complexity of �-BDD with pre-processing for various lp norms

show that �-BDD with pre-processing can be solved in polynomial time for� = O(plog n=n). Previously, the problem was known to be polynomial timesolvable only for factors O(1=n) [6, 13]. On the computational hardness side, weshow (under standard complexity assumptions) that the �-BDD problem cannotbe solved in polynomial time (even in its pre-processing variant) for any constantfactor � > 1=p2. Speci�cally, for the �-BDD problem with pre-processing, anypolynomial time solution would imply that NP is contained in P/poly. We alsoadapt some of our results to other `p norms (see �gure 1).
Related work. Our work is closely related, and builds upon, previous work ofAharonov and Regev [2] (for the algorithmic results) and Micciancio [16] (forthe hardness results), as well as previous algorithms [6, 13] and NP-hardnessresults [4] for the CVP problem with pre-processing.The well known nearest plane algorithm [6] (together with the bounds in[14]) yields a polynomial time solution to �-BDD with pre-processing for � =2=n. That solution had been subsequently improved to any � = O(1=n) in [13],which was still the best general solution prior to our work. Our algorithm uses atechnique developed by Aharonov and Regev [2], and it is closely related to theirwork. In [2], Aharonov and Regev show how to compute (with pre-processing) afunction f(x) which approximates the distance of a target point x from a latticewithin a factor of O(pn= log n). Unfortunately, being able to approximate thedistance of a target point from the lattice does not, in general, allow us to �ndlattice points which are close to the target.2 So, the Aharonov and Regev's CVPpre-processing algorithm does not directly yield a solution to �-BDD. In thispaper we observe that, for a certain region of Rn close to the lattice, the functionf of Aharonov and Regev allows us to distinguish which of two points in Rn is
2 Technically, there is no known approximation preserving reduction from the problemof approximating CVP in its search version (i.e., �nding an approximately closestlattice point), to approximating CVP in its decision or distance estimation version(i.e., determining if a target point is close or far away from a lattice). (See [17,Chapter 3].) Such a reduction trivially exists for the exact versions of CVP and forsmall (subpolynomial) approximation factors by NP-hardness [5, 9], but �nding sucha reduction for polynomial approximation factors is an open problem.



closer to the lattice. So, by adding a noise vector to our target point, we cangenerate a nearby point which is closer to the lattice and verify that it actuallyis closer. Our �-BDD algorithm performs a \guided" walk starting from thetarget and moving closer and closer to the lattice, until we get within distanceO(�1=n) from it, at which point some other known algorithm for �-BDD (i.e.[6, 13]) can be used.On the complexity front, no hardness result was known prior to our workbecause, interestingly, all known NP-hardness results for CVP (with or withoutpre-processing) [5, 9, 15, 11, 18, 4] employed lattices with very small minimumdistance. We prove our hardness results using a technique of Micciancio [16] toembed a lattice L and target y into a higher dimensional space in such a waythat the minimum distance of the lattice increases, without at the same timesubstantially increasing the distance of the target from the lattice. The hardnessresults for `p norms for p > 2 are obtained by an application of a recent techniqueof Regev and Rosen [19] to our result for the `2 norm.Questions regarding the complexity of �-BDD (and related problems) hadbeen previously considered in the setting of linear codes over �nite �elds. Forexample, Vardy [23] conjectured the problem to be NP-hard for � = 1=2, and forthe closely related relatively near codeword problem (RNC) NP-hardness resultsfor any � > 1=2 were proven by Dumer, Micciancio and Sudan [10], and lateradapted by Regev [18] to the pre-processing variant of the problem.

2 Preliminaries
2.1 Lattices
The set of all integer combinations of vectors B = (b1; : : : ; bn) de�nes a latticeL(B) in Rn. B is said to form a basis of L(B) (when the basis is clear fromcontext, we may write L instead of L(B)). For any basis b1; : : : ; bn, the Gram-Schmidt basis is denoted by b�1; : : : ; b�n where b�i is the component of bi which isorthogonal to the vector space formed by b1; : : : ; bi�1. We denote by �1(L) thelength of the shortest vector of L (equivalently, the minimum distance of L).
Lemma 1. For every n-dimensional lattice L, there exists a basis b1; : : : ; bnsuch that mini kb�i k � �1(L)=n.
Lattice Problems Given a lattice basis B, vector x and a real t, the decisionalversion of the closest vector problem (CVP) asks whether dist(L(B);x) � t.The approximate version of decisional CVP can be formulated as a promiseproblem GapCVP . Given a lattice basis B, vector x and a real t, an algo-rithm for GapCVP should answer \YES" if dist(L(B);x) � t and \NO" ifdist(L(B);x) > t. For all values in between, any answer is acceptable.An algorithm that solves GapCVP with pre-processing works in two steps.First, it is given a basis B. The algorithm then outputs an advice string A.The time that the algorithm expends in obtaining A does not count towards



its running time. Then, it is given a vector x and a real t. With the abilityto use the advice string A, it should answer \YES" if dist(L(B);x) � t and\NO" if dist(L(B);x) > t. For all values in between, any answer is acceptable.Alekhnovich, et. al. [4] showed that theGapCVP with pre-processing problemis NP-hard for any constant . Aharonov and Regev [2] showed a polynomial
algorithm for this problem for  = O �pn= log n�.

In the alpha-Bounded Distance Decoding problem (�-BDD), we are given alattice basis B and a vector x and are asked to �nd a lattice vector y 2 L(B)such that dist(x;y) � � � �1(L(B)) (if such a vector exists). In Section 4 weshow that this problem is NP-hard for � > 1=p2.As for GapCVP with pre-processing, an algorithm for �-BDD with pre-processing works in two steps. First, it is given a basis B. The algorithm thenoutputs an advice string A. The time that the algorithm expends in obtainingA does not count towards its running time. Then, it is given a vector x. Withthe ability to use the advice string A, it should �nd a lattice vector y 2 L(B)(if one exists) such that dist(x;y) � � � �1(L(B)). In Section 3, we provide a
polynomial algorithm for values of � = O �plog n=n� and in Section 4, we show
that if a polynomial algorithm exists for � > 1=p2, then NP � P=poly.We de�ne one last lattice problem. This problem will be useful in Section4 to prove the hardness results. Given a full rank n-dimensional lattice basisB, vector x and a real t, an algorithm for GapCVP0 should answer \YES" if9z 2 f0; 1gn such that dist(Bz;x) � t and \NO" if dist(L(B); sx) > t for alls 2 Z n f0g. In all other cases, any answer is acceptable. Arora, et. al. [5] showedthis problem to be NP-hard for all constants  � 1.
2.2 Gaussian Functions on Lattices
In [2], Aharonov and Regev considered the following function f on any x 2 Rn,

f(x) =
P
y2L e��kx�yk2P
y2L e��kyk2

and showed that with polynomial advice, one can estimate its value on expo-nentially many points in the quotient group Rn=L.
Lemma 2. ([2, Lemma 1.3]) Let L be an n-dimensional lattice. For any set Sconsisting of 2poly(n) points in the group Rn=L and any constant c > 0, thereexists an advice string of size poly(n) that allows one to evaluate the function fin polynomial time with error at most n�c on every point in S.

A property of the function f is that if x 2 Rn has only one lattice point closeto it, then the value of f will almost be entirely determined by the distance ofx from this point.
Lemma 3. Let L be an n-dimensional lattice whose shortest vector has lengthgreater than p n2� and x 2 Rn. If all points in L other than y0 are at a distance
more than p n2� from x, then f(x) = e��kx�y0k2 � 2�
(n).



The next lemma shows that the function f is very sensitive at a distance lessthan plog n away from the lattice when the length of the shortest vector of thelattice is greater than p n2� . Thus, if we are at a point x 2 Rn and move closerto the lattice, there will be a noticeable change in the value of the function.
Lemma 4. Let L be an n-dimensional lattice whose shortest vector has lengthgreater than p n2� , and let y 2 L. Suppose x;x0 2 Rn are points such that
kx� yk = D, kx0� yk � (D+ n�4)q1� 1n where 1n � D � plog n, and for all
y0 2 L n fyg, kx� y0k; kx0 � y0k >p n2� . Then f(x0)� f(x) > n�6:5.
The below lemma is a partial converse of lemma 4.
Lemma 5. Let L be an n-dimensional lattice whose shortest vector has lengthgreater than p n2� , and let y 2 L. Suppose x;x0 2 Rn are points such that
kx�yk; kx0�yk � plog n, and for all y0 2 Lnfyg, kx�y0k; kx0�y0k >p n2� ,and f(x0)� f(x) > n�7:1. Then kx0 � yk �p1� 1=n8kx� yk.
3 Finding the Closest Lattice Vector
The following theorem was proved by Klein in [13]:
Theorem 1. There is an algorithm that, when given an n-dimensional latticeL represented by basis vectors b1, : : : ; bn, and a target x 2 Rn that's at distanceD away from L, will �nd the closest lattice vector to x, in time nD2=mini kb�i k2 .

Combining Theorem 1 with Lemma 1, implies that whenever the target pointis within O(�1(L)=n) of the lattice, there is a basis that can be used as adviceto �nd the nearest lattice point in polynomial time.Without loss of generality, we may assume that our lattice is scaled such that�1(L) > pn. If the target that we're given is within distance 1=pn of the lattice(and thus within distance �1(L)=n of the lattice), we can just �nd the closestvector by applying Theorem 1. If the target point is not that close to the latticebut is still within plog n of it, we will �nd another point closer to the latticethat is also close to the target point. We will proceed in like manner by �ndingpoints closer to the lattice until we get within 1=pn of the lattice at which timewe will apply the algorithm in Theorem 1.
Theorem 2. Let L be a lattice with shortest vector at least pn and let A be thepolynomial size advice string as in Lemma 2 that allows us to approximate thefunction f with error at most n�8. Then there is a polynomial time algorithmusing advice A that, when given a point x 2 Rn that is within distance plog nof a lattice point y 2 L, will �nd a point x0 that is within distance 1=pn of y.
Proof. Let fA be the function that uses advice A and approximates f to withinn�8 on exponentially many points (as in Lemma 2). To be precise, we would needto put a grid on Rn everywhere within plog n of the lattice, and only be able toapproximate the function f at the intersection points of the grid. Since both f



and fA are symmetric with respect to the lattice, it will su�ce to consider onlygrid points within distance plog n of the origin. Within this region we can makethe grid very �ne (i.e the diagonal of a grid square can be n�c for any constantc), which is good enough for our purposes. For simplicity, we will assume that forall x 2 Rn, where x is within plog n of the lattice, jfA(x)� f(x)j < n�8. Con-sider the following algorithm: (in the algorithm ui is the ith standard unit vector)
GetCloser(x; fA)while(fA(x) < (e��=n + n�8))

compute DA =q
� log fA(x)�construct set S = fx� j(DA=pn)ui : i 2 f1; : : : ; ng; j 2 f�1; 1ggset x argmax

x02S fA(x0)
return x
First we will show that at each iteration of the while loop, DA is very closeto the correct distance D between x and the lattice point y. Then we will showthat one of the 2n elements of the set S is a vector that is within distance(D + n�4)p1� 1=n of the lattice. This will imply that the element x0 2 S

for which the value fA(x0) is the largest is within distance Dp1� 1=n8 of thelattice. And by continuing to loop, we will eventually get within 1=pn of thelattice point.
Lemma 6. At every step of the algorithm, jDA � kx� ykj � n�4.
Lemma 7. Let x and y be points in Rn such that kx�yk = D and n > 6. Forany c > 0 and DA 2 [D � c;D + c], the set

S = �x� j(DA=pn)ui : i 2 f1; : : : ; ng; j 2 f�1; 1g	
contains a vector x0 such that kx0 � yk < (D + c)p1� 1=n.

Proof. Without loss of generality, assume that y = 0. Then D2 = kxk2 =Pi x2i > (D� c)2. Thus, there must exist an i, such that jxij � (D� c)=pn. Letj 2 f�1; 1g have the same as the sign of xi. Then the vector x0 = x� jDApnui isin S and
kx0k2 = k(x1; : : : ; xi�1; xi � jDApn ; xi+1; : : : ; xn)k2 = D2 � 2jxijDApn + D2

An
Since jxij � (D � c)=pn and (D � c) � DA � (D + c), we have

kx0k2 � D2 � 2 (D�c)2n + (D+c)2n < (D + c)2(1� 1=n)
where the last inequality holds for n > 6.

Lemma 6 says that the value of DA that we calculate using fA is within n�4
of the actual distance D. Lemma 7 says that the set S contains a point that is



a distance at most (D+ n�4)p1� 1=n away from the lattice. By Lemma 4, we
know that if kx0 � yk � (kx� yk+ n�4)p1� 1=n, then f(x0)� f(x) > n�6:5,which by the triangular inequality implies that fA(x0)�fA(x) > n�6:5�2n�8 >n�7. Thus, there is a point x0 2 S such that fA(x0) � fA(x) > n�7. By thetriangular inequality, this implies that f(x0) � f(x) > n�7 � 2n�8 > n�7:1,which by Lemma 5 means that kx0�yk �p1� 1=n8kx�yk. So at every step,
we are guaranteed to be getting closer to the lattice by a factor of p1� 1=n8.The loop ends once fA(x) > (e��=n + n�8), which means that f(x) > e��=n.Since at every step of the loop we made sure we were getting closer to the lattice,it must be that the point x is within distance plog n of the lattice, and thusby Lemma 3, f(x) = e��kx�y0k � 2�
(n). Since f(x) > e��=n, it must be thatkx � yk < 1=pn + 2�
(n). To calculate the running time of the algorithm,we note that at every step of the loop, the value of the function fA increasesby n�7 with constant probability. Since the starting value of fA is greater thane�� logn�n�8 � n��, the running time of the algorithm will be O(n5) multipliedby the time it takes to get a closer point x0 (which is O(n)), multiplied by thetime it takes to evaluate fA (which is poly(n)).

3.1 Other `p Norms
Our algorithm can be adapted to solve �-BDD for the `1 norm, with � =log n=n. (The naive approach, using the `2 algorithm to solve the problem, worksfor � = plog n=n.) We believe our algorithm should also work for `p norms,
1 < p < 2, with � = p

plog n=n; but we are unable to give a rigorous proof inthis case. When p > 2, however, the algorithm no longer works, and new ideasare probably necessary.
First, we recall how the technique of Aharonov and Regev [2] works. Forany lattice L, we de�ne a periodic function F (x) = P

y2L f(x � y). F (x)
can be written in terms of its Fourier coe�cients F̂ (w), w 2 L�, as follows:
F (x) = Pw2L� F̂ (w)e2�ihw;xi. Note that F̂ (w) = (1=det(L))f̂(w), where f̂is the Fourier transform of f . Provided that the Fourier coe�cients are non-negative, we can view them as a probability distribution over the dual lattice;and given some \advice" consisting of points in the dual lattice sampled accord-ing to this distribution, we can approximately compute F (x).

For general `p norms, it is natural to use the function f(x) = e�kxkpp . Notethat f is a product of one-dimensional functions, f(x) = g(x1) � � � g(xn), whereg(x) = e�jxjp . Hence its Fourier transform is f̂(k) = ĝ(k1) � � � ĝ(kn). In order to
use the technique of Aharonov and Regev, we would like to show that f̂(k) � 0;functions f with this property are called \positive de�nite" [22].

In addition, both our work and [2] make use of a technical lemma due toBanaszczyk [7] (see also [21]). We need to prove a generalization of this resultfor `p norms. (It is this step that determines the ratio � = p
plog n=n.) It turns

out that this requires us to show that f̂(k) is a non-increasing function of kkk.



Algorithm for the `1 norm. In this case, g(x) = e�jxj, and ĝ(k) = 2=(1+(2�k)2).
So it is easy to see that f̂(k) � 0 and is a decreasing function of kkk. Ouralgorithm then works with minor modi�cations.
Algorithm for the `p norms with 1 < p < 2. It is known that ĝ(k) � 0 [20].Numerical investigation suggests that ĝ(k) is a decreasing function of jkj, but
we have not been able to prove this analytically. If this is true, then f̂(k) hasthe required properties, and our algorithm works.
What goes wrong for `p norms with p > 2. In this case, it is not true that ĝ(k) � 0
[20]. Hence f̂(k) can be negative for some k. We can still interpret jF̂ (w)j asa probability distribution; however, note that F (0) < Pw jF̂ (w)j. Heuristicarguments suggest that when we normalize the probability distribution, F (0)will be exponentially small, so our algorithm breaks down. (For instance, it is
easy to see that f(0) = 2�
(n) R

Rn jf̂(k)jdk.)
4 Hardness Results
In this section we prove the hardness of the �-BDD and �-BDD with pre-processing problems. The proofs are by reduction from a version of the closestvector problem GapCVP0 , and are based on techniques developed by Miccian-cio [16] to prove that the shortest vector problem is NP-hard to approximatewithin any constant factor smaller than p2. In fact, the � > 1=p2 requirementin our proof comes from exactly the same limiting factor that makes Micciancio'sproof [16] work only for approximation ratios bounded by p2. It is an interestingopen question whether employing techniques used in the proof of stronger in-approximability results for SVP [12] it is possible to improve our NP-hardnessresult for �-BDD to � = 1=2 or maybe even � = 
(1) or � = o(1).
Theorem 3. For any `p norm (p � 1) and � > 1= pp2 and  > 1= p

p1� ��p=2,there is a probabilistic polynomial time reduction from GapCVP0 to �-BDD.Moreover, the reduction has the following two additional properties:
1. On input GapCVP0 instance (B;y; t), the reduction makes a single call tothe �-BDD oracle on a lattice that depends only on B and t (but not y).2. Randomness is only used in the construction of the �-BDD lattice, and withhigh probability the constructed lattice is good for all target points y.
In particular, there is a probabilistic polynomial time reduction from GapCVP0with pre-processing, to �-BDD with pre-processing such that randomness is onlyused during the pre-processing stage (and therefore can be equivalently be replacedby a non-uniform advice).
Proof: Throughout the proof, k � k always denotes the `p norm. Let (B;y; t)be a GapCVP0 instance. We want to determine if y is close or far from thelattice. The idea is to use the �-BDD oracle to �nd a lattice vector close to



y. If the oracle fails or returns a vector far away from the target y, we wouldlike to conclude that y is indeed far from the lattice. The problem is that the�-BDD oracle is guaranteed to work only when the distance of y is small, relativeto the minimum distance of the lattice �1(B). Following [16], we address thisproblem by embedding B and y in a higher dimensional space, with the e�ect ofincreasing the minimum distance of the lattice, without substantially increasingthe distance of the target from the lattice. The proof in [16] is based on theconstruction of a lattice basis L with some very special properties as describedin the following lemma.
Lemma 8. For any `p norm (p � 1) and any constant � 2 [1; pp2) there existsa (probabilistic) algorithm that on input k 2 Z+ outputs, in kO(1) time, twopositive integers m; r 2 Z+, a lattice basis L 2 Z(m+1)�m, a vector s 2 Zm+1;and a linear integer transformation T 2 Zk�m such that
1. �(L(L)) > � � r,2. with probability at least 1� 1=nO(k) for all x 2 f0; 1gk there exists a z 2 Zmsuch that Tz = x and kLz � sk � r.

Informally the lemma states that lattice L(L) contains an unusually densecluster of lattice points around the center s.Our reduction �rst invokes Lemma 8 with � = 1=(� p
p1� �p) and k = nto obtain L, s and r. (Notice that under the assumptions � > 1= pp2 and  >1= p

p1� ��p=2, we get � < pp2 as required by Lemma 8.) Then, it combines(B;y) and (L; s) to de�ne a �-BDD instance

B0 =
2
4BT 0�L 00 ��r

3
5 y0 =

2
4 y�s0

3
5 ;

where � is an appropriate normalization factor to be chosen. Finally, the �-BDDoracle is invoked on input (B0;y0). The GapCVP0 instance is accepted if and
only if the �-BDD oracle returns a lattice point v = [(BTz)T ; (Lz)T ; (��r)�z]T(where z 2 Zm and z 2 Z) such that BTz is within distance t from target y.We now prove that the reduction is correct. Notice that if the reductionaccepts, then there is a lattice vector BTz within distance t from the targety, so (B;y; t) is certainly not a no instance of GapCVP0 , and yes is a validanswer for the reduction. (Remember that when an instance does not satisfy thepromise, any answer is acceptable.) All that remains to be shown is that when(B;y; t) is a yes instance, then the reduction is guaranteed to accept (providedLemma 8 was invoked successfully). So, assume the input to the reduction is a
yes instance, i.e., there exists a binary vector x 2 f0; 1gk such that kBx�yk � t.First of all, we bound the minimum distance of the lattice B0, so we can arguethat the target is within the decoding radius of the �-BDD oracle. Consideringonly the second block of coordinates, we see that any lattice vector that is not amultiple of the last column has norm at least ��1(L) > ��r. It follows that thelast column in the basis matrix is the (unique, up to sign change) shortest vector



in the lattice and �1(B) = ��r. Now, consider the distance of y0 from the latticeB0. We know from Lemma 8 that there exists an integer vector z 2 Zm suchthat Tz = x and kLz� sk � r. Multiplying the basis matrix B0 by [zT ; 0]T , weget a lattice vector within distance
p
pkB(Tz)� ykp + �pkLz � skp � p

ptp + �prp
from the target y0. So, the �-BDD promise dist(B0;y0) � ��1(B0) = ���r issatis�ed whenever

p
ptp + �prp � ���r: (1)

Moreover, if (1) is satis�ed, then the �-BDD oracle returns a vector v =[(BTz)T ; (Lz)T ; (��r) � z]T within distance ��1(B0) � ���r from the target.Since the distance of v from y is at least kBTz � yk, we conclude that thereduction accepts, provided conditions (1) and
���r � t (2)

are satis�ed. Both (1) and (2) are easily veri�ed setting � = t=��r and substi-tuting �=(� p
p1� �p). 2

Since the GapCVP0 problem is NP-hard for all constants  � 1, we imme-diately get the following corollary:
Corollary 1. For all � > 1= pp2, �-BDD in the `p norm is NP-hard.

In addition, the reduction in the proof of Theorem 3 only depends on Band t, and not on the actual vector y. Thus it should be possible to use thehardness result of Alekhnovich, et. al. [4] to show the hardness of �-BDDwith pre-processing. Two minor details arise, though. First, the reduction in [4],proves the hardness of GapCVP with pre-processing, not GapCVP0 withpre-processing. But it can be extracted from the proof in [4] that the special ver-sion GapCVP0 with pre-processing is NP-hard as well. Another point is thatin the proof of [4], the algorithm is allowed to pre-process only the basis B, whilein our reduction, the algorithm would get both B and t for pre-processing beforegetting the vector y. This problem can be solved by observing that in [4] theNP-hardness of GapCVP is proved by a reduction from the coding problemNCPP. As a result, there are only polynomially many values for t, and thus theadvice string for GapCVP can contain advice for all possible values of t.
Corollary 2. For any constant � > 1= pp2, if there exists a polynomial timealgorithm that can solve �-BDD with pre-processing in the `p norm , then NP �P=poly.

In [19], Regev and Rosen showed reductions from problems in the `2 norm toproblems in the `p norm by using the fact that for any p, there exist embeddingfunctions f : Rn ! Rm (where m is poly(n)) such that for any x 2 Rn kxk2 �kf(x)kp. Using the same idea, we can obtain the following corollary:
Corollary 3. For any p > 2 and constant � > 1=p2, if there exists a polynomialtime algorithm that can solve �-BDD with pre-processing in the `p norm, thenNP � P=poly.
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